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$EVW U DF W � 0X OWLU HVROX WLRQ $ S S U R[ LP DWLRQ VX E VS DFHV DU H / ��5��VX E VS DFHV G H�
p Q HG IRU HDFK VFDOH RY HU DOO WLP H VK LIWV� L�H�� ?VFDOH VX E VS DFHV�� Z K LOH Z LWK U H�
VS HFW WR D JLY HQ Z DY HOHW� WK H VLJQ DO VS DFH / ��5� Q RW RQ O\ DG P LWV RU WK RJRQ DO
VFDOH VX E VS DFHV E DVLV� E X W RU WK RJRQ DO ?WLP H VK LIW VX E VS DFHV� E DVLV DV Z HOO� ,W
LV WK HU HIRU H Q DWX U DO WR H[ S HFW E RWK VFDOH VX E VS DFHV DQ G WLP H VK LIW VX E VS DFHV WR
S OD\ D U ROH LQ : DY HOHW 7 K HRU \ DQ G � LQ S DU WLFX ODU � LQ 0X OWLU HVROX WLRQ $ S S U R[ L�
P DWLRQ DV Z HOO� 7 K LV LV Z K DW Z LOO E H G LVFX VVHG LQ WK H S DS HU �

�� LQW U RGXF W LRQ

0XOWLUHVROXWLRQ $SSUR[LPDWLRQ �RU $QDO\VLV� �05$� >��� ��� ��@ SOD\V D NH\ UROH
LQ :DYHOHW 7KHRU\� +HXULVWLFDOO\ VSHDNLQJ� D 05$ LV D IDPLO\ RI QHVWHG / ��5��
VXEVSDFHV _ FDOOHG VFDOLQJ DSSUR[LPDWLRQ VXEVSDFHV� RU VLPSO\ VFDOLQJ VXEVSDFHV
_ ZLWK SUHVFULEHG SURSHUWLHV� GHpQHG IRU HDFK VFDOH RYHU DOO WLPH VKLIWV� 05$
UHVXOWV LQ D PHWKRG RI FRQVWUXFWLQJ ZDYHOHWV IURP VFDOLQJ IXQFWLRQV _ JHQHUDWLQJ
WKH 05$� DV ZHOO DV GHFRPSRVLWLRQ RI / ��5��VLJQDOV LQWR VFDOLQJ FRPSRQHQW DQG
GHWDLO FRPSRQHQW�

,W DSSHDUV WKDW WLPH VKLIW� IRU WKH PRVW SDUW� LV ?LQYLVLEOH� LQ :DYHOHW 7KHRU\�
7KLV� SHUKDSV LV GXH WR WKH IDFW WKDW ZLWK UHVSHFW WR D ZDYHOHW� WKH VLJQDO VSDFH
/ ��5� LV XVXDOO\ UHSUHVHQWHG E\ VFDOH RUWKRJRQDO VXEVSDFHV EDVLV �R�V�E�� FRQVLVWLQJ
RI VXEVSDFHV _ GHpQHG IRU HDFK VFDOH RYHU DOO WLPH VKLIWV� $V D FRQVHTXHQFH DQ\
VLJQDO LV WKH VXP _ RYHU DOO VFDOHV _ RI LWV ?OD\HUV RI GHWDLO�� +RZHYHU� WKH VSDFH
/ ��5� FDQ DOVR EH UHSUHVHQWHG E\ WLPH VKLIW R�V�E� FRQVLVWLQJ RI VXEVSDFHV _ GHpQHG
IRU HDFK WLPH VKLIW RYHU DOO VFDOHV >��@� +HQFH DQ\ VLJQDO LV DOVR WKH VXP _ RYHU DOO
WLPH VKLIWV _ RI LWV OD\HUV RI GHWDLO�

7KLV SDSHU LV D VHTXHO WR 5HIHUHQFH >��@ LQ ZKLFK ZH VWXGLHG 7LPH�6KLIWV *HQ�
HUDOL]HG 05$ DVVRFLDWHG ZLWK D ZDYHOHW� 2XU JRDO KHUH LV WR EULQJ WLPH VKLIW WR
05$� :H VKRZ WKDW HDFK VFDOLQJ 05$ VXEVSDFH� EHVLGHV EHLQJ H[SUHVVHG LQ WHUPV
RI VFDOLQJ IXQFWLRQ DQG LWV WLPH VKLIWV� DV ZHOO DV EHLQJ UHSUHVHQWHG E\ VFDOH GHWDLO
VXEVSDFHV GHpQHG LQ WHUPV RI ZDYHOHW IXQFWLRQV� FDQ DOVR EH H[SUHVVHG LQ WHUPV RI
WLPH VKLIW GHWDLO VXEVSDFHV� 7KLV LV REWDLQHG E\ PHDQV RI / ��5��WLPH�VKLIW R�V�E�
ZKLFK LV WKH NH\ WRRO RI WKH SDSHU�

6HFWLRQ � EULHq\ UHFDOOV VFDOH DQG WLPH VKLIW VXEVSDFHV FRQVWUXFWHG IURP ZDYHOHW
IXQFWLRQV� 7KHVH VXEVSDFHV WKHQ VHUYH DV EXLOGLQJ EORFNV IRU UHSUHVHQWLQJ 6FDOLQJ
05$ VXEVSDFHV DQG $VVRFLDWHG 6FDOH 'HWDLO 05$ VXEVSDFHV� WR EH GLVFXVVHG LQ

' DW H� 6 X E P LWWHG � ��� ����� 5HY LVHG � ��� ����� ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��& ��� ��$ ���
. H\ Z RU GV� : DY HOHW� 0X OWLU HVROX WLRQ $ S S U R[ LP DWLRQ 6 FDOH DQ G 7 LP H�6 K LIW 6 X E VS DFHV� 7 LP H�

6 K LIW 'LVFU HWH : DY HOHW 7 U DQ VIRU P � 7 LP H�6 K LIW 0X OWLU HVROX WLRQ $ S S U R[ LP DWLRQ �
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6HFWLRQ �� 6HFWLRQ � LQWURGXFHV WKH FRQFHSW RI 7LPH 6KLIW 'HWDLO 05$ VXEVSDFHV�
ZKLOH 6HFWLRQ � GLVFXVVHV VFDOH�WLPH�VKLIW DSSUR[LPDWLRQ LQ / ��5�� 6HFWLRQ � FORVHV
WKH SDSHU ZLWK D IRUPXODWLRQ RI WKH FRQFHSW RI 7LPH 6KLIW 0XOWLUHVROXWLRQ $SSUR[�
LPDWLRQ�

�� 6F DO H DQG 7 LP H 6KLI W 'HW DLO 6XEVSDF HV

/HW ��c� � / ��5� EH D ZDYHOHW >�� ��� ��@ WKHQ WKH VSDFH / ��5�� E\ GHpQLWLRQ�
LQKHULWV WKH GRXEOH�LQGH[HG RUWKRQRUPDO EDVLV �R�Q�E�� I�P�Q�c�J�P�Q� � =

� FRQVLVWLQJ
RI ZDYHOHW IXQFWLRQV �P�Q�c� GHpQHG LQ WHUPV RI WKH ZDYHOHW ��c� DV
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DUH� UHVSHFWLYHO\� WLPH�VKLIW�E\�� DQG GLODWLRQ�E\�� ELODWHUDO VKLIW RSHUDWRUV RI FRXQW�
DEO\ LQpQLWH PXOWLSOLFLW\ >�� ��@ RQ / ��5��
,Q WKH IROORZLQJ P � = DOZD\V DVVRFLDWHV ZLWK VFDOH �P DQG LW LV DOVR UHIHUUHG WR

DV ?OHYHO P� >�@� ZKLOH Q � = LV UHVSRQVLEOH IRU WLPH VKLIW� 0RUHRYHU� VLQFH
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WKH ZDYHOHW IXQFWLRQ �P�Q�c� LV VKLIWHG LQ VWHS RI �
� � _ DV Q YDULHV� $OVR� WKH FORVXUH

RI WKH VSDQ �FDOOHG FORVHG VSDQV� RI D VHW $ LV GHQRWHG E\
:

$ �L�H��
:

$  VSDQ$�
DQG WKH RUWKRJRQDO GLUHFW VXP RI D FROOHFWLRQ I0NJ RI RUWKRJRQDO VXEVSDFHV LV
ZULWWHQ DV

/

N 0N�

5HPDUN �� $ SURFHGXUH LQYROYLQJ FORVHG VSDQV DQG RUWKRJRQDO GLUHFW VXP ZKLFK
ZLOO EH XVHG WKURXJKRXW LV� DV XVXDO� FORVHG VSDQ RI RUWKRJRQDO �FORVHG� VXEVSDFHV
RI D +LOEHUW VSDFH �L�H�� WKH WRSRORJLFDO VXP RI RUWKRJRQDO �FORVHG� VXEVSDFHV� LV

LGHQWLpHG ZLWK WKHLU RUWKRJRQDO VXP _ WKHVH DUH LQ IDFW XQLWDULO\ HTXLYDOHQW �VHH
H�J�� >�� S���@�� $OVR� VXEVSDFHV VSDQQHG E\ ZDYHOHW IXQFWLRQV DUH� E\ WUDGLWLRQ�
FKDUDFWHUL]HG DV ?GHWDLO� VXEVSDFHV >��� ��@�

$ ZDYHOHW IXQFWLRQV R�Q�E� I�P�Q�c�J�P�Q� � =
� FDQ EH FRQYHUWHG LQWR D VFDOH GHWDLO

RUWKRJRQDO VXEVSDFHV EDVLV� GHQRWHG E\ I: P���JP� =� DQG GHpQHG DV FORVHG VSDQV
RI �P�Q�c� RYHU DOO Q�
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DQG LV FDOOHG ?VFDOH GHWDLO VXEVSDFH �RU OD\HU� IRU VFDOH P�� 0RUHRYHU� VLQFH ' KDV D
ERXQGHG LQYHUVH� 'P FDQ EH WDNHQ RXW RI WKH FORVHG VSDQ V\PERO �FI� >�� ��@�� DQG
WKH VXEVSDFH
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LV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH IRU WKH ELODWHUDO VKLIW ' >��@� VHH DOVR >�@� ZDQ�
GHULQJ EHFDXVH
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DQG JHQHUDWLQJ VLQFH
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7KLV GHFRPSRVLWLRQ LV FODVVLF� QRW RQO\ LQ :DYHOHW 7KHRU\ >�� �@� EXW LQ +LOEHUW
VSDFH ELODWHUDO VKLIW WKHRU\ DV ZHOO� VLQFH VXFK D GHFRPSRVLWLRQ DFWXDOO\ GHpQHV
D ELODWHUDO VKLIW ZKRVH PXOWLSOLFLW\ LV WKH GLPHQVLRQ RI WKH JHQHUDWLQJ ZDQGHULQJ
VXEVSDFH : ���� >��@� :KDW LV QRW FODVVLF� SHUKDSV� LV WKH IDFW WKDW WKH VSDFH / ��5�
FDQ DOVR EH UHSUHVHQWHG E\ R�V�E� I+QJQ� = FRQVLVWLQJ RI FORVHG VSDQV RI �P�Q�c� RYHU
DOO P >��@�
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FDOOHG ?WKH WLPH VKLIW GHWDLO VXEVSDFH �RU OD\HU� IRU WLPH VKLIW Q��

7KH VXEVSDFHV : P��� DUH QHLWKHU '�LQYDULDQW QRU '
e�LQYDULDQW� ZKLOH WKH VXE�

VSDFHV +Q��� DUH '�LQYDULDQW DQG 'e�LQYDULDQW� ZKLFK PHDQV WKDW WKH\ DUH '�
UHGXFLQJ� 6LPLODUO\� WKH VXEVSDFHV +Q��� DUH QHLWKHU 7 ��

�
�LQYDULDQW QRU 7 e
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�
�

LQYDULDQW� ZKLOH : P��� DUH 7 ��
�
�LQYDULDQW DQG 7 e
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�LQYDULDQW >�@� 7KHVH� LQ VRPH

VHQVH� VKRZ ?RSSRVLWH� FKDUDFWHULVWLFV RI VFDOH VXEVSDFHV DQG WLPH VKLIW VXEVSDFHV�
:LWK UHVSHFW WR 7 ��
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�LQYDULDQFH DQG 7 e

��
�
�LQYDULDQFH ZH DOVR UHIHU WR >�@ ZKHUH WKHVH

DVSHFWV DUH WUHDWHG LQ GHWDLO�

:H QRWH WKDW VLQFH +Q��� LV '�UHGXFLQJ� LW FDQ EH UHSUHVHQWHG DV
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ZLWK WKH LQGLFHV ��� Q� LQGLFDWLQJ WKDW : ��Q��� LV IRU VFDOH �
� DQG IRU WLPH VKLIW Q�

,W LV SODLQ WKDW ������ LV VLPSO\ D ?PXOWLSOLFLW\��� DQDORJ RI WKH RUWKRJRQDO GH�
FRPSRVLWLRQ ������ ,W WKHQ IROORZV WKDW WKH '�UHGXFLQJ VXEVSDFHV +Q��� VKRXOG�
VRPHKRZ� LQKHULW VRPH ZDYHOHW SURSHUWLHV DVVRFLDWHG ZLWK WKH ELODWHUDO VKLIW '�
7KHVH ZLOO EHFRPH FOHDU ODWHU�

�� 6F DO LQJ 0 5$ 6F DO H 6XEVSDF HV DQG 6F DO H 'HW DLO 6XEVSDF HV

:H QRZ UHFDOO GHpQLWLRQ RI �'LVFUHWH� 05$_ZLWK VFDOLQJ IXQFWLRQ ��c� >��� ��� ��@�
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'HpQLWLRQ �� $ VHW RI FORVHG VXEVSDFHV I9 PJP� =� FDOOHG VFDOLQJ VXEVSDFHV� LV D
05$ _ ZLWK VFDOLQJ IXQFWLRQ ��c� _ RYHU / ��5� LI WKH IROORZLQJ SURSHUWLHV DUH
VDWLVpHG�
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DQG RQ WKH RWKHU KDQG E\ ����� DQG E\ 05$ SURSHUWLHV�
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7KLV VKRZV WKDW 9 P FDQ DOVR EH UHSUHVHQWHG E\ WKH VXEVSDFHV : P
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DQG UHIHU WR 9 P��� DV VFDOH GHWDLO VXEVSDFH ?UHSUHVHQWLQJ� 9 P�

,W LV HDV\ WR VHH WKDW 9 P���� P � =� DOVR VDWLVI\ SURSHUWLHV �L�� �LL� DQG �LLL� RI
'HpQLWLRQ �� DV ZHOO DV SURSHUW\ �R
� RI 'HpQLWLRQ � EHORZ�

'HpQLWLRQ �� $ 05$ I9 PJP� = _ ZLWK VFDOLQJ IXQFWLRQ ��c� _ LV QRZ FDOOHG
6FDOLQJ 05$� ZKLOH WKH VHW RI VXEVSDFHV I9 P���JP� = _ UHSUHVHQWLQJ I9 PJP� = _
VDWLVpHV 'HpQLWLRQ � ZLWK SURSHUW\ �R� UHSODFHG E\
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LV FDOOHG $VVRFLDWHG 6FDOH 'HWDLO 05$ ZLWK ZDYHOHW ��c� GHULYHG IURP WKH VFDOLQJ
IXQFWLRQ ��c��

5HPDUN �� ,Q JHQHUDO� LI D ZDYHOHW ��c� LV QRW GHULYHG IURP D VFDOLQJ IXQFWLRQ ��c��
DQG LI D VHW I9 P���JP� = VDWLVpHV SURSHUWLHV �L�� �LL�� DQG �LLL� RI 'HpQLWLRQ �� DQG
LI WKH ?FRUH VXEVSDFH� 9 ���� LV 7 �LQYDULDQW� WKHQ I9 P���JP� = LV GHpQHG DV D *HQ�
HUDOL]HG 05$ >�@�

:H QRZ FRQQHFW D 6FDOLQJ 05$ I9 PJP� = DQG LWV $VVRFLDWHG 6FDOH 'HWDLO 05$
I9 P���JP� = ZLWK WKH WLPH VKLIW VXEVSDFHV I+Q���JQ� = ZKLFK \LHOGV WKH IROORZLQJ
UHVXOW�
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/HPPD �� /HW ��c� EH D ZDYHOHW GHULYHG IURP VFDOLQJ IXQFWLRQ ��c�� 7KHQ WKH

6FDOLQJ 05$ I9 PJP� = DQG LWV $VVRFLDWHG 6FDOH 'HWDLO 05$ I9 P���JP� = DGPLW

WKH WLPH VKLIW GHWDLO GHFRPSRVLWLRQ
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:H QRZ WXUQ WR 05$ WLPH VKLIW GHWDLO VXEVSDFHV� /HW ��c� EH WKH ZDYHOHW GHULYHG
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7KLV LV VLPSO\ D WLPH VKLIW DQDORJ RI WKH VFDOH VXEVSDFH 9 P���� 0RUHRYHU� VLQFH
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9 PJP� = EH 6FDOLQJ 05$ ZLWK VFDOLQJ IXQFWLRQ ��c� DQG

ZDYHOHW ��c�� 7KHQ� EHVLGHV WKH $VVRFLDWHG 6FDOH 'HWDLO 05$ I9 P���JP� =� WKHUH
DOVR H[LVWV WKH $VVRFLDWHG 7LPH�6KLIW 'HWDLO 05$ I* Q���JQ� = GHpQHG E\ ����� DQG
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/HPPD �� 7KH VXEVSDFH 9 P��� DGPLWV WKH GHFRPSRVLWLRQ

9 P���  
Pb�
0

P
�
 b�

: �Q�
P
� ��� j

Pb�
0

P
�
 b�

: P
�
�Q����������

6LPLODUO\� WKH VXEVSDFH * Q��� DGPLWV WKH GHFRPSRVLWLRQ

* Q���  
Qb�
0

Q
�
 b�

+�P�
Q
� ��� j

Qb�
0

Q
�
 b�

+Q
�
�P����������

3URRI� (TXDWLRQ ������ IROORZV UHDGLO\ IURP ����� DQG ������ ZKLOH ������ LV D FRQVH�
TXHQFH RI ����� DQG ������

7R SURFHHG ZH GHpQH

9 P�Q��� � 
Pb�
B

P
�
 b�

Qb�
B

Q
�
 b�

'P
�

�
b

�c�b Q�
c

� �P�Q� � =��������

DQG

* Q�P��� � 
Qb�
B

Q
�
 b�

Pb�
B

P
�
 b�

'P
�

�
b

�c�b Q�
c

� �P�Q� � =��������

7KHQ� VLQFH ' KDV D ERXQGHG LQYHUVH� LW LV SODLQ WKDW

9 P�Q���  * Q�P���� �P�Q� � =��������

0RUHRYHU�

9 P�Q���  9 P��� ? * Q���  
Pb�
0

P
�
 b�

: �Q�
P
� ����������

E\ ������ DQG ������ DQG

* Q�P���  * Q��� ? 9 P���  
Qb�
0

Q
�
 b�

+�P�
Q
� ����������

E\ ������ DQG ������ ,W WKHQ IROORZV IURP /HPPD �� ������ DQG ������� WKDW WKH
VXEVSDFHV 9 P��� DQG * Q��� QRZ DGPLW WKH GHFRPSRVLWLRQV

9 P���  9 P�Q��� j
Pb�
0

P
�
 b�

: P
�
�Q����������

 * Q�P��� j
�
0

Q
�
 Q

+�P�
Q
� ����������

DQG

* Q���  * Q�P��� j
Qb�
0

Q
�
 b�

+Q
�
�P����������

 9 P�Q��� j
�
0

P
�
 P

: �Q�
P
� ����������



� 1+$1 / (9$1 $1' &$5/ 2 6 6 � . 8%586 / <

6XSSRVH QRZ WKDW WKH ZDYHOHW ��c� LV GHULYHG IURP D VFDOLQJ IXQFWLRQ ��c�� 7KHQ

9 P�Q���  
Pb�
B

P
�
 b�

Qb�
B

Q
�
 b�

'P
�

�
b

�c�b Q�
c

�������

 
Qb�
B

Q
�
 b�

'P�
b

�c�b Q�
c

� 9 P�Q� �P�Q� � =��������

,Q RWKHU ZRUGV� WKH VXEVSDFH 9 P�Q LV DOVR UHSUHVHQWHG E\ WKH VXEVSDFH 9 P�Q���� :H
FRQFOXGH IURP WKH DERYH� IURP ������ DQG /HPPD �� WKH QH[W UHVXOW�

3URSRVLWLRQ �� /HW
j

9 PJP� = EH D 6FDOLQJ 05$ ZLWK VFDOLQJ IXQFWLRQ ��c� DQG
ZDYHOHW ��c�� 7KHQ

9 P�Q  9 P�Q���  * Q�P���� �P�Q� � =��������

�� 7 LP H 6KLI W $SSU R[LP DW LRQ

:H QRZ DSSO\ WKH DERYH UHVXOWV WR DSSUR[LPDWLRQV RYHU / ��5� _ FRQWDLQLQJ D
ZDYHOHW ��c�� ,W LV SODLQ IURP ����� WKDW DQ\ I�c� � / ��5� FDQ EH UHSUHVHQWHG LQ
WHUPV RI GHWDLO RYHU DOO OHYHOV P DV

I�c�  
;

P� =
3: �

I�c�������

DQG IURP ������ LQ WHUPV RI GHWDLO RYHU DOO WLPH VKLIWV Q DV

I�c�  
;

Q� =
3+ � I�c�������

ZKHUH 30 GHQRWHV RUWKRJRQDO SURMHFWLRQ RQWR WKH FORVHG VXEVSDFH 0�

6XSSRVH QRZ WKDW WKH ZDYHOHW ��c� LV GHULYHG IURP D VFDOLQJ IXQFWLRQ ��c� DVVRFLDW�
HG ZLWK WKH 6FDOLQJ 05$ I9 PJP� =� 7KHQ LW LV SODLQ IURP ����� DQG ����� WKDW WKH
VSDFH / ��5� DGPLWV WKH ?FDVFDGHG VFDOLQJ�GHWDLO GHFRPSRVLWLRQ� IRU DQ\ OHYHO P�

/ ��5�  9 P j
�
0

P
�
 P

: P
� ���� P � =������

7KHUHIRUH DQ\ I�c� � / ��5� FDQ QRZ EH UHSUHVHQWHG DV

I�c�  39 �
I�c� �

�
;

P
�
 P

3:
�
� I�c�������

1RZ OHW P EH DQ\ p[HG OHYHO DQG z ! P EH DQRWKHU OHYHO� 7KHQ� E\ 'HpQLWLRQ ��L��

9 P ~ 9 z�

7KHUHIRUH

9 z  9 P j 9 z ? 9 "
P�

)URP ZKLFK DQG IURP ����� LW LV HYLGHQW WKDW

9 z  9 P j
zb�
0

P
�
 P

: P
� ���������



0 5$ 6 8%6 3$&(6 �

6XSSRVH QRZ WKDW I�c� � 9 z� 7KHQ

I�c�  39 � I�c�  39 �
I�c� �

zb�
;

P
�
 P

3:
�
� I�c�������

7KLV UHVXOWV LQ D 'LVFUHWH :DYHOHW 7UDQVIRUP �':7� >�@�

1RZ OHW XV FRQYHUW ����� LQWR D WLPH VKLIW UHSUHVHQWDWLRQ� :H KDYH

9 z  9 P j
zb�
B

P
�
 P

�
B

Q
�
 b�

'P
�

�
b

�c�b Q�
c

������

7KHUHIRUH

9 z  
�
B

Q
�
 b�

'P�
b

�c�b Q�
c

j
�
0

Q
�
 b�

zb�
B

P
�
 P

'P
�

�
b

�c�b Q�
c

������

7KXV� IRU DQ\ I�c� � 9 z�

I�c�  39 � I�c�  
�
;

Q
�
 b�

3�
��� �

� I�c� �
�
;

Q
�
 b�

zb�
;

P
�
 P

3�
�
�
� �
� I�c�������

ZKHUH 3�
��� �

� LV WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH YHFWRU �P�Q
� �c� � 'P �

b

�c�bQ�
c

�

DQG 3�
�
�
� �
� LV WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH YHFWRU �P

�
�Q
� �c� � 'P

�

�
b

�c�bQ�
c

�

,Q DGGLWLRQ� LI WKH VXSSRUW RI I�c� LV FRPSDFW� RU LI I�c� LV D VDPSOH RYHU D pQLWH
WLPH ZLQGRZ RI D VLJQDO� WKHQ WKH LQpQLWH VXPV RQ WKH ULJKW KDQG VLGH RI ����� FDQ
EH UHGXFHG WR pQLWH VXPV _ E\ DOORZLQJ WKH LQGH[ Q� WR YDU\ LQ D ?VXLWDEOH� pQLWH
UDQJH >1 �� 1 @ �VD\�� 7KLV LV H[SUHVVHG E\ WKH IROORZLQJ HTXDWLRQ�

I�c��1 �
xQ

�
x1�  

1
;

Q
�
 1

�
3�

��� �
� I�c� �

1
;

Q
�
 1

�

zb�
;

P
�
 P

3�
�
�
� �
� I�c��������

ZKLFK FDQ EH UHJDUGHG DV D ?pQLWH WLPH� ':7�

7R SURFHHG� OHW XV ZULWH ����� DV

/ ��5�  
�
B

Q
�
 b�

'P�
b

�c�b Q�
c

j
�
B

P
�
 P

�
B

Q
�
 b�

'P
�

�
b

�c�b Q�
c

�������

RU

/ ��5�  
�
B

Q
�
 b�

'P�
b

�c�b Q�
c

j
�
B

Q
�
 b�

�
B

P
�
 P

'P
�

�
b

�c�b Q�
c

�������

ZKLFK LV D ?FDVFDGHG VFDOLQJ�GHWDLO WLPH VKLIW GHFRPSRVLWLRQ� IRU OHYHO P� 7KLV FDQ
EH IXUWKHU GHFRPSRVHG DV

/ ��5�  
Qb�
B

Q
�
 b�

'P�
b

�c�b Q�
c

j
�
B

Q
�
 Q

'P�
b

�c�b Q�
c

j
�
0

Q
�
 b�

+Q
�
�P����������

IRU HDFK SDLU �P�Q� � =�� ,W LV FOHDU WKDW WKH pUVW WHUP RQ WKH ULJKW KDQG VLGH LV
9 P�Q E\ ������� ZKLOH WKH VHFRQG WHUP LV WKH RUWKRJRQDO FRPSOHPHQW RI 9 P�Q LQ 9 P�



�� 1+$1 / (9$1 $1' &$5/ 2 6 6 � . 8%586 / <

ZKLFK LV HTXDO WR WKDW RI 9 P�Q��� LQ 9 P��� _ VLQFH 9 P��� LV HTXDO WR 9 P� DQG
9 P�Q LV HTXDO WR 9 P�Q���� 7KHUHIRUH ������ FDQ EH UHZULWWHQ DV

/ ��5�  9 P�Q j
�
0

Q
�
 Q

+�P�
Q
� ��� j

�
0

Q
�
 b�

+Q
�
�P���� P � =�������

ZKHUH ZH KDYH PDGH XVHG RI ������ DQG ������� 7KLV FDQ EH UHDUUDQJHG WR \LHOG

/ ��5�  9 P�Q j
Qb�
0

Q
�
 b�

+Q
�
�P��� j

�
0

Q
�
 Q

+Q
� ����������

7KLV DOORZV XV WR UHSUHVHQW DQ\ I�c� � / ��5� DV

I�c�  
Qb�
;

Q
�
 b�

KI� �P�Q
� L�P�Q

� �c� �
Qb�
;

Q
�
 b�

3+ � � ���
I�c� �

�
;

Q
�
 Q

3+ � � I�c��������

IRU HDFK Q � =� 7KHUHIRUH� DV LQ WKH FDVH RI ������ I�c� FDQ EH DSSUR[LPDWHG RYHU D
?VXLWDEOH� WLPH VKLIW UDQJH >{�� {@ �VD\�� IRU b� � {� x { x Qb �� DV

I�c��{ � xQ
�
x{�  

{
;

Q
�
 {

�
KI� �P�Q

� L�P�Q
� �c� �

{
;

Q
�
 {

�
3+ � � ���

I�c��������

�� $ ) RU P XO DW LRQ RI 7 LP H 6KLI W 0 XO W LU HVRO XW LRQ $SSU R[LP DW LRQ

:H FORVH WKH SDSHU ZLWK D IRUPXODWLRQ RI 7LPH�6KLIW 0XOWLUHVROXWLRQ $SSUR[LPD�
WLRQ� :H KDYH VKRZQ WKDW JLYHQ D 6FDOLQJ 05$ I9 PJP� =� ZLWK VFDOLQJ IXQFWLRQ ��c�
DQG ZDYHOHW ��c�� WKHUH H[LVWV WKH $VVRFLDWHG 7LPH�6KLIWLQJ 'HWDLO 05$ I* QJQ � =
GHpQHG E\ ������ 6XSSRVH QRZ WKDW� ZH DUH JLYHQ D ZDYHOHW ��c�� WKHQ LW LV QDWXUDO WR
DVN� ?ZKDW 7LPH 6KLIW 05$ _ GHQRWHG E\ I7QJQ� = _ ZKLFK DGPLWV I* Q���JQ� =�
FRQVWUXFWHG IURP WKH JLYHQ ZDYHOHW ��c�� DV LWV $VVRFLDWHG 7LPH 6KLIW 'HWDLO 05$"�
,Q RWKHU ZRUGV� GRHV WKHUH H[LVW D IXQFWLRQ 
�c� � / ��5� ZKLFK JHQHUDWHV WKH VXE�
VSDFHV 7Q _ ZLWK VXLWDEOH 05$ SURSHUWLHV _ VR WKDW

7Q  * Q���� �Q � = "�����

)LUVW� VLQFH * Q��� DUH '�UHGXFLQJ� KHQFH VR PXVW EH 7Q� 6XSSRVH QRZ WKDW 
�c� LQ
/ ��5� LV D XQLW YHFWRU VXFK WKDW 


b

�c�b Q
c

� Q � =� DUH ZDQGHULQJ YHFWRUV IRU WKH
G\DGLF�VFDOLQJ RSHUDWRU '� WKDW LV�



b

�c�b Q
c

" 'P

b

�c�b Q
c

� � �P�Q� � =��

7KHQ OHW 7Q� Q � =� EH WKH FORVHG '�UHGXFLQJ VXEVSDFHV GHpQHG E\

7Q � 
B

P
�
� =

'P
�



b

�c�b Q
c

� Q � =������

DQG VDWLVI\ WKH SURSHUWLHV�

�L� 7Q ~ 7Q� �� Q � =�
�LL�

7

Q� = 7P  I�J�
�LLL�

6

Q� = 7P  / ��5��
0RUHRYHU�

7Q� �  7Q j+Q���� Q � =������



0 5$ 6 8%6 3$&(6 ��

,W WKHQ IROORZV WKDW� DV LQ WKH FDVH RI 9 P� WKH VXEVSDFH 7Q LV UHSUHVHQWHG E\ WKH
WLPH VKLIW GHWDLO VXEVSDFH * Q���

7Q  
Qb�
0

Q
�
 b�

+Q
� ��� � * Q���� Q � =������

7KXV WKH VHW I7QJQ� = IRUPV D 7LPH�6KLIW 05$�

$F N QRZ O HGJP HQW V

5HVHDUFK VXSSRUWHG LQ SDUW E\ WKH %UD]LOLDQ 1DWLRQDO 5HVHDUFK &RXQFLO �&13T��

5HI HU HQF HV

�� ,� $ Q WRQ LRX DQ G .� *X VWDIVRQ � : DYHOHW V DQ G 6 W RFKDVW LF 3 U RFHVVHV� 0DWK � & RP S X W� 6 LP X ODWLRQ
�� ������� ��^����

�� /�: � % DJJHWW� + �$ � 0HG LQ D DQ G .�'� 0HU LOO� * HQ HU DOL] HG PXOW L� U HVROXW LRQ DQ DO\ VHV DQ G D

FRQ VW U XFW LRQ SU RFHGXU H IRU DOO Z DYHOHW VHW V LQ 5Q� - � )RX U LHU $ Q DO� $ S S O� � ������� ���^����
�� & �.� & K X L� $ Q ,Q W U RGXFW LRQ W R : DYHOHW V �$ FDG HP LF 3 U HVV� % RVWRQ � ������
�� 7 �1 �7 � *RRG P DQ � 6 �/� /HH DQ G : �6 � 7 DQ J� : DYHOHW V LQ Z DQ GHU LQ J VXEVSDFHV� 7 U DQ V� $ P HU �

0DWK � 6 RF� ��� ������� ���^����

�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������� ���^����
�� & �6 � .X E U X VO\ � + LOEHU W 6 SDFH 2SHU DW RU V �% LU N K �DX VHU � % RVWRQ � ������
�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 2Q JHQ HU DW LQ J Z DQ GHU LQ J VXEVSDFHV IRU XQ LW DU \ RSHU DW RU V� $ G Y �

0DWK � 6 FL� $ S S O� �� ������� ��^���
�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � $ EVW U DFW Z DYHOHW V JHQ HU DW HG E\ + LOEHU W VSDFH VKLIW RSHU DW RU V�

$ G Y � 0DWK � 6 FL� $ S S O� �� ������� WR DS S HDU �
�� )U LW] .HLQ HU W� : DYHOHW V DQ G 0XOW LZ DYHOHW V �& K DS P DQ 	 + DOO�& 5& � 1 HZ < RU N � ������

��� 3 ��*� /HP DU LwH DQ G < � 0H\ HU � 2Q GHOHW W HV HW EDVHV KLOEHU W LHQ Q HV� 5HY � 0DW� ,E HU RDP HU LFDQ D� �
������� �^���

��� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � $ Z DYHOHW ?W LPH� VKLIW � GHW DLO� GHFRPSRVLW LRQ � 0DWK � & RP S X W�
6 LP X ODWLRQ �� ������� ��^���

��� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � 7 LPH� VKLIW V JHQ HU DOL] HG PXOW LU HVROXW LRQ DQ DO\ VLV RYHU G\ DGLF�

VFDOLQ J U HGXFLQ J VXEVSDFHV� ,Q W� - � : DY HOHWV 0X OWLU HVROX W� ,Q I� 3 U RFHVV� � ������� ���^����
��� 6 �*� 0DOODW� 0XOW LU HVROXW LRQ DSSU R[LPDW LRQ V DQ G Z DYHOHW RU W KRQ RU PDO EDVHV RI /

��5�� 7 U DQ V�
$ P HU � 0DWK � 6 RF� ��� ������� ��^���

��� 6 �*� 0DOODW� $ 7 KHRU \ RI PXOW LU HVROXW LRQ VLJQ DO GHFRPSRVLW LRQ � 7 KH Z DYHOHW U HSU HVHQ W DW LRQ �
,( ( ( 7 U DQ V� 3 DWW� $ Q DO� 0DFK � ,Q WHOO�� �� ������� ���^����

��� 6 �*� 0DOODW� $ : DYHOHW 7 RXU RI 6 LJQ DO 3 U RFHVVLQ J �$ FDG HP LF 3 U HVV� 1 HZ < RU N � ������
��� < � 0H\ HU � 2Q GHOHW W HV HW IXQ FW LRQ V VSOLQ HV� 6 wHP LQ DLU H VX U OHV wHT X DWLRQ V DX [ G wHU LY wHHV S DU WLHOOHV

����^����� ( [ S � 1 R� 9 ,� w( FROH 3 RO\ WHFK Q LT X H� 3 DODLVHDX � �����
��� % � 6 ]��1 DJ\ DQ G & � )RLDV� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH �1 RU WK �+ ROODQ G �

$ P VWHU G DP � ������

'HSDU W P HQW RI (O HF W U LF DO (QJLQHHU LQJ� 8QLYHU VLW \ RI & DO LI RU QLD LQ /RV $QJHO HV� /RV

$QJHO HV� & $ � � � � � �� � � � � 86$

( � PDLO DGGU HVV� OHYDQ#HH�XFOD�HGX

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


