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$EVW U DF W � /HW 7 DQ G 6 E H + LOE HU W VS DFH RS HU DWRU V VX FK WK DW : H\ O
V WK HRU HP
K ROG V IRU E RWK RI WK HP � ,Q JHQ HU DO� LW G RHV Q RW IROORZ WK DW : H\ O
V WK HRU HP
K ROG V IRU WK H G LU HFW VX P 7 j 6� : H JLY H DV\ P P HWU LF VX r FLHQ W FRQ G LWLRQ V RQ
7 DQ G 6 WR HQ VX U H WK DW WK H G LU HFW VX P 7 j 6 VDWLVp HV : H\ O
V WK HRU HP � ,W LV
DVVX P HG WK DW MX VW RQ H RI WK H G LU HFW VX P P DQ G V VDWLVp HV : H\ O
V WK HRU HP E X W LV
Q RW Q HFHVVDU LO\ LVRORLG � Z K LOH WK H RWK HU K DV Q R LVRODWHG S RLQ W LQ LWV VS HFWU X P �

�� ,QW U RGXF W LRQ

%\ DQ RSHUDWRU ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI D +LOEHUW VSDFH LQWR
LWVHOI� 7KH :H\O VSHFWUXP RI DQ RSHUDWRU 7 LV WKH VHW �Z�7 � RI DOO VFDODUV y VXFK
WKDW y, b 7 LV QRW D )UHGKROP RSHUDWRU RI LQGH[ ]HUR� ZKLFK LV D VXEVHW RI WKH ZKROH
VSHFWUXP ��7 � RI 7 � $Q RSHUDWRU 7 VDWLVpHV :H\O
V WKHRUHP �RU :H\O
V WKHRUHP
KROGV IRU 7 � LI WKH FRPSOHPHQW RI �Z�7 � LQ ��7 � FRLQFLGHV ZLWK WKH VHW RI DOO LVRODWHG
HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLFLW\� :H\O
V WKHRUHP KDV EHHQ PXFK LQYHVWLJDWHG
RYHU WKH SDVW IRUW\ \HDUV� ,Q WKLV SDSHU ZH IRFXV RQ :H\O
V WKHRUHP IRU GLUHFW VXPV�
�7KURXJKRXW WKLV SDSHU� DOO GLUHFW VXPV DUH RUWKRJRQDO�� ,W LV HDV\ WR JLYH H[DPSOHV
�6HFWLRQV � DQG �� RI RSHUDWRUV 7 DQG 6 IRU ZKLFK :H\O
V WKHRUHP KROGV IRU ERWK RI
WKHP� ZKLOH WKHLU GLUHFW VXP 7 j 6 GRHV QRW VDWLVI\ :H\O
V WKHRUHP� +RZHYHU� WKHUH
DUH FODVVLFDO FDVHV ZKHUH :H\O
V WKHRUHP LV WUDQVIHUUHG IURP GLUHFW VXPPDQGV WR WKH
GLUHFW VXP� $ SDUWLFXODUO\ LPSRUWDQW FDVH UHSRUWV WR K\SRQRUPDO RSHUDWRUV� ,W LV
ZHOO NQRZQ WKDW QRUPDO DQG SXUHO\ K\SRQRUPDO RSHUDWRUV VDWLVI\ :H\O
V WKHRUHP�
0RUHRYHU� HYHU\ K\SRQRUPDO RSHUDWRU LV WKH GLUHFW VXP RI D QRUPDO RSHUDWRU DQG D
SXUH K\SRQRUPDO RSHUDWRU� ,Q WKLV FDVH� :H\O
V WKHRUHP IRU WKH GLUHFW VXPPDQGV
LV WUDQVIHUUHG WR WKH GLUHFW VXP� :H\O
V WKHRUHP KROGV IRU ODUJH FODVVHV RI RSHUDWRUV
WKDW LQFOXGH WKH K\SRQRUPDO RQHV�

:H VKRZ LQ 7KHRUHP � WKDW� LI 7 KDV QR LVRODWHG SRLQW LQ LWV VSHFWUXP DQG 6 VDW�
LVpHV :H\O
V WKHRUHP� WKHQ 7 j 6 VDWLVpHV :H\O
V WKHRUHP ZKHQHYHU �Z�7 j 6�  
��7 � > �Z�6�� :H DOVR JLYH VXrFLHQW FRQGLWLRQV RQ 7 RU 6 WR HQVXUH WKDW VXFK
VSHFWUDO LGHQWLW\ KROGV� $V D FRQVHTXHQFH� ZH VKRZ LQ 6HFWLRQ � WKDW LI HDFK pQLWH�
GLPHQVLRQDO HLJHQVSDFH RI 7 UHGXFHV 7 � WKHQ 7 VDWLVpHV :H\O
V WKHRUHP ZKHQHYHU
WKH UHVWULFWLRQ RI LW WR WKH RUWKRJRQDO FRPSOHPHQW RI WKH VSDQ RI WKRVH HLJHQVSDFHV
KDV QR LVRODWHG SRLQW LQ LWV VSHFWUXP DQG LWV DGMRLQW KDV QR HLJHQYDOXH RI pQLWH PXO�
WLSOLFLW\� 'LUHFW VXPV LQYROYLQJ KHUHGLWDULO\ QRUPDORLG DQG FRPSDFW RSHUDWRUV DUH
DOVR FRQVLGHUHG LQ 6HFWLRQ ��

' DW H� 2FWRE HU �� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��% ���
. H\ Z RU GV� 'LU HFW VX P V� K \ S RQ RU P DO RS HU DWRU V� : H\ O VS HFWU X P � : H\ O
V WK HRU HP �
6 X S S RU WHG LQ S DU W E \ % U D]LOLDQ 1 DWLRQ DO 5HVHDU FK & RX Q FLO �& 1 3 T ��

�
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�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKH SDSHU+ DQG . ZLOO EH QRQ]HUR FRPSOH[ +LOEHUW VSDFHV� /HW %>+@
EH WKH XQLWDO %DQDFK DOJHEUD RI DOO RSHUDWRUV RQ + �ERXQGHG OLQHDU WUDQVIRUPDWLRQV
RI + LQWR LWVHOI�� 7DNH DQ\ 7 � %>+@� 3XW 1 �7 �  7b�I�J DQG 5�7 �  7 �+�� WKH
NHUQHO �RU QXOO VSDFH� DQG UDQJH RI 7 � UHVSHFWLYHO\� 5HFDOO WKH IROORZLQJ HOHPHQWDU\
SURSHUWLHV �ZKHUH 7 e VWDQGV IRU WKH DGMRLQW RI 7 DQG 5�7 �" IRU WKH RUWKRJRQDO
FRPSOHPHQW RI 5�7 ��� 1 �7 e�  +k5�7 �b  5�7 �" DQG 5�7 e� LV FORVHG LI DQG
RQO\ LI 5�7 � LV FORVHG� $Q RSHUDWRU LQ 7 � %>+@ LV )UHGKROP LI LW KDV D FORVHG UDQJH
DQG WKH NHUQHOV RI ERWK 7 DQG 7 e DUH pQLWH�GLPHQVLRQDO� /HW ) GHQRWH WKH FODVV RI
DOO )UHGKROP RSHUDWRUV RQ +�

)  
j

7 � %>+@ � 5�7 � LV FORVHG� GLP 1 �7 � � � DQG GLP 1 �7 e� � �
k

�

7KH )UHGKROP LQGH[ RI 7 LQ ) LV WKH LQWHJHU LQG �7 �  GLP 1 �7 �b GLP 1 �7 e�� $
:H\O RSHUDWRU LV D )UHGKROP RSHUDWRU ZLWK QXOO )UHGKROP LQGH[� /HW : GHQRWH WKH
FODVV RI DOO :H\O RSHUDWRUV IURP %>+@�

:  
j

7 � ) � LQG �7 �  �
k

�

6LQFH 7 e DQG 7 OLH LQ ) WRJHWKHU� LW IROORZV WKDW LQG �7 e�  bLQG �7 �� DQG VR 7 � :
LI DQG RQO\ LI 7 e � : � 7KH HVVHQWLDO VSHFWUXP RI 7 LV WKH VHW RI DOO y VXFK WKDW
y, b 7 LV QRW )UHGKROP�

�H�7 �  
j

y � & � �y, b 7 �  � )
k

�

ZKLFK FRLQFLGHV ZLWK WKH VSHFWUXP RI WKH QDWXUDO LPDJH RI 7 LQ WKH &DONLQ DOJHEUD
%>+@ %� >+@� WKH TXRWLHQW DOJHEUD RI %>+@ PRGXOR WKH LGHDO %� >+@ RI FRPSDFW
RSHUDWRUV� 1RWH WKDW �H�7 �  �CH�7 � > �UH�7 �� ZKHUH �CH�7 � DQG �UH�7 � DUH WKH
OHIW DQG ULJKW HVVHQWLDO VSHFWUXP RI 7 � UHVSHFWLYHO\� ZKLFK DUH JLYHQ E\

�CH�7 �  
j

y � & � 5�y, b 7 � LV QRW FORVHG RU GLP 1 �y, b 7 �  �
k

�

�UH�7 �  
j

y � & � 5�y, b 7 � LV QRW FORVHG RU GLP 1 �y, b 7 e�  �
k

�

7KH :H\O VSHFWUXP RI 7 LV WKH VHW RI DOO y IRU ZKLFK y, b 7 LV QRW :H\O�

�Z�7 �  
j

y � & � �y, b 7 �  � :
k

�

/HW ��7 � GHQRWH WKH VSHFWUXP RI 7� ,W LV UHDGLO\ YHULpHG WKDW �H�7 � v �Z�7 � v ��7 ��
1RZ OHW ���7 � EH WKH FRPSOHPHQW RI �Z�7 � LQ ��7 ��

���7 �  ��7 �Q�Z�7 �  
j

y � ��7 � � �y, b 7 � � :
k

 
j

y � ��7 � � �y, b 7 � � ) DQG LQG �y, b 7 �  �
k

�

ZKLFK LV WKH VHW RI DOO y � ��7 � VXFK WKDW 5�y, b 7 � LV FORVHG DQG GLP 1 �y, b 7 �  
GLP 1 �y, b 7 e� � �� 7KXV �VHH H�J�� >��� SS� ���� ���@��

���7 �  
j

y � �3 �7 � � 5�y, b 7 �b  5�y, b 7 � � + DQG

GLP 1 �y, b 7 �  GLP 1 �y, b 7 e� � �
k

�

ZKHUH �3 �7 � GHQRWHV WKH SRLQW VSHFWUXP �L�H�� WKH VHW RI DOO HLJHQYDOXHV� RI 7 � /HW
�LV R�7 � GHQRWH WKH VHW RI LVRODWHG SRLQWV RI ��7 � DQG SXW

}��7 �  �LV R�7 � ? ���7 ��
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7KLV LV WKH VHW RI 5LHV] SRLQWV RI 7 �VRPH DXWKRUV UHIHU WR LW DV WKH VHW RI LVRODWHG
HLJHQYDOXHV RI 7 RI pQLWH DOJHEUDLF PXOWLSOLFLW\�� 1RZ OHW �3) �7 � GHQRWH WKH VHW RI
DOO HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLFLW\�

�3) �7 �  
j

y � �3 �7 � � GLP 1 �y, b 7 � � �
k

�

,W LV FOHDU WKDW ���7 � v �3) �7 �� )LQDOO\� OHW }���7 � GHQRWH WKH VHW RI DOO LVRODWHG
HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLFLW\�

}���7 �  �LV R�7 � ? �3) �7 ��

ZKLFK LV VRPHWLPHV DOVR UHIHUUHG WR DV WKH VHW RI LVRODWHG HLJHQYDOXHV RI 7 RI pQLWH
JHRPHWULF PXOWLSOLFLW\�

5HPDUN �� 6LQFH ���7 � v �3) �7 �� LW IROORZV WKDW }��7 � v }���7 �� $FWXDOO\�

}��7 �  
j

y � }���7 � � 5�y, b 7 � LV FORVHG
k

 }���7 �Q�Z�7 �  }���7 �Q�H�7 �  �LV R�7 �Q�Z�7 �  �LV R�7 �Q�H�7 ��

,QGHHG� LI y � }��7 � v ���7 �� WKHQ y � }���7 � DQG 5�y, b 7 � LV FORVHG� 1RZ UHFDOO
WKDW� LI y � �LV R�7 �� WKHQ y � ���7 � LI DQG RQO\ LI y  � �CH�7 � ? �UH�7 � >�� S� ���@�
ZKLFK HQVXUHV WKH FRQYHUVH� LI 5�y, b 7 � LV FORVHG DQG y � }���7 �� WKHQ y  � �CH�7 �
�IRU 5�y, b 7 � LV FORVHG DQG GLP 1 �y, b 7 � � ��� DQG KHQFH y � }��7 �� 7KXV�

}��7 �  
j

y � }���7 � � 5�y, b 7 � LV FORVHG
k

�

0RUHRYHU� LW LV DOVR UHDGLO\ YHULpHG WKDW

}��7 �  �LV R�7 �Q�Z�7 �  �LV R�7 �Q�H�7 ��

,Q IDFW� VLQFH ���7 �  ��7 �Q�Z�7 �� LW IROORZV WKDW

�LV R�7 �Q�Z�7 �  �LV R�7 � ?
b

��7 �Q�Z�7 �
c

 �LV R�7 � ? ���7 �  }��7 ��

%XW �Z�7 � �H�7 � >*�7 � ZKHUH *�7 � LV D XQLRQ RI RSHQ VXEVHWV RI ��7 � >�� S� ���@�
�$FWXDOO\� *�7 � LV WKH SDUW RI WKH VSHFWUDO SLFWXUH RI 7 >��@ FRQVLVWLQJ RI WKH XQLRQ
RI DOO KROHV RI WKH HVVHQWLDO VSHFWUXP ZLWK QRQ]HUR LQGLFHV�� 7KHUHIRUH�

�LV R�7 �Q�Z�7 �  �LV R�7 �
sb

�H�7 � >*�7 �
c

 
b

�LV R�7 �Q�H�7 �
c

?
b

�LV R�7 �Q*�7 �
c

�

6LQFH *�7 � LV D VXEVHW RI ��7 � WKDW LV RSHQ LQ &� LW IROORZV WKDW �LV R�7 � ?*�7 �  "�
+HQFH �LV R�7 �Q*�7 �  �LV R�7 �� DQG VR

�LV R�7 �Q�Z�7 �  �LV R�7 �Q�H�7 ��

)LQDOO\� VLQFH }��7 � v }���7 � v �LV R�7 �� }��7 � v ��7 �Q�Z�7 � DQG �H�7 � v �Z�7 ��
LW IROORZV E\ WKH DERYH LGHQWLWLHV WKDW

}���7 �Q�Z�7 � v }���7 �Q�H�7 � v �LV R�7 �Q�H�7 �

 �LV R�7 �Q�Z�7 �  }��7 �  }��7 �Q�Z�7 � v }���7 �Q�Z�7 ��

DQG KHQFH
}��7 �  }���7 �Q�Z�7 �  }���7 �Q�H�7 ��

5HPDUN �� 7DNH DQ\ 7 � %>+@� 7KH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� ��7 �Q�Z�7 �  }���7 ��

�E� ���7 �  }���7 ��

�F� ��7 �Q}���7 �  �Z�7 ��
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,QGHHG� VLQFH I�Z�7 �� ���7 �J IRUPV D SDUWLWLRQ RI WKH VSHFWUXP RI 7 �L�H�� ��7 �  
�Z�7 � > ���7 � DQG �Z�7 � ? ���7 �  "�� LW IROORZV WKDW �D� DQG �E� DUH HTXLYDOHQW�
�E� LPSOLHV �F� DQG� VLQFH }���7 � v ��7 �� �F� LPSOLHV �E� DV ZHOO�

���7 �  ��7 �Q�Z�7 �  ��7 �Q
b

��7 �Q}���7 �
c

 }���7 ��

5HPDUN �� 0RUHRYHU� LI DQ\ RI WKH DERYH HTXLYDOHQW DVVHUWLRQV KROGV� WKHQ

}��7 �  }���7 ��

,Q IDFW� VLQFH DOO LVRODWHG SRLQWV RI ��7 � LQ ���7 � OLH LQ }��7 �� LW IROORZV WKDW� LI
���7 �  }���7 �� WKHQ }���7 � v }��7 �� EXW }��7 � v }���7 � DOZD\V� 7KHUHIRUH�

���7 �  }���7 � LI DQG RQO\ LI ���7 �  }��7 � DQG }��7 �  }���7 ��

�7KLV HTXLYDOHQFH LV FRPPRQO\ UHSKUDVHG E\ VD\LQJ WKDW :H\O
V WKHRUHP KROGV IRU

7 LI DQG RQO\ LI %URZGHU
V WKHRUHP KROGV IRU 7 DQG }��7 �  }���7 ��� )LQDOO\� QRWH
WKDW� DFFRUGLQJ WR 5HPDUN ��

}��7 �  }���7 � �� }���7 � ? �Z�7 �  " �� }���7 � ? �H�7 �  "�

�� : H\O 
V 7 KHRU HP

,W LV XVXDO WR VD\ WKDW:H\O
V WKHRUHP KROGV IRU 7 �RU 7 VDWLVpHV :H\O
V WKHRUHP�
LI DQ\ RI WKH HTXLYDOHQW DVVHUWLRQV �D�� �E� RU �F� RI 5HPDUN � KROGV �IRU IXUWKHU HTXLY�
DOHQW FRQGLWLRQV VHH >�@� DQG UHFHQWO\ >�@�� ,W LV HDV\ WR VKRZ WKDW HYHU\ RSHUDWRU 7
RQ D pQLWH�GLPHQVLRQDO VSDFH VDWLVpHV :H\O
V WKHRUHP ZLWK ���7 �  }���7 �  ��7 �
�WKLV H[WHQGV WR pQLWH�UDQN EXW QRW WR FRPSDFW RSHUDWRUV� DQG� RQ WKH RWKHU KDQG�
HYHU\ RSHUDWRU 7 ZLWKRXW HLJHQYDOXHV ��3 �7 �  "� DOVR VDWLVpHV :H\O
V WKHRUHP
ZLWK ���7 �  }���7 �  "� 7KHVH DUH WKH WULYLDO FDVHV� :H\O SURYHG LQ >��@ WKDW
:H\O
V WKHRUHP KROGV IRU VHOI�DGMRLQW RSHUDWRUV� ZKLFK ZDV H[WHQGHG WR QRUPDO
RSHUDWRUV LQ >��@� WR K\SRQRUPDO RSHUDWRUV LQ >�@� DQG WR VHPLQRUPDO RSHUDWRUV LQ
>�@� 5HFDOO WKDW 7 � %>+@ LV K\SRQRUPDO LI 7 e7 b 7 7 e y 2 DQG FRK\SRQRUPDO LI
7 e LV K\SRQRUPDO� VR WKDW 7 LV QRUPDO LI LW LV ERWK K\SRQRUPDO DQG FRK\SRQRUPDO�
,I 7 LV HLWKHU K\SRQRUPDO RU FRK\SRQRUPDO� WKHQ LW LV FDOOHG VHPLQRUPDO� 7KH QH[W
UHVXOW IURP >�@ \LHOGV D JHQHUDOL]DWLRQ WKDW H[WHQGV PDQ\ RI WKH SUHYLRXV UHVXOWV
�DOVR VHH >�@��

/HPPD �� >�@ ,I pQLWH�GLPHQVLRQDO HLJHQVSDFHV RI D +LOEHUW VSDFH RSHUDWRU DUH

UHGXFLQJ DQG HYHU\ GLUHFW VXPPDQG RI LW LV LVRORLG� WKHQ LW VDWLVpHV :H\O
V WKHRUHP�

%\ D VXEVSDFH ZH PHDQ D FORVHG OLQHDU PDQLIROG RI +� $ VXEVSDFH0 LV LQYDULDQW
IRU 7 LI 7 �0� v 0� DQG UHGXFLQJ LI LW LV LQYDULDQW IRU ERWK 7 DQG 7 e� $OVR UHFDOO
WKDW DQ RSHUDWRU LV LVRORLG LI HYHU\ LVRODWHG SRLQW RI LWV VSHFWUXP LV DQ HLJHQYDOXH
�L�H�� 7 LV LVRORLG LI �LV R�7 � v �3 �7 ���

$ +LOEHUW VSDFH RSHUDWRU 7 LV GRPLQDQW LI 5�y, b 7 � v 5�y, b 7 e� IRU HYHU\
y � &� 7KLV LPSOLHV WKDW 1 �y, b 7 � v 1 �y, b 7 e� IRU HYHU\ y � &� ZKLFK LQ WXUQ
LPSOLHV WKDW 1 �y, b 7 � UHGXFHV 7 IRU HDFK y � �3 �7 �� 7KDW LV� HYHU\ HLJHQVSDFH
RI D GRPLQDQW RSHUDWRU LV UHGXFLQJ DQG VR LV� LQ SDUWLFXODU� HYHU\ pQLWH�GLPHQVLRQDO
HLJHQVSDFH RI LW� 7KHUHIRUH� D VWUDLJKWIRUZDUG FRUROODU\ RI /HPPD � VD\V WKDW LI
5�y, b 7 � v 5�y, b 7 e� DQG WKH UHVWULFWLRQ 7 M0 RI 7 WR HDFK UHGXFLQJ VXEVSDFH

0 LV VXFK WKDW �LV R�7 M0 � v �3 �7 M0 �� WKHQ 7 VDWLVpHV :H\O
V WKHRUHP� :H UHVWDWH
WKLV FRQVHTXHQFH RI /HPPD � EHORZ�
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/HPPD �� ,I D +LOEHUW VSDFH RSHUDWRU LV GRPLQDQW DQG HYHU\ GLUHFW VXPPDQG RI LW

LV LVRORLG� WKHQ LW VDWLVpHV :H\O
V WKHRUHP�

$Q RSHUDWRU 7 LV QRUPDORLG LI LWV VSHFWUDO UDGLXV FRLQFLGHV ZLWK LWV QRUP �L�H��
U�7 �  N7N�� DQG WUDQVDORLG LI y, b 7 LV QRUPDORLG IRU HYHU\ y � &� 2EVHUYH WKDW D
GLUHFW VXPPDQG RI D WUDQVDORLG RSHUDWRU QHHG QRW EH WUDQVDORLG �LQ IDFW� LW GRHV QRW
QHHG WR EH HYHQ QRUPDORLG�� )RU LQVWDQFH� WDNH 7  4j 6� ZKHUH 4 LV D TXDVLQLO�

SRWHQW QRQ]HUR FRQWUDFWLRQ �L�H�� U�4�  � � N4N x � _ H�J�� 4  
b � �
� �

c

RQ &��

DQG 6 LV D WUDQVDORLG FRQWUDFWLRQ ZKRVH VSHFWUXP LV WKH FORVHG XQLW GLVF �H�J�� 6 LV
DQ\ XQLODWHUDO VKLIW� ZKLFK LV K\SRQRUPDO� DQG VR y, b 6 LV K\SRQRUPDO IRU HYHU\
y� WKXV QRUPDORLG� DQG KHQFH 6 LV WUDQVDORLG�� 6LQFH 6 LV WUDQVDORLG DQG U�6�  ��

Ny, b 6N  U�y, b 6�  MyM� U�6�  MyM� �

�UHDVRQ� ��y, b 6�  yb ��6� DQG ��6�  'b� WKH FORVHG XQLW GLVF�� DQG WKHUHIRUH

Ny, b 7N  N�y, b4�j �y, b 6�N  Ny, b 6N  U�y, b 6��

VLQFH Ny, b4N x Ny, b 6N EHFDXVH Ny, b4N x MyM� N4N x MyM� �� 0RUHRYHU�

��y, b 7 �  yb ��7 �  yb ��4� > ��6�  yb ��6�  ��y, b 6�

DQG VR U�y, b 7 �  U�y, b 6�� ZKLFK LPSOLHV U�y, b 7 �  Ny, b 7N� 7KXV WKH GL�
UHFW VXP 7  4j 6 LV WUDQVDORLG EXW WKH GLUHFW VXPPDQG 4 �D QRQ]HUR TXDVLQLOSR�
WHQW� LV QRW HYHQ QRUPDORLG�

$ SDUW RI DQ RSHUDWRU LV D UHVWULFWLRQ RI LW WR DQ LQYDULDQW VXEVSDFH� :H VD\
WKDW 7 LV KHUHGLWDULO\ WUDQVDORLG �DEEUHYLDWHG +7� LI HYHU\ SDUW RI LW LV WUDQVDORLG
�L�H�� LI WKH UHVWULFWLRQ 7 M0 RI 7 WR HYHU\ LQYDULDQW VXEVSDFH 0 LV WUDQVDORLG�� DQG
WRWDOO\ KHUHGLWDULO\ WUDQVDORLG �DEEUHYLDWHG 7+7� LI LW LV KHUHGLWDULO\ WUDQVDORLG DQG
HYHU\ LQYHUWLEOH SDUW RI LW KDV D WUDQVDORLG LQYHUVH� &OHDUO\� KHUHGLWDULO\ WUDQVDORLG
RSHUDWRUV DUH WUDQVDORLG� DQG KHQFH QRUPDORLG� $FWXDOO\� +7 LV D ODUJH FODVV RI
LVRORLG DQG QRUPDORLG RSHUDWRUV WKDW LQFOXGHV WKH K\SRQRUPDO RSHUDWRUV�

3URSRVLWLRQ �� +\SRQRUPDO ~ 7+7 ~ +7 ~ ,VRORLG�

3URRI� 5HFDOO WKDW K\SRQRUPDO RSHUDWRUV DUH QRUPDORLG� y, b 7 LV K\SRQRUPDO
ZKHQHYHU 7 LV K\SRQRUPDO IRU HYHU\ VFDODU y� SDUWV RI D K\SRQRUPDO RSHUDWRU
DUH DJDLQ K\SRQRUPDO� DQG WKH LQYHUVH RI DQ LQYHUWLEOH K\SRQRUPDO RSHUDWRU DOVR
LV K\SRQRUPDO �VHH H�J�� >��� SS� ��� ��� ��� ��@�� VR WKDW K\SRQRUPDO RSHUDWRUV DUH
WRWDOO\ KHUHGLWDULO\ WUDQVDORLG� WKXV HQVXULQJ WKH pUVW LQFOXVLRQ� 7R YHULI\ WKH WKLUG
LQFOXVLRQ ZH QHHG WKH 5LHV] 'HFRPSRVLWLRQ 7KHRUHP� ZKLFK VD\V WKDW LI ��7 �  
�� > ��� ZKHUH �� DQG �� DUH GLVMRLQW QRQHPSW\ DQG FORVHG VHWV� WKHQ 7 KDV D SDLU RI

FRPSOHPHQWDU\ QRQWULYLDO LQYDULDQW VXEVSDFHV I0��0�J VXFK WKDW ��7 M0 � �  ��

DQG ��7 M0 � �  ��� 7DNH DQ DUELWUDU\ y � �LV R�7 � VR WKDW ��7 �  IyJ > � IRU VRPH
FORVHG VHW � WKDW GRHV QRW FRQWDLQ y� 7KH 5LHV] 'HFRPSRVLWLRQ 7KHRUHP HQVXUHV
WKDW 7 KDV D QRQ]HUR LQYDULDQW VXEVSDFH0 VXFK WKDW ��7 M0 �  IyJ� 3XW+  7 M0
RQ0 � I�J VR WKDW ��y, b+�  I�J �E\ WKH 6SHFWUDO 0DSSLQJ 7KHRUHP�� ,I 7 LV
KHUHGLWDULO\ WUDQVDORLG� WKHQ y, b+ LV D QRUPDORLG RSHUDWRU VR WKDW Ny, b+N  
U�y, b+�  �� DQG KHQFH 7 M0  +  y, LQ %>0@� ZKLFK LPSOLHV y � �3 �7 �� 7KXV
�LV R�7 � v �3 �7 �� e

$Q RSHUDWRU LV KHUHGLWDULO\ QRUPDORLG �DEEUHYLDWHG +1� LI HYHU\ SDUW RI LW LV QRU�
PDORLG� DQG WRWDOO\ KHUHGLWDULO\ QRUPDORLG �DEEUHYLDWHG 7+1� LI LW LV KHUHGLWDULO\
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QRUPDORLG DQG HYHU\ LQYHUWLEOH SDUW RI LW KDV D QRUPDORLG LQYHUVH� 7KHVH FODVVHV ZHUH
LQWURGXFHG LQ >�@� &OHDUO\� WRWDOO\ KHUHGLWDULO\ QRUPDORLG RSHUDWRUV DUH KHUHGLWDULO\
QRUPDORLG� ZKLFK LQ WXUQ DUH QRUPDORLG� 7+1 LV DQRWKHU ODUJH FODVV RI LVRORLG DQG
QRUPDORLG RSHUDWRUV WKDW DOVR LQFOXGHV WKH K\SRQRUPDO RSHUDWRUV� 5HFDOO WKDW DQ
RSHUDWRU 7 LV SDUDQRUPDO LI N7[N� x N7 �[NN[N IRU HYHU\ [ LQ +� 7KH FRXQWHUSDUW
RI 3URSRVLWLRQ � WR KHUHGLWDULO\ QRUPDORLG RSHUDWRUV UHDGV DV IROORZV �DOVR VHH >�@��

3URSRVLWLRQ �� +\SRQRUPDO ~ 3DUDQRUPDO ~ 7+1 ~ ,VRORLG�

3URRI� 5HFDOO WKDW K\SRQRUPDO RSHUDWRUV DUH SDUDQRUPDO� ZKLFK DUH QRUPDORLG�
0RUHRYHU� SDUWV RI D SDUDQRUPDO RSHUDWRU DUH DJDLQ SDUDQRUPDO� DQG VR LV WKH
LQYHUVH RI DQ\ LQYHUWLEOH SDUDQRUPDO RSHUDWRU �VHH H�J�� >��� SS� ��� ��� ��� ��@�� VR
WKDW SDUDQRUPDO RSHUDWRUV DUH WRWDOO\ KHUHGLWDULO\ QRUPDORLG� WKXV HQVXULQJ WKH
pUVW LQFOXVLRQV� 7R YHULI\ WKH ODVW LQFOXVLRQ WDNH DQ DUELWUDU\ y � �LV R�7 � VR WKDW
��7 �  IyJ > � IRU VRPH FORVHG VHW � WKDW GRHV QRW FRQWDLQ y� $JDLQ� WKH 5LHV]
'HFRPSRVLWLRQ 7KHRUHP HQVXUHV WKDW 7 KDV D QRQ]HUR LQYDULDQW VXEVSDFH 0 VXFK
WKDW ��7 M0 �  IyJ� ,I 7 LV 7+1� WKHQ 7 M0 DOVR LV 7+1 �LQ SDUWLFXODU� 7 M0 LV
QRUPDORLG�� ,I y  �� WKHQ 7 M0  2 DQG y � �3 �7 � WULYLDOO\� ,I y � �� WKHQ SXW
8  yb�7 M0 RQ 0 � I�J� ZKLFK LV DJDLQ 7+1� 6LQFH ��8�  I�J� LW IROORZV WKDW
8 LV XQLWDU\ �UHDVRQ� 7+1 RSHUDWRUV ZLWK VSHFWUXP LQ WKH XQLW FLUFOH DUH XQLWDU\ >��
3URSRVLWLRQ �@�� +HQFH 8b , LV TXDVLQLOSRWHQW �L�H�� ��8b ,�  I�J E\ WKH 6SHFWUDO
0DSSLQJ 7KHRUHP� DQG QRUPDORLG �LQ IDFW� QRUPDO� VR WKDW N8b ,N  U�8b ,�  ��
7KXV 7 M0  y8  y, LQ %>0@� DQG VR y � �3 �7 �� 7KHUHIRUH� �LV R�7 � v �3 �7 �� e

6LQFH HYHU\ K\SRQRUPDO RSHUDWRU LV GRPLQDQW� HYHU\ SDUW �DQG� LQ SDUWLFXODU�
HYHU\ GLUHFW VXPPDQG� RI D K\SRQRUPDO RSHUDWRU LV DJDLQ K\SRQRUPDO� DQG HYHU\
K\SRQRUPDO RSHUDWRU LV LVRORLG �DFFRUGLQJ WR 3URSRVLWLRQ � RU 3URSRVLWLRQ ��� LW
IROORZV E\ /HPPD � WKDW HYHU\ K\SRQRUPDO RSHUDWRU VDWLVpHV :H\O
V WKHRUHP�

5HPDUN �� 7KH DERYH DUJXPHQW GRHV QRW VXUYLYH LI K\SRQRUPDO LV UHSODFHG ZLWK
SDUDQRUPDO EHFDXVH SDUDQRUPDO RSHUDWRUV �DOWKRXJK VWLOO LVRORLG DFFRUGLQJ WR 3URS�
RVLWLRQ �� DUH QRW QHFHVVDULO\ GRPLQDQW� +RZHYHU� LI 7 LV WRWDOO\ KHUHGLWDULO\ QRU�

PDORLG� WKHQ ERWK 7 DQG 7 e VDWLVI\ :H\O
V WKHRUHP >�� /HPPD ���@� 7KXV� :H\O
V
WKHRUHP KROGV IRU SDUDQRUPDO RSHUDWRUV DQG WKHLU DGMRLQWV DQG� LQ SDUWLFXODU� :H\O
V
WKHRUHP KROGV IRU K\SRQRUPDO RSHUDWRUV DQG WKHLU DGMRLQWV� VR WKDW WKLV DOVR JLYHV
DQRWKHU SURRI WKDW HYHU\ VHPLQRUPDO RSHUDWRU VDWLVpHV :H\O
V WKHRUHP� ,Q IDFW�
VLQFH KHUHGLWDULO\ WUDQVDORLG RSHUDWRUV DUH KHUHGLWDULO\ QRUPDORLG� DQG WRWDOO\ KHUHG�
LWDULO\ WUDQVDORLG RSHUDWRUV DUH WRWDOO\ KHUHGLWDULO\ QRUPDORLG� LW IROORZV WKDW LI 7
LV WRWDOO\ KHUHGLWDULO\ WUDQVDORLG� WKHQ ERWK 7 DQG 7 e VDWLVI\ :H\O
V WKHRUHP�

�� 'LU HF W 6XP

,I 7 � %>+@ DQG 6 � %>. @ VDWLVI\ :H\O
V WKHRUHP� LW GRHV QRW QHFHVVDULO\ IRO�
ORZV WKDW WKH �RUWKRJRQDO� GLUHFW VXP 7 j 6 � %>+j . @ VDWLVpHV :H\O
V WKHRUHP�
)RU LQVWDQFH� LI 6 LV D XQLODWHUDO ZHLJKWHG VKLIW RQ C�� ZLWK D SRVLWLYH ZHLJKW�
LQJ VHTXHQFH WKDW FRQYHUJHV WR ]HUR� WKHQ ��6�  �5�6�  I�J DQG 5�6� LV QRW
FORVHG� ZKHUH �5�6�  �3 �6

e�eQ�3 �6� LV WKH UHVLGXDO VSHFWUXP RI 6 �H�J�� VHH >���
S� ���@�� 7KHUHIRUH� VLQFH �3 �6�  "� LW IROORZV WKDW 6 VDWLVpHV :H\O
V WKHRUHP
�ZLWK ���6�  }���6�  " _ QRWH WKDW 6 LV QRW LVRORLG�� 1RZ FRQVLGHU WKH GL�
UHFW VXP �j 6 RQ & j C�� VR WKDW ���j 6�  �3 ��j 6�  }����j 6�  I�J� 6LQFH
5�6� LV QRW FORVHG LQ C�� � LW IROORZV WKDW 5��j 6�  I�J j5�6� LV QRW FORVHG LQ
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& j C�� � DQG KHQFH � �� ����j 6�� 7KXV� "  ����j 6� � }����j 6�  I�J� DQG VR
�j 6 GRHV QRW VDWLVI\ :H\O
V WKHRUHP� 6XPPLQJ XS� �j 6 LV D FRPSDFW RSHUDWRU
IRU ZKLFK :H\O
V WKHRUHP GRHV QRW KROG� DOWKRXJK :H\O
V WKHRUHP KROGV IRU ERWK
RI LWV �FRPSDFW� GLUHFW VXPPDQGV�

:H VKDOO EH FRQFHUQHG ZLWK WKH SUREOHP RI JLYLQJ FRQGLWLRQV RQ WKH GLUHFW VXP�
PDQGV WR HQVXUH WKDW :H\O
V WKHRUHP KROGV IRU WKH GLUHFW VXP �H�J�� VHH >��@� >��@
DQG WKH UHIHUHQFHV WKHUHLQ�� ,W LV UHDGLO\ YHULpHG WKDW WKH :H\O VSHFWUXP RI D GLUHFW
VXP LV LQFOXGHG LQ WKH XQLRQ RI WKH :H\O VSHFWUD RI WKH VXPPDQGV� WKDW LV�

�Z�7 j 6� v �Z�7 � > �Z�6�

IRU HYHU\ 7 � %>+@ DQG 6 � %>. @� EXW HTXDOLW\ GRHV QRW KROG LQ JHQHUDO >�@� $ XVHIXO
VXrFLHQW FRQGLWLRQ� QDPHO\ �Z�7 � ? �Z�6� KDV HPSW\ LQWHULRU� ZDV JLYHQ LQ >��@�

�Z�7 j 6�  �Z�7 � > �Z�6� ZKHQHYHU
b

�Z�7 � ? �Z�6�
cr
 "�

7KLV LGHQWLW\ LQYROYLQJ :H\O VSHFWUD SOD\V D FHQWUDO UROH LQ HVWDEOLVKLQJ FRQGLWLRQV
IRU WKH GLUHFW VXP WR VDWLVI\ :H\O
V WKHRUHP� 7KH QH[W UHVXOW IURP >��@ �DOVR VHH
>��@� DVVXPHV� LQ DGGLWLRQ� WKDW :H\O
V WKHRUHP KROGV IRU ERWK GLUHFW VXPPDQGV�
ZKLFK LQ WXUQ DUH VXSSRVHG WR EH LVRORLG�

/HPPD �� >��@ ,I ERWK 7 � %>+@ DQG 6 � %>. @ DUH LVRORLG� VDWLVI\ :H\O
V WKHRUHP�

DQG �Z�7 j 6�  �Z�7 � > �Z�6�� WKHQ :H\O
V WKHRUHP KROGV IRU 7 j 6�

7KH DERYH UHVXOW FRQVLGHUV V\PPHWULF DVVXPSWLRQV RQ WKH GLUHFW VXPPDQGV 7
DQG 6� ERWK 7 DQG 6 DUH LVRORLG DQG ERWK VDWLVI\ :H\O
V WKHRUHP� ,Q 7KHRUHP �
�EHORZ� ZH FRQVLGHU DV\PPHWULF DVVXPSWLRQV� ,Q SDUWLFXODU� ZH GR QRW DVVXPH WKDW
6 LV LVRORLG� DV ZH GR QRW DVVXPH WKDW 7 VDWLVpHV :H\O
V WKHRUHP�

7KHRUHP �� 6XSSRVH 7 LQ %>+@ KDV QR LVRODWHG SRLQW LQ LWV VSHFWUXP DQG 6 LQ

%>. @ VDWLVpHV :H\O
V WKHRUHP� ,I �Z�7 j 6�  ��7 � > �Z�6�� WKHQ :H\O
V WKHRUHP

KROGV IRU 7 j 6�

3URRI� 5HFDOO� ��7 j 6�  ��7 � > ��6� IRU DQ\ SDLU RI RSHUDWRUV� ,I :H\O
V WKHRUHP
KROGV IRU 6� WKHQ ��6�Q�Z�6�  }���6� DQG� LI �Z�7 j 6�  ��7 � > �Z�6�� WKHQ

��7 j 6�Q�Z�7 j 6�  
b

��7 � > ��6�
csb

��7 � > �Z�6�
c

 ��6�
sb

��7 � > �Z�6�
c

 
b

��6�Q�Z�6�
cs

��7 �  }���6� ? ~�7 ��

ZKHUH ~�7 �  &Q��7 � LV WKH UHVROYHQW VHW RI 7 � 2Q WKH RWKHU KDQG� REVHUYH WKDW
�LV R�7j6� LV WKH VHW RI LVRODWHG SRLQWV RI ��7j6�  ��7 � > ��6�� ,I �LV R�7 �  " �VR
WKDW ��7 �  �DFF�7 �� ZKHUH �DFF�7 �  ��7 �Q�LV R�7 � LV WKH VHW RI DOO DFFXPXODWLRQ
SRLQWV RI ��7 ��� WKHQ

�LV R�7 j 6�  
b

�LV R�7 � > �LV R�6�
csdb

�LV R�7 � ? �DFF�6�
c

>
b

�DFF�7 � ? �LV R�6�
ce

 
b

�LV R�7 �Q�DFF�6�
c

>
b

�LV R�6�Q�DFF�7 �
c

 �LV R�6�Q��7 �  �LV R�6� ? ~�7 ��

5HFDOO WKDW �3 �7j6�  �3 �7 � > �3 �6� DQG GLP 1 �7 j 6�  GLP 1 �7 � � GLP 1 �6�
IRU HYHU\ SDLU RI RSHUDWRUV VR WKDW

�3) �7 j 6�  
j

y � �3) �7 � > �3) �6� � GLP 1 �y, b 7 � � GLP 1 �y, b 6� � �
k

�
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7KHUHIRUH�

}���7 j6�  �LV R�7 j6�? �3) �7 j6�  �LV R�6�? ~�7 �? �3) �6�  }���6�? ~�7 ��

7KXV
��7 j 6�Q�Z�7 j 6�  }���7 j 6��

DQG KHQFH 7 j 6 VDWLVpHV :H\O
V WKHRUHP� e

+HUH DUH WZR GLoHUHQW LQVWDQFHV ZKHUH 7KHRUHP � FDQ EH DSSOLHG WR YHULI\ WKDW
D GLUHFW VXP VDWLVpHV :H\O
V WKHRUHP�

([DPSOH �� /HW 6 EH D XQLODWHUDO ZHLJKWHG VKLIW RQ C�� ZLWK D SRVLWLYH ZHLJKWLQJ
VHTXHQFH WKDW FRQYHUJHV WR ]HUR DV LQ WKH pUVW SDUDJUDSK RI WKLV VHFWLRQ� /HW 7  6�

EH WKH FDQRQLFDO XQLODWHUDO VKLIW RQ C�� �ZKLFK KDV QR LVRODWHG SRLQW LQ LWV VSHFWUXP�
WKXV EHLQJ WULYLDOO\ LVRORLG�� 6LQFH 6 LV QRW LVRORLG� /HPPD � GRHV QRW DSSO\ LQ WKLV
FDVH� HYHQ WKRXJK 6 VDWLVpHV :H\O
V WKHRUHP� +RZHYHU� �3 �7 j 6� LV HPSW\ �WKH
SRLQW VSHFWUD RI ERWK 7 DQG 6 DUH HPSW\� DQG VR 7 j 6 VDWLVpHV :H\O
V WKHRUHP�
7KLV LV FRQpUPHG E\ 7KHRUHP � VLQFH ��7 j 6�  �Z�7 j 6�  ��7 � > �Z�6��

([DPSOH �� 7KH DERYH H[DPSOH H[KLELWHG D GLUHFW VXP ZKHUH ERWK GLUHFW VXP�
PDQGV VDWLVI\ :H\O
V WKHRUHP EXW RQH RI WKHP LV QRW LVRORLG� 1RZ ZH FRQVLGHU D FDVH
ZKHUH ERWK GLUHFW VXPPDQGV DUH LVRORLG EXW RQH RI WKHP GRHV QRW VDWLVI\ :H\O
V
WKHRUHP� )LUVW QRWH WKDW LI 6� LV WKH FDQRQLFDO XQLODWHUDO VKLIW RQ C�� RI PXOWLSOLFLW\
RQH� WKHQ �LV R�6

e
� j 6� �  " EXW :H\O
V WKHRUHP GRHV QRW KROG IRU 7  6e

� j 6�

�DOWKRXJK LW GRHV KROG IRU ERWK 6e
� DQG 6� � RQFH 6� LV K\SRQRUPDO�� ,Q IDFW� VLQFH

5�6e
� j 6� �  5�6e

� �j5�6� � LV FORVHG EXW QRW HTXDO WR C�� j C�� �DV HDFK 5�6e
� �

DQG 5�6� � LV FORVHG LQ C�� DQG 5�6� � � C�� �� VLQFH 1 �6e
� j 6� � DQG 1 �6� j 6e

� �
DUH ERWK RQH�GLPHQVLRQDO �IRU 1 �6� �  I�J DQG GLP 1 �6e

� �  �� DQG� pQDOO\� VLQFH
�3 �6

e
� j 6� �  �3 �6

e
� �  '� LW IROORZV WKDW � OLHV LQ ���6

e
� j 6� �� 7KLV LPSOLHV

WKDW ���7 � � }���7 �  "� DQG KHQFH 7 GRHV QRW VDWLVI\ :H\O
V WKHRUHP� 7KHUH�
IRUH� /HPPD � GRHV QRW DSSO\ LQ WKLV FDVH DV ZHOO� UHJDUGOHVV ZKLFK RSHUDWRU 6 LV� ,I
6  6� � ZKLFK VDWLVpHV :H\O
V WKHRUHP� WKHQ �Z�7 j 6�  ��7 � > �Z�6�� ,QGHHG�
WDNH DQ\ y LQ �3 �7 j 6�  �3 �6

e
� �  �5�6� �  ' VR WKDW 1 �y, b 6� �  I�J DQG

GLP
b

1 �y, b 6e
� �

c

 �� DQG KHQFH GLP 1
b

y, b �7 j 6�
c

� GLP 1
b

y, b �7 j 6�e
c

_ UHDVRQ� 1
b

y, b �7 j 6�
c

 1 �y, b 6e
� � j I�J j I�J LV RQH�GLPHQVLRQDO DQG�

RQ WKH RWKHU KDQG� 1
b

y, b �7 j 6�e
c

 I�J j 1 �y, b 6e
� �j 1 �y, b 6e

� � LV WZR�
GLPHQVLRQDO E\ WKH V\PPHWU\ RI WKH RSHQ XQLW GLVF '� 7KHQ ���7 j 6�  " VR WKDW
�Z�7 j 6�  ��7 j 6�  ��7 � > ��6�  ��7 � > �Z�6� �VLQFH ���6�  �3 �6� � LV
HPSW\�� 0RUHRYHU� UHFDOO WKDW �LV R�7 �  "� 7KXV 7 j 6 VDWLVpHV :H\O
V WKHRUHP
E\ 7KHRUHP ��

([DPSOHV � DQG � PRWLYDWH DQ LPPHGLDWH FRQVHTXHQFH RI 7KHRUHP �� 6XSSRVH 6
VDWLVpHV :H\O
V WKHRUHP� ,I �LV R�6� ? �3) �6�  "� WKHQ ��6�  �Z�6�� ,I� LQ DGGL�
WLRQ� �Z�7 j 6�  ��7 j 6�� WKHQ �Z�7 j 6�  ��7 � > �Z�6�� 7KXV D VWUDLJKW�
IRUZDUG DSSOLFDWLRQ RI 7KHRUHP � OHDGV WR WKH IROORZLQJ FRUROODU\�

&RUROODU\ �� 7DNH 7 LQ %>+@ ZLWK �LV R�7 �  "� ,I 6 LQ %>. @ VDWLVpHV:H\O
V WKHR�

UHP� �LV R�6� ? �3) �6� " DQG ���7 j6� "� WKHQ 7 j6 VDWLVpHV:H\O
V WKHRUHP�
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�� $SSO LF DW LRQV

:H EHJLQ ZLWK DQ DX[LOLDU\ UHVXOW RQ QRUPDO DQG FRPSDFW GLUHFW VXPPDQGV WKDW
ZLOO EH DSSOLHG RIWHQ LQ WKH VHTXHO�

&RUROODU\ �� ,I 7 LQ %>+@ LV DQ LVRORLG RSHUDWRU WKDW VDWLVpHV :H\O
V WKHRUHP�

WKHQ 7 j 6 VDWLVpHV :H\O
V WKHRUHP ZKHQHYHU 6 LQ %>. @ LV HLWKHU �D� D QRUPDO

RSHUDWRU RU �E� DQ LVRORLG FRPSDFW RSHUDWRU WKDW VDWLVpHV :H\O
V WKHRUHP�

3URRI� 6FKHFKWHU 7KHRUHP �>��@� >��@ _ DOVR VHH >�� S� ���@� VD\V WKDW

�Z�6�  �H�6� >
>

N � =QI�J

�N�6�

IRU HYHU\ RSHUDWRU 6 � %>. @� ZKHUH = GHQRWHV WKH VHW RI DOO LQWHJHUV DQG
�N�6�  

j

y � ��6� � �y, b 6� � ) DQG LQG �y, b 6�  N
k

IRU HDFK N � =� 6LQFH �N�6� ? �H�6�  " IRU HYHU\ N � =� LW IROORZV WKDW
>

N � =QI�J

�N�6�  " LI DQG RQO\ LI �H�6�  �Z�6��

0RUHRYHU� LW ZDV VKRZQ LQ >�@ WKDW� IRU HYHU\ 7 � %>+@�

�H�6�  �Z�6� LPSOLHV �Z�7 j 6�  �Z�7 � > �Z�6��

,I 6 LV D QRUPDO� WKHQ 1 �y, b 6�  1 �y, b 6e� IRU HYHU\ y � & DQG VR �N�6�  "
IRU DOO N � �� ,I 6 LV FRPSDFW� WKHQ DJDLQ �N�6�  " IRU DOO N � � �E\ WKH )UHGKROP
DOWHUQDWLYH�� 7KHUHIRUH� LQ ERWK FDVHV� �H�6�  �Z�6� VR WKDW

�Z�7 j 6�  �Z�7 � > �Z�6�

ZKHQHYHU 6 LV HLWKHU QRUPDO RU FRPSDFW� 7KXV WKH VWDWHG UHVXOW IROORZV E\ /HPPD
� VLQFH HYHU\ QRUPDO RSHUDWRU LV LVRORLG DQG VDWLVpHV :H\O
V WKHRUHP� e

5HFDOO WKDW 7 VDWLVpHV :H\O
V WKHRUHP LI DQG RQO\ LI ���7 �  �LV R�7 � ? �3) �7 ��
,I �LV R�7 �  "� WKHQ 7 VDWLVpHV :H\O
V WKHRUHP LI DQG RQO\ LI ���7 �  "� 7KXV
WKH DVVXPSWLRQ �LV R�7 �  " RI 7KHRUHP � GRHV QRW LPSO\ WKDW 7 VDWLVpHV :H\O
V
WKHRUHP �IRU LQVWDQFH� �LV R�6

e
� j 6� �  " EXW :H\O
V WKHRUHP GRHV QRW KROG IRU

6e
� j 6� DV ZH VDZ LQ ([DPSOH ��� +RZHYHU� LI ���7 � > �LV R�7 �  "� WKHQ 7 VDWLVpHV
:H\O
V WKHRUHP� ,QGHHG�

���7 � > �LV R�7 �  " LI DQG RQO\ LI

7 � %>+@ VDWLVpHV :H\O
V WKHRUHP DQG KDV QR LVRODWHG SRLQW LQ LWV VSHFWUXP� �e�

6LQFH ���7 �  " LI DQG RQO\ LI �Z�7 �  ��7 � ZH JHW WKH IROORZLQJ FRUROODU\ RI
7KHRUHP � �ZKHUH 6 LV QRW DVVXPHG WR EH LVRORLG��

&RUROODU\ �� 6XSSRVH 7 LQ %>+@ LV VXFK WKDW ���7 � > �LV R�7 �  " DQG 6 LQ %>. @
VDWLVpHV :H\O
V WKHRUHP� ,I �Z�7 j 6�  �Z�7 � > �Z�6�� WKHQ :H\O
V WKHRUHP

KROGV IRU 7 j 6�

+HUH LV D pUVW FRQVHTXHQFH RI WKH DERYH FRUROODULHV� ,W LV ZHOO NQRZQ WKDW D SXUH
K\SRQRUPDO RSHUDWRU +S �L�H�� D K\SRQRUPDO RSHUDWRU WKDW KDV QR QRUPDO GLUHFW
VXPPDQG� LV VXFK WKDW �LV R�+S�  �3 �+S�  " �VHH H�J�� >��� SS� ���� ���@�� 6LQFH
�3 �+S�  "� LW IROORZV WKDW ���+S�  "� DQG KHQFH

���+S� > �LV R�+S�  "�
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7KXV D SXUH K\SRQRUPDO RSHUDWRU +S �ZKLFK LV WULYLDOO\ LVRORLG� VDWLVpHV :H\O
V
WKHRUHP ZLWK ���+S�  }���+S�  " DQG �Z�+S�  ��+S�� 0RUHRYHU�

�Z�+S j1�  �Z�+S� > �Z�1�

IRU HYHU\ QRUPDO RSHUDWRU1 �FI� SURRI RI &RUROODU\ �� VR WKDW HLWKHU &RUROODU\ ��D� RU
&RUROODU\ � JLYH VWLOO DQRWKHU SURRI WKDW HYHU\ K\SRQRUPDO RSHUDWRU VDWLVpHV :H\O
V

WKHRUHP �DV RULJLQDOO\ VKRZQ LQ >�@�� ,QGHHG� HYHU\ QRUPDO RSHUDWRU 1 VDWLVpHV
:H\O
V WKHRUHP DQG HYHU\ K\SRQRUPDO RSHUDWRU + LV RI WKH IRUP +  +S j1 �
ZKHUH +S LV D SXUH K\SRQRUPDO DQG 1 LV QRUPDO�

5HPDUN �� ,I 7 � %>+@ LV VXFK WKDW �3) �7 �  �3) �7
e�  "� WKHQ

�Z�7 j 6�  �Z�7 � > �Z�6�  ��7 � > �Z�6�

IRU HYHU\ 6 � %>. @� ,QGHHG� WDNH DQ\ 7 � %>+@ DQG FRQVLGHU WKH GHpQLWLRQ RI �N�7 �
DV LQ WKH SURRI RI &RUROODU\ �� ,W LV HDV\ WR VKRZ WKDW �N�7 � v �3) �7 � > �3) �7

e�e

IRU DOO N � =QI�J DQG ���7 � v �3) �7 � ? �3) �7
e�e� 6LQFH ��7 �  �Z�7 � > ���7 ��

�3) �7 �  �3) �7
e�  " LPSOLHV �H�7 �  �Z�7 �  ��7 ��

7KHUHIRUH �FI� SURRI RI &RUROODU\ ��� �Z�7 j 6�  �Z�7 � > �Z�6�  ��7 � > �Z�6�
IRU HYHU\ 6 � %>. @ ZKHQHYHU �3) �7 �  �3) �7

e�  "�

5HPDUN � OHDGV WR WKH IROORZLQJ IXUWKHU FRUROODU\ RI 7KHRUHP ��

&RUROODU\ �� 7DNH DQ\ 7 � %>+@ DQG SXW

0  
B

y � ���� �7 �

1 �y, b 7 ��

6XSSRVH HDFK pQLWH�GLPHQVLRQDO HLJHQVSDFH RI 7 UHGXFHV 7 � ,I 0 LV WULYLDO� WKHQ 7
VDWLVpHV :H\O
V WKHRUHP� ,I 0 LV QRQWULYLDO DQG �LV R�7 M0

� �  "� WKHQ 7 VDWLVpHV

:H\O
V WKHRUHP ZKHQHYHU HLWKHU �3) �7
eM0

� �  " RU ���7 M0
� �  "�

3URRI� :H VKDOO VSOLW WKH SURRI LQWR IRXU SDUWV�

�L� ,I0  I�J� WKHQ �3) �7 �  " �WKH HPSW\ VSDQ LV QXOO�� 7KHUHIRUH� LI0  I�J�
WKHQ ���7 �  }���7 �  " DQG VR 7 VDWLVpHV :H\O
V WKHRUHP� 7KXV VXSSRVH
0 � I�J�

�LL� ,I 1 �y, b 7 � UHGXFHV 7 IRU HDFK y � �3) �7 �� WKHQ VSDQy � ���� �7 � 1 �y, b 7 �

UHGXFHV 7 � DQG VR GRHV LWV FORVXUH0  
:

y� ���� �7 � 1 �y, b 7 �� 7KHQ FRQVLGHU

WKH GHFRPSRVLWLRQ

7  7 M0
� j 7 M0 �

2EVHUYH WKDW 7 M0 VDWLVpHV :H\O
V WKHRUHP� ,QGHHG� LI 1 �y, b 7 � UHGXFHV 7
DQG X OLHV LQ 1 �y, b 7 � IRU VRPH y � �3) �7 �� WKHQ 7 eX OLHV LQ 1 �y, b 7 �
DQG VR 7 7 eX  y7 eX  7 e7X� 7KLV LPSOLHV WKDW 7 7 eY  7 e7Y IRU HYHU\ Y
LQ VSDQy � ���� �7 � 1 �y, b 7 �� ZKLFK LQ WXUQ H[WHQGV E\ FRQWLQXLW\ IRU HYHU\ Y

LQ 0 VR WKDW 7 M0 �7 M0 �e  �7 M0 �e7 M0 EHFDXVH 0 UHGXFHV 7 � +HQFH 7 M0
LV QRUPDO� DQG WKHUHIRUH VDWLVpHV :H\O
V WKHRUHP�
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�LLL� ,I0  +� WKHQ 7  7 M+ VDWLVpHV :H\O
V WKHRUHP WULYLDOO\� 7KXV VXSSRVH0
LV QRQWULYLDO �L�H�� I�J � 0 � +�� &OHDUO\� �3) �7 M0

� �  "� 6LQFH0 UHGXFHV
7 ZH JHW 7 eM0

�  �7 M0
� �e� 7KXV� LI �3) �7

eM0
� �  "� WKHQ �Z�7 �  

��7 M0
� � > �Z�7 M0 � DFFRUGLQJ WR 5HPDUN �� 7KHUHIRUH� LI �LV R�7 M0

� �  "�
WKHQ 7KHRUHP � HQVXUHV WKDW 7 VDWLVpHV :H\O
V WKHRUHP�

�LY� ,I ���7 M0
� �  �LV R�7 M0

� �  "� WKHQ 7 M0
� LV LVRORLG DQG VDWLVpHV :H\O
V WKH�

RUHP DFFRUGLQJ �e�� DQG VR 7 VDWLVpHV :H\O
V WKHRUHP E\ &RUROODU\ ��D�� e

&RUROODU\ � OHDGV WR D YHUVLRQ RI &RUROODU\ ��E�� ZKHUH WKH FRPSDFW GLUHFW VXP�
PDQG 6 LV QRW QHFHVVDULO\ LVRORLG�

&RUROODU\ �� ,I 7 LQ %>+@ VDWLVpHV :H\O
V WKHRUHP DQG KDV QR LVRODWHG SRLQW LQ

LWV VSHFWUXP� WKHQ 7 j 6 VDWLVpHV :H\O
V WKHRUHP IRU HYHU\ FRPSDFW 6 LQ %>. @ WKDW
VDWLVpHV :H\O
V WKHRUHP�

3URRI� ,I 6 LV FRPSDFW� WKHQ �Z�7 j 6�  �Z�7 � > �Z�6� _ FI� SURRI RI &RUROODU\
�� 7KXV� E\ &RUROODU\ � DQG WKH HTXLYDOHQFH LQ �e�� 7 j 6 VDWLVpHV :H\O
V WKHRUHP
LI ERWK 7 DQG 6 VDWLVI\ :H\O
V WKHRUHP DQG �LV R�7 �  "� e

:H FORVH WKH SDSHU ZLWK D YHUVLRQ RI &RUROODULHV ��E� DQG � IRU WRWDOO\ KHUHGLWDULO\
QRUPDORLG RSHUDWRUV� 5HFDOO WKDW WKLV LV D ODUJH FODVV WKDW LQFOXGHV WKH SDUDQRUPDO
�DQG VR WKH K\SRQRUPDO� RSHUDWRUV �FI� 3URSRVLWLRQ ���

&RUROODU\ �� ,I 7 � %>+@ LV D WRWDOO\ KHUHGLWDULO\ QRUPDORLG DQG 6 � %>. @ LV D

FRPSDFW WKDW VDWLVpHV :H\O
V WKHRUHP� WKHQ 7 j 6 VDWLVpHV :H\O
V WKHRUHP ZKHQ�

HYHU HLWKHU �D� 6 LV LVRORLG RU �E� 7 LV KDV QR LVRODWHG SRLQW LQ LWV VSHFWUXP�

3URRI� (YHU\ WRWDOO\ KHUHGLWDULO\ QRUPDORLG RSHUDWRU LV LVRORLG �3URSRVLWLRQ �� DQG
VDWLVpHV :H\O
V WKHRUHP >�� /HPPD ���@� 7KXV &RUROODU\ ��E� HQVXUHV SDUW �D� DQG
&RUROODU\ � HQVXUHV SDUW �E�� e

6LQFH 7 LV LVRORLG� �3 �7 �  " LPSOLHV WKH K\SRWKHVLV LQ �E�� WKDW LV� �LV R�7 �  "�

([DPSOH �� /HW 7 DQG 6 EH XQLODWHUDO ZHLJKWHG VKLIWV RQ C�� � 6XSSRVH 7 KDV D
ZHLJKWLQJ VHTXHQFH ZLWK DOO HQWULHV HTXDO WR �� H[FHSW WKH VHFRQG HQWU\ ZKLFK OLHV
LQ ��� ��� 7KLV LV D WRWDOO\ KHUHGLWDULO\ QRUPDORLG RSHUDWRU >�@ �WKXV DQ LVRORLG WKDW
VDWLVpHV :H\O
V WKHRUHP� ZKLFK LV QRW K\SRQRUPDO� QRW HYHQ SDUDQRUPDO �VHH H�J��
>��� S� ��@�� 2EVHUYH WKDW ��7 �  'b DQG �3 �7 �  "� %RWK LGHQWLWLHV HQVXUH WKDW
�LV R�7 �  "� 6XSSRVH 6 KDV D SRVLWLYH ZHLJKWLQJ VHTXHQFH WKDW FRQYHUJHV WR ]HUR�
7KLV LV D FRPSDFW RSHUDWRU WKDW VDWLVpHV :H\O
V WKHRUHP EXW LV QRW LVRORLG �([DPSOH
��� +RZHYHU� DFFRUGLQJ WR &RUROODU\ ��E�� 7 j 6 VDWLVpHV :H\O
V WKHRUHP�

5HI HU HQF HV

�� 6 �.� % HU E HU LDQ � $ Q H[W HQ VLRQ RI : H\ O
V W KHRU HP W R D FODVV RI Q RW Q HFHVVDU LO\ Q RU PDO RSHU DW RU V�
0LFK LJDQ 0DWK � - � �� ������� ���^����

�� 6 �.� % HU E HU LDQ � 7 KH : H\ O VSHFW U XP RI DQ RSHU DW RU � ,Q G LDQ D 8 Q LY � 0DWK � - � �� ������� ���^
����

�� /�$ � & RE X U Q � : H\ O
V W KHRU HP IRU Q RQ Q RU PDO RSHU DW RU V� 0LFK LJDQ 0DWK � - � �� ������� ���^
����

�� - �% � & RQ Z D\ � $ & RXU VH LQ )XQ FW LRQ DO $ Q DO\ VLV� �Q G HG �� 6 S U LQ JHU � 1 HZ < RU N � �����
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�� % �3 � 'X JJDO DQ G 6 �9 � 'MRU G MHY LwF� * HQ HU DOL] HG : H\ O
V W KHRU HP IRU D FODVV RI RSHU DW RU V VDW �

LVI\ LQ J D Q RU P FRQ GLW LRQ � 0DWK � 3 U RF� 5R\ DO ,U LVK $ FDG � ��� ������� ��^�� �FRU U LJHQ G X P
VX E P LWWHG ��

�� % �3 � 'X JJDO� 6 �9 � 'MRU G MHY LwF DQ G & �6 � .X E U X VO\ � . DW R W \ SH RSHU DW RU V DQ G : H\ O
V W KHRU HP� - �
0DWK � $ Q DO� $ S S O� ��� ������� ���^����

�� % �3 � 'X JJDO� 6 �9 � 'MRU G MHY LwF DQ G & �6 � .X E U X VO\ � + HU HGLW DU LO\ Q RU PDORLG FRQ W U DFW LRQ V� $ FWD
6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����

�� .� *X VWDIVRQ � 1 HFHVVDU \ DQ G VXrFLHQ W FRQ GLW LRQ V IRU : H\ O
V W KHRU HP� 0LFK LJDQ 0DWK � - � ��
������� ��^���

�� 5� + DU WH DQ G : �< � /HH� $ Q RW KHU Q RW H RQ : H\ O
V W KHRU HP� 7 U DQ V� $ P HU � 0DWK � 6 RF� ���

������� ����^�����
��� & �6 � .X E U X VO\ � ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ � % LU N K �DX VHU � % RVWRQ � �����
��� & �6 � .X E U X VO\ � + LOEHU W 6 SDFH 2SHU DW RU V� % LU N K �DX VHU � % RVWRQ � �����
��� : �< � /HH� : H\ O
V W KHRU HP IRU RSHU DW RU PDW U LFHV� ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU 7 K HRU \ ��

������� ���^����
��� : �< � /HH� : H\ O VSHFW U XP RI RSHU DW RU PDW U LFHV� 3 U RF� $ P HU � 0DWK � 6 RF� ��� ������� ���^����
��� & �0� 3 HDU F\ � 6 RPH 5 HFHQ W ' HYHORSPHQ W V LQ 2SHU DW RU 7 KHRU \ � & % 06 5HJLRQ DO & RQ IHU HQ FH

6 HU LHV LQ 0DWK HP DWLFV 1 R���� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� �����
��� 0� 6 FK HFK WHU � ,Q YDU LDQ FH RI W KH HVVHQ W LDO VSHFW U XP� % X OO� $ P HU � 0DWK � 6 RF� �� ������� ���^

����
��� 0� 6 FK HFK WHU � 2Q W KH HVVHQ W LDO VSHFW U XP RI DQ DU ELW U DU \ RSHU DW RU � , � - � 0DWK � $ Q DO� $ S S O� ��

������� ���^����
��� - � 6 FK Z DU W]� 6 RPH U HVXOW V RQ W KH VSHFW U D DQ G VSHFW U DO U HVROXW LRQ V RI D FODVV RI VLQ JXODU RSHU �

DW RU V� & RP P � 3 X U H $ S S O� 0DWK � �� ������� ��^���

��� + � : H\ O� �8 EHU EHVFKU �DQ NW H TXDGU DW LVFKH )RU PHP� GHU HP ' Lo HU HQ ] YROOVW HW LJ LVW � 5HQ G � & LU F�
0DW� 3 DOHU P R �� ������� ���^����

� 5HGZ RRG * U RYH� 1RU W KI LHO GV $YHQXH� (DO LQJ� /RQGRQ : � � 6=� (QJO DQG� 8�. �

( � PDLO DGGU HVV� ESGXJJDO#\DKRR�FR�XN

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


