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$EVW U DF W � $ + LOE HU W VS DFH RS HU DWRU 7 � %�+� LV KHU HGLW DU LO\ Q RU PDORLG �Q R�
WDWLRQ � 7 � +1� LI HY HU \ S DU W RI 7 LV Q RU P DORLG � $ Q RS HU DWRU 7 � +1 LV W R�
W DOO\ KHU HGLW DU LO\ Q RU PDORLG �Q RWDWLRQ � 7 � 7+1� LI HY HU \ LQ Y HU WLE OH S DU W RI 7
LV Q RU P DORLG � : H S U RY H WK DW 7+1�RS HU DWRU V Z LWK % LVK RS 
V S U RS HU W\ �p�� DOVR
7+1�FRQ WU DFWLRQ V Z LWK D FRP S DFW G HIHFW RS HU DWRU VX FK WK DW 7b����v7 eb����
DQ G Q RQ �]HU R LVRODWHG HLJHQ Y DOX HV RI 7 DU H Q RU P DO� DU H Q RW VX S HU F\ FOLF� 7 DN H
$ DQ G % LQ 7+1 DQ G OHW G$% G HQ RWH HLWK HU RI WK H HOHP HQ WDU \ RS HU DWRU V
LQ %�%�+��� �$% DQ G r$% � Z K HU H �$%�;�  $;% b; DQ G r$%�;�  
$; b;%� : H S U RY H WK DW LI Q RQ �]HU R LVRODWHG HLJHQ Y DOX HV RI $ DQ G % DU H
Q RU P DO DQ G %b���� v %eb���� WK HQ G$% LV DQ LVRORLG RS HU DWRU VX FK WK DW WK H
T X DVLQ LOS RWHQ W S DU W +��G$% b y� RI G$% b y HT X DOV �G$% b y�b���� IRU HY �
HU \ FRP S OH[ Q X P E HU y Z K LFK LV LVRODWHG LQ ��G$%�� ,I� DG G LWLRQ DOO\ � G$% K DV
WK H VLQ JOH� YDOXHG H[W HQ VLRQ SU RSHU W \ DW DOO S RLQ WV Q RW LQ WK H : H\ O VS HFWU X P RI
G$% � WK HQ G$% � DQ G WK H FRQ MX JDWH RS HU DWRU G

e

$%
� VDWLVI\ : H\ O
V WK HRU HP �

��� ,QW U RGXF W LRQ

$ %DQDFK VSDFH RSHUDWRU 7 � %� ; � LV KHUHGLWDULO\ QRUPDORLG� GHQRWHG 7 � +1 �
LI HYHU\ SDUW RI 7 �L�H�� WKH UHVWULFWLRQ RI 7 WR DQ LQYDULDQW VXEVSDFH� LV QRUPDORLG�
7 � +1 LV VDLG WR EH WRWDOO\ KHUHGLWDULO\ QRUPDORLG� GHQRWHG 7 � 7+1 � LI HYHU\
LQYHUWLEOH SDUW RI 7 LV QRUPDORLG� �5HFDOO WKDW 7 LV QRUPDORLG LI N7N HTXDOV WKH
VSHFWUDO UDGLXV U�7 � RI 7 �� 7KH FODVV RI 7+1 RSHUDWRUV LV ODUJH� )RU H[DPSOH�
+LOEHUW VSDFH RSHUDWRUV 7 ZKLFK DUH HLWKHU K\SRQRUPDO RU S�K\SRQRUPDO �� � S � ��
RU Z�K\SRQRUPDO RU VXFK WKDW M7 M�xM7 �M DUH 7+1 �RSHUDWRUV� �6HH >��@� >��@ IRU
GHpQLWLRQV DQG SURSHUWLHV RI WKHVH FODVVHV RI RSHUDWRUV�� $JDLQ� SDUDQRUPDO �%DQDFK
VSDFH� RSHUDWRUV DUH 7+1 �RSHUDWRUV >��� SDJH ���@� 7+1 �RSHUDWRUV VKDUH PDQ\�
EXW E\ QR PHDQV DOO� RI WKH SURSHUWLHV RI K\SRQRUPDO RSHUDWRUV� 7KXV WKH LVRODWHG
SRLQWV RI WKH VSHFWUXP RI D 7+1 RSHUDWRU DUH VLPSOH SROHV RI WKH UHVROYHQW RI WKH
RSHUDWRU� HLJHQVSDFHV FRUUHVSRQGLQJ WR GLVWLQFW QRQ�]HUR HLJHQYDOXHV RI WKH RSHUDWRU
DUH PXWXDOO\ RUWKRJRQDO� DQG WKH RSHUDWRU VDWLVpHV :H\O
V WKHRUHP �VHH>�@�� 7+1
RSHUDWRUV DUH FORVHG XQGHU PXOWLSOLFDWLRQ E\ D QRQ�]HUR VFDODU� 6WUXFWXUH RI 7+1 �
FRQWUDFWLRQV� LQ SDUWLFXODU WKRVH ZLWK D FRPSDFW RU +LOEHUW�6FKPLGW GHIHFW RSHUDWRU�
KDV EHHQ VWXGLHG LQ >�@� 7KLV SDSHU FRQWLQXHV WKH VWXG\ RI 7+1 �RSHUDWRUV� ,W LV
SURYHG WKDW 7+1 �RSHUDWRUV ZLWK %LVKRS
V SURSHUW\ �p�� DOVR 7+1 �FRQWUDFWLRQV
ZLWK D FRPSDFW GHIHFW RSHUDWRU VXFK WKDW 7b���� v 7 eb���� DQG QRQ�]HUR LVRODWHG
HLJHQYDOXHV RI 7 DUH QRUPDO� FDQ QRW EH VXSHUF\FOLF� 2I LQWHUHVW WR XV KHUH DUH
WKH HOHPHQWDU\ RSHUDWRUV �$% � %�%�+��� �$%�;�  $;% b ;� DQG r$% �

���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��% ��� ��$ ��� ��$ ��� ��% ���
. H\ Z RU GV� + LOE HU W VS DFH� WRWDOO\ K HU HG LWDU LO\ Q RU P DORLG RS HU DWRU V� : H\ O
V WK HRU HP V�

VLQ JOH Y DOX HG H[ WHQ VLRQ S U RS HU W\ �

�
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%�%�+��� r$%�;�  $; b;%� ZKHUH + LV D +LOEHUW VSDFH DQG $�% DUH 7+1 �
RSHUDWRUV LQ %�+� VXFK WKDW WKHLU QRQ�]HUR HLJHQYDOXHV DUH QRUPDO� /HWWLQJ G$%

GHQRWH HLWKHU RI WKHVH HOHPHQWDU\ RSHUDWRUV� LW LV SURYHG WKDW LI %b���� v %eb����
WKHQ G$% LV DQ LVRORLG RSHUDWRU VXFK WKDW +��G$% b y�  �G$% b y�b���� IRU
HYHU\ FRPSOH[ QXPEHU y ZKLFK LV LVRODWHG LQ ��G$%�� ZKHUH +��G$% b y� GHQRWHV
WKH TXDVL�QLOSRWHQW SDUW RI G$% b y� ,I� DGGLWLRQDOO\� G$% KDV WKH VLQJOH�YDOXHG

H[WHQVLRQ SURSHUW\ DW DOO SRLQWV QRW LQ WKH :H\O VSHFWUXP RI G$%� WKHQ LW LV SURYHG
WKDW G$% � DQG WKH FRQMXJDWH RSHUDWRU G

e
$%� VDWLVI\ :H\O
V WKHRUHP�

,Q WKH IROORZLQJ� ; ZLOO GHQRWH D %DQDFK VSDFH DQG + ZLOO GHQRWH DQ LQpQLWH
GLPHQVLRQDO FRPSOH[ +LOEHUW VSDFH� %� ; � ZLOO GHQRWH WKH DOJHEUD RI RSHUDWRUV RQ
; � & WKH VHW RI FRPSOH[ QXPEHUV� ' WKH RSHQ XQLW GLVF LQ &� #' WKH ERXQGDU\
RI ' DQG ' WKH FORVXUH RI '� )RU DQ RSHUDWRU 7 � %� ; �� ZH VKDOO GHQRWH WKH
VSHFWUXP� WKH SRLQW VSHFWUXP� WKH DSSUR[LPDWH SRLQW VSHFWUXP DQG WKH LVRODWHG
SRLQWV RI WKH VSHFWUXP E\ ��7 �� �S�7 �� �D�7 � DQG �LV R�7 �� UHVSHFWLYHO\� 7KH UDQJH
RI 7 ZLOO EH GHQRWHG E\ 7 � ; �� 5HFDOO WKDW 7 LV )UHGKROP LI 7 � ; � LV FORVHG DQG ERWK
WKH GHpFLHQF\ LQGLFHV o�7 �  GLP�7b����� DQG p�7 �  GLP�;  7 � ; �� DUH pQLWH�
DQG WKHQ WKH �)UHGKROP� LQGH[ RI 7 � LQG �7 �� LV GHpQHG E\ LQG �7 �  o�7 �b p�7 ��
7 LV VHPL�)UHGKROP LI HLWKHU 7 �; � LV FORVHG DQG o�7 � � � RU p�7 � � �� $
FRQWUDFWLRQ 7 � %�+� LV RI FODVV &�� LI WKH VHTXHQFH IN7Q[NJ FRQYHUJHV WR ]HUR IRU
HYHU\ [ � +� DQG RI FODVV &�� LI WKH VHTXHQFH IN7Q[NJ GRHV QRW FRQYHUJH WR ]HUR IRU
HYHU\ QRQ]HUR [ � +� ,W LV RI FODVV &�� RU RI FODVV &�� LI LWV DGMRLQW 7

e LV RI FODVV &��

RU &��� UHVSHFWLYHO\� $OO FRPELQDWLRQV DUH SRVVLEOH� OHDGLQJ WR FODVVHV &��� &��� &��

DQG &��� 5HFDOO WKDW D FRQWUDFWLRQ 7 � %�+� LV VDLG WR EH FRPSOHWHO\ QRQ�XQLWDU\�
VKRUWHQHG WR FQX� LI WKHUH H[LVWV QR QRQ�WULYLDO UHGXFLQJ VXEVSDFH 0 RI 7 VXFK WKDW
WKH UHVWULFWLRQ 7 M0 RI 7 WR 0 LV XQLWDU\� �6HH >��@ IRU IXUWKHU LQIRUPDWLRQ RQ WKHVH
FODVVHV RI FRQWUDFWLRQV�� 7KH UHVW RI RXU QRWDWLRQ �DQG WHUPLQRORJ\� ZLOO EH GHpQHG
SURJUHVVLYHO\� RQ DQ LI DQG ZKHQ UHTXLUHG EDVLV�

��� 6XSHU F \F O LF 2SHU DW RU V

$ %DQDFK VSDFH RSHUDWRU 7 � %�; � KDV �%LVKRS
V� SURSHUW\ �p� LI� IRU HYHU\
RSHQ VXEVHW 8 RI & DQG HYHU\ VHTXHQFH RI DQDO\WLF IXQFWLRQV IQ � 8 � ; ZLWK WKH
SURSHUW\ WKDW

�7 b y�IQ�y�� � DV Q � �

XQLIRUPO\ RQ DOO FRPSDFW VXEVHWV RI 8 � LW IROORZV WKDW IQ�y�� � DV Q � � ORFDOO\
XQLIRUPO\ RQ 8 >��� 'HpQLWLRQ �����@� 0 �K\SRQRUPDO RSHUDWRUV� S�K\SRQRUPDO
RSHUDWRUV DQG N�TXDVLK\SRQRUPDO RSHUDWRUV VDWLVI\ SURSHUW\ �p� �VHH >�@�>��@ DQG
>��@��

$Q RSHUDWRU 7 � %�+� LV VDLG WR EH VXSHUF\FOLF LI� IRU VRPH [ � +� WKH KRPRJH�
QHRXV RUELW

Iy7Q[ � y � & DQG Q  �� �� �� ���J

LV GHQVH LQ +� +\SRQRUPDO RSHUDWRUV RQ D +LOEHUW VSDFH RI GLPHQVLRQ JUHDWHU WKDQ
RQH DUH QRW VXSHUF\FOLF >��@�

5HFDOO WKDW D +LOEHUW VSDFH RSHUDWRU 7 � %�+� LV D FRQWUDFWLRQ LI DQG RQO\ LI
, b 7 e7 LV D QRQQHJDWLYH FRQWUDFWLRQ� ,Q WKLV FDVH� WKH QRQQHJDWLYH FRQWUDFWLRQ
'7  �, b 7 e7 �

�
� LV FDOOHG WKH GHIHFW RSHUDWRU RI 7 �
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7KHRUHP ���� ,I 7 LV D FRQWUDFWLRQ LQ 7+1 VXFK WKDW HLWKHU �L� 7 VDWLVpHV SURS�
HUW\ �p� RU �LL� '7 LV FRPSDFW� 7

b���� v 7 eb���� DQG QRQ�]HUR LVRODWHG HLJHQYDOXHV
RI 7 DUH QRUPDO� WKHQ 7 LV QRW VXSHUF\FOLF�

3URRI� 6XSSRVH� WR WKH FRQWUDU\� WKDW 7 LV VXSHUF\FOLF� 7KHQ 7 � &�� LV D FQX
FRQWUDFWLRQ >�� 7KHRUHP ���@�

�L� ,I 7 VDWLVpHV SURSHUW\ �p�� WKHQ WKH QRUPDORLG SURSHUW\ RI 7 � 7+1 LPSOLHV
WKDW ��7 � v #' >��� 3URSRVLWLRQ ������@� 6LQFH 7+1 FRQWUDFWLRQV ZLWK VSHFWUXP LQ
WKH XQLW FLUFOH DUH XQLWDU\ >�� 3URSRVLWLRQ ��D�@� 7 LV XQLWDU\� 7KLV LV D FRQWUDGLFWLRQ�

�LL� 7KH K\SRWKHVLV '7 LV FRPSDFW LPSOLHV WKDW '
�
7  , b 7 e7 LV FRPSDFW� DQG

KHQFH WKDW 7 e7  , b '�
7 LV )UHGKROP� ,Q SDUWLFXODU� WKH UDQJH 7 e�+� RI 7 e LV

FORVHG DQG o�7 �  o�7 e7 � � �� +HQFH 7 �+� LV FORVHG DQG o�7 � � �� L�H�� 7 LV
�XSSHU� VHPL�)UHGKROP� $V D &���FRQWUDFWLRQ� 7 KDV D WULDQJXODWLRQ

7  

x

7�� e
� 7��

y

�

ZKHUH 7�� � &�� DQG 7�� � &�� >��� S���@� 7KH K\SRWKHVLV '7 LV FRPSDFW LPSOLHV
7�� LV D &���FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU� ZKLFK �VLQFH 7b���� v
7 eb����� LPSOLHV E\ >�� 3URSRVLWLRQ �@ WKDW 7�� DFWV RQ WKH WULYLDO VSDFH I�J� +HQFH
7 LV D &���FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU� :H SURYH WKDW LQG �7 �  ��
5HFDOO IURP >��� 3URSRVLWLRQ ���@ �VHH DOVR >�� 7KHRUHP ���@� WKDW LI 7 � %�+� LV
VXSHUF\FOLF� WKHQ �S�7

e� FRQVLVWV DW PRVW RI WKH VLQJOHWRQ VHW IyJ IRU VRPH y � 
�� 7KXV � LV QRW LQ WKH SRLQW VSHFWUXP RI ERWK 7 DQG 7 e� ZKLFK LPSOLHV WKDW
LQG �7 �  �� &RPELQLQJ WKLV ZLWK WKH IDFW WKDW 7 LV VHPL�)UHGKROP� LW IROORZV WKDW
��7 �?'  �S�7 �?' FRQVLVWV RI MXVW RQH SRLQW y IRU VRPH y � �� %\ K\SRWKHVLV� y
LV D QRUPDO HLJHQYDOXH RI 7 � KHQFH 7 LV WKH GLUHFW VXP RI y,M�7by� �

�
��� DQG D 7+1

RSHUDWRU 7� VXFK WKDW ��7�� v #'� 6LQFH 7+1 RSHUDWRUV ZLWK VSHFWUXP LQ WKH
XQLW FLUFOH DUH XQLWDU\ >�� 3URSRVLWLRQ ��D�@� 7� DFWV RQ WKH WULYLDO VSDFH I�J� %XW
WKHQ 7  y,� DQG KHQFH QRW VXSHUF\FOLF� 7KLV FRPSOHWHV WKH SURRI�

(YLGHQWO\� 7+1 RSHUDWRUV DUH FORVHG XQGHU PXOWLSOLFDWLRQ E\ D QRQ�]HUR VFDODU�
+HQFH� 7KHRUHP ����L� DSSOLHV WR K\SRQRUPDO DQG Z�K\SRQRUPDO� �2EVHUYH WKDW
WKH DUJXPHQW RI WKH SURRI RI 7KHRUHP ��� DSSOLHV WR 0 �K\SRQRUPDO DQG TXDVL�
K\SRQRUPDO RSHUDWRUV�� $ FDQRQLFDO H[DPSOH RI D FRQWUDFWLRQ VDWLVI\LQJ 7KHRUHP
����LL� LV WKDW RI WKH XQLODWHUDO VKLIW 8 � 7KHRUHP ����LL� KRZHYHU KDV ZLGHU DS�
SOLFDWLRQV� 2EVHUYH IURP WKH SURRI RI 7KHRUHP ����LL� WKDW LI 7 LV D FRQWUDFWLRQ
ZLWK D &�� FRPSOHWHO\ QRQ�XQLWDU\ SDUW� '7 LV +LOEHUW�6FKPLGW DQG QRQ�]HUR LVR�
ODWHG HLJHQYDOXHV RI 7 DUH QRUPDO� WKHQ 7 LV QRW VXSHUF\FOLF� 3DUDQRUPDO RSHUDWRUV
�L�H�� RSHUDWRUV 7 � %�+� VXFK WKDW N7[N� x N7 �[N IRU XQLW YHFWRUV [ � +� DUH
7+1 RSHUDWRUV VXFK WKDW WKHLU QRQ�]HUR LVRODWHG HLJHQYDOXHV DUH QRUPDO >��@� 6LQFH
SDUDQRUPDO FRQWUDFWLRQV KDYH D &�� FRPSOHWHO\ QRQ�XQLWDU\ SDUW >��@� SDUDQRUPDO
FRQWUDFWLRQV ZLWK +LOEHUW�6FKPLGW GHIHFW RSHUDWRU DUH QRW VXSHUF\FOLF�

��� (O HP HQW DU \ 2SHU DW RU V �$% DQG r$%

$Q RSHUDWRU 7 � %�;� KDV WKH VLQJOH�YDOXHG H[WHQVLRQ SURSHUW\ DW y� � &� 69(3
DW y� � & IRU VKRUW� LI IRU HYHU\ RSHQ GLVF 'y � FHQWHUHG DW y� WKH RQO\ DQDO\WLF
IXQFWLRQ I � 'y � � ; ZKLFK VDWLVpHV

�7 b y�I�y�  � IRU DOO y � 'y �
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LV WKH IXQFWLRQ I u �� 7ULYLDOO\� HYHU\ RSHUDWRU 7 KDV 69(3 DW SRLQWV RI WKH
UHVROYHQW & Q ��7 �� DOVR 7 KDV 69(3 DW y � �LV R�7 �� :H VD\ WKDW 7 KDV 69(3 LI

LW KDV 69(3 DW HYHU\ y � &� 7KH TXDVLQLOSRWHQW SDUW +��7 b y� DQG WKH DQDO\WLF
FRUH .�7 b y� RI �7 b y� DUH GHpQHG E\

+��7 b y�  I[ � ; � OLP
Q� �

N�7 b y�Q[N
�
�  �J�

DQG

.�7 b y�  I[ � ; � WKHUH H[LVWV D VHTXHQFH I[QJ ~ ; DQG r ! � IRU ZKLFK

[  [�� �7 b y�[Q� �  [Q DQG N[QN x rQN[N IRU DOO Q  �� �� ���J�

:H QRWH WKDW +��7 b y� DQG .�7 b y� DUH �JHQHUDOO\� QRQ�FORVHG K\SHULQYDULDQW
VXEVSDFHV RI �7 b y� VXFK WKDW �7 b y�bS��� v +��7 b y� IRU DOO S  �� �� �� ��� DQG
�7 b y�.�7 b y�  .�7 b y� �FI� >��@� >�@��

,Q WKH IROORZLQJ� ZH DVVXPH WKDW $� % LQ %�+� DUH 7+1 RSHUDWRUV VXFK WKDW

WKH QRQ�]HUR LVRODWHG HLJHQYDOXHV RI $ DQG % DUH QRUPDO� $Q LPSRUWDQW H[DPSOH
RI VXFK RSHUDWRUV $ DQG % LV WKDW RI K\SRQRUPDO RSHUDWRUV� LVRODWHG SRLQWV RI
WKH VSHFWUXP RI D K\SRQRUPDO RSHUDWRU DUH QRUPDO HLJHQYDOXHV RI WKH RSHUDWRU�
0RUH JHQHUDOO\� WKH QRQ�]HUR LVRODWHG SRLQWV RI WKH VSHFWUXP RI D �+LOEHUW VSDFH�
SDUDQRUPDO RSHUDWRU DUH QRUPDO HLJHQYDOXHV RI WKH RSHUDWRU >��@� 1RWH WKDW WKLV IDLOV
IRU SODLQ 7+1 RSHUDWRUV >�� 5HPDUN �@� 'HpQH WKH HOHPHQWDU\ RSHUDWRU �$% �
%�%�+�� DQG WKH JHQHUDOLVHG GHULYDWLRQ r$% � %�%�+�� E\

�$%�;�  $;% b; DQG r$%�;�  $; b;%�

5HFDOO WKDW DQ LVRORLG RSHUDWRU LV RQH IRU ZKLFK LVRODWHG SRLQWV RI WKH VSHFWUXP DUH
HLJHQYDOXHV RI WKH RSHUDWRU� 2XU pUVW REVHUYDWLRQ LV WKDW �$% UHWDLQV WKLV SURSHUW\
IRU DOO y � �LV R��$%� VXFK WKDW y � b�� 7KH IROORZLQJ OHPPD LV FUXFLDO WR RXU
SURRI RI WKLV REVHUYDWLRQ�

/HPPD ���� 7+1 RSHUDWRUV DUH LVRORLG�

3URRI� 6HH >�� 3URSRVLWLRQ ��D�@�

7KHRUHP ���� +���$% b y�  ��$% b y�b���� IRU DOO �b� � �y � �LV R��$%�� ,Q
SDUWLFXODU� �$% LV LVRORLG�

3URRI� :H VWDUW E\ QRWLFLQJ WKDW LI y LV DQ LVRODWHG SRLQW LQ ���$%�� WKHQ %�+�  
+���$% b y�j.��$% b y�� KHQFH LI +���$% b y�  ��$% b y�b���� WKHQ

��$% b y��%�+��  ��$% b y�.��$% b y�  .��$% b y��

ZKLFK LPSOLHV
%�+�  +���$% b y�j ��$% b y��%�+��

VR WKDW y LV D VLPSOH SROH RI WKH UHVROYHQW RI �$% >��� 3URSRVLWLRQ ����@� 7KXV WR
SURYH WKH WKHRUHP LW ZRXOG VXrFH WR SURYH WKDW +���$% b y�  ��$% b y�b����
IRU DOO �b� � �y � �LV R��$%�� )XUWKHUPRUH� VLQFH 7+1 �RSHUDWRUV DUH FORVHG XQGHU
PXOWLSOLFDWLRQ E\ D QRQ�]HUR VFDODU� �

�� y
$ � 7+1 IRU DOO y � b�� +HQFH LW ZRXOG

VXrFH WR SURYH WKDW LI � � �LV R��$%�� WKHQ +���$%�  �b�
$%����

5HFDOO IURP >��@ WKDW ���$%�  Iop b � � o � ��$�� p � ��%�J� ,I � OLHV LQ
�LV R��$%�� WKHQ WKHUH H[LVW pQLWH VHWV Io�� o�� ���� oQJ DQG Ip�� p�� ���� pQJ RI GLVWLQFW
VFDODUV oL � ��$� DQG pL � ��%� VXFK WKDW oLpL  � IRU DOO � x L x Q� 2EYLRXVO\�
oL DQG pL DUH QRQ�]HUR �IRU DOO � x L x Q�� WKH SRLQWV oL DUH LVRODWHG LQ ��$� DQG
WKH SRLQWV pL DUH LVRODWHG LQ ��%��
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6LQFH WKH QRQ�]HUR LVRODWHG SRLQWV RI $ DQG % DUH QRUPDO HLJHQYDOXHV �E\ /HPPD
��� DQG RXU K\SRWKHVLV RQ WKH LVRODWHG HLJHQYDOXHV RI $ DQG %�� WKH VXEVSDFH +�  
:Q

L ��$ b oL�
b���� UHGXFHV $ DQG WKH VXEVSDFH + �

�  
:Q

L ��% b pL�
b���� UHGXFHV

%� /HW

$  $M+ � j$M+k+ �  $� j$� DQG %  %M+
�
� j%M+k+

�
�  %� j%��

7KH RSHUDWRUV $� DQG %� �KDYH pQLWH VSHFWUXP DQG� DUH QRUPDO� DQG �  � ���$ � % � �
IRU DOO � x L� M x � VXFK WKDW L� M � �� /HW ; � +���$%�� ; � +

�
� j �+ k+ �

�� �
+� j �+ k+��� KDYH WKH PDWUL[ UHSUHVHQWDWLRQ ;  >;LM @

�
L�M  �� 7KHQ

�Q
$%�;�  >�

Q
$ � % � �;LM�@

�
L�M  ��

6LQFH �  � ���$ � % � � IRU DOO � x L� M x � VXFK WKDW L� M � ��

OLP
Q� �

N;LMN
�
� x OLP

Q� �
N�b�

$ � % � N N�
Q
$ � % � �;LM�N

�
�  ��

+HQFH ;LM  � IRU DOO � x L� M x � VXFK WKDW L� M � �� 6LQFH WKH RSHUDWRUV $� DQG
%� DUH QRUPDO� DQG %� �DOVR� $�� LV LQYHUWLEOH�

OLP
Q� �

NrQ
$ � % �

�
� �;���N

�
� x N%b�

� N N�Q
$ � % � �;���N

�
�  ��

ZKLFK LPSOLHV WKDW r$ � % �
�

� �;���  � >��� /HPPD �@� 7KXV �$ � % � �;���  �� ZKLFK

LPSOLHV WKDW +���$%�  �b�
$%����

7KH RSHUDWRU �$% b y UHGXFHV WR WKH RSHUDWRU j�;�  $;% LQ WKH FDVH LQ
ZKLFK y  b�� 6LQFH ��j�  Iop � o � ��$�� p � ��%�J� b� � �LV R��$%� ��
� � �LV R�j�� VR WKDW LI b� � �LV R��$%� WKHQ HLWKHU � � �LV R�$� RU � � �LV R�%��
7KH H[DPSOH RI WKH RSHUDWRUV $  , DQG %  3 j 4� ZKHUH 3 LV DQ LQYHUWLEOH
7+1 �RSHUDWRU DQG 4 LV D N�QLOSRWHQW RSHUDWRU �IRU VRPH LQWHJHU N ! �� RQ D pQLWH
GLPHQVLRQDO +LOEHUW VSDFH� VKRZV WKDW WKH DQDORJXH RI 7KHRUHP ��� PD\ IDLO IRU WKH

FDVH LQ ZKLFK y  b�� �,Q WKLV H[DPSOH HYHU\ ;  
K

� ; ���

� ; �	�

L

LV LQ +��j� EXW QRW

LQ jb������ ,I� KRZHYHU� � LV D QRUPDO HLJHQYDOXH RI %� WKHQ RQH KDV WKH IROORZLQJ�
�+HUH ZH GR QRW UHTXLUH WKH K\SRWKHVLV WKDW WKH LVRODWHG QRQ�]HUR HLJHQYDOXHV RI $
DQG % DUH QRUPDO��

7KHRUHP ���� ,I � � �LV R�j� DQG %b���� v %eb����� WKHQ +��j�  j
b�����

3URRI� :H GLYLGH WKH SURRI LQWR WKH FDVHV �L� � � �LV R�$� DQG �  � �LV R�%�� �LL�
�  � �LV R�$� DQG � � �LV R�%�� DQG �LLL� � � �LV R�$� DQG � � �LV R�%�� 1RWH WKDW
LI �  � �LV R�$�� WKHQ �  � ��$�� �5HDVRQ� LI � � ��$�� WKHQ H[LVWV D VHTXHQFH
IzLJ � ��$� VXFK WKDW zL FRQYHUJHV WR �� DQG WKHQ IRU D q � ��%� WKH VHTXHQFH zLq
FRQYHUJHV WR � LQ ��j��� $ VLPLODU VWDWHPHQW KROGV IRU %� /HW ; � +��j��

�L� ,I � � �LV R�$�� WKHQ �$ EHLQJ 7+1 � � LV D VLPSOH SROH� DQG KHQFH DQ HLJHQYDOXH

RI $ >�@� $ KDV D PDWUL[ UHSUHVHQWDWLRQ $  
K

� $ ���

� $ �	�

L

� ZKHUH $�� LV LQYHUWLEOH�

/HWWLQJ ;  >;LM @
�
L�M  �� LW WKHQ IROORZV WKDW

$Q;  

x

$��$
Qb�
�� ;�� $��$

Qb�
�� ;��

$Q
��;�� $Q

��;��

y

�
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6LQFH N$Q;N x N%b�NQNjQ�;�N� LW IROORZV WKDW OLPQ� � N$Q
��;�LN

�
�  � IRU L  

�� �� 7KLV� VLQFH $�� LV LQYHUWLEOH� LPSOLHV WKDW

OLP
Q� �

N;�LN
�
� x N$b�

�� N OLP
Q� �

N$Q
��;�LN

�
�  ��

ZKLFK LPSOLHV ;�L  � IRU DOO L  �� �� %XW WKHQ ; � jb����� +HQFH +��j�  
jb�����

�LL� 7KH K\SRWKHVLV %b���� v %eb���� LPSOLHV WKDW LI � � �S�%�� WKHQ � LV D
QRUPDO HLJHQYDOXH RI %� &RQVHTXHQWO\� LI � � �LV R�%�� WKHQ �WKH RSHUDWRU % EHLQJ
7+1 � � LV D QRUPDO HLJHQYDOXH RI % DQG� %  � j %��� ZKHUH %�� LV LQYHUWLEOH�

/HWWLQJ ;  >;LM @
�
L�M  �� LW WKHQ IROORZV WKDW ;%Q  

K

� ; ��� %
�
�
�

� ; �	� %
�
�
�

L

� 6LQFH N;%QN x

N$b�NQNjQ�;�N� LW IROORZV WKDW

OLP
Q� �

N;L�N
�
� x N%b�

�� N OLP
Q� �

N;L�%
Q
��N

�
�  ��

7KXV ;L�  �� L  �� �� DQG ; � jb����� ZKLFK LPSOLHV WKDW +��j�  j
b�����

�LLL� $UJXLQJ DV LQ WKH FDVHV DERYH� LW LV VHHQ LQ WKLV FDVH WKDW jQ�;� KDV D

UHSUHVHQWDWLRQ jQ�;�  
K

� $ ��� $
�
�
�

�	� ; �
� %
�
�
�

� $
�
�
� ; �	� %

�
�
�

L

� ZKHUH $�� DQG %�� DUH LQYHUWLEOH� ,I

; � +��j�� WKHQ ;��  �� VR WKDW ; � jb���� DQG +��j�  j
b�����

7KH QH[W WKHRUHP LV DQ DQDORJXH RI 7KHRUHP ��� IRU JHQHUDOL]HG GHULYDWLRQV r$% �

7KHRUHP ���� +��r$% b y�  �r$% b y�b���� IRU DOO QRQ�]HUR y � �LV R�r$%��
)XUWKHUPRUH� LI %b���� v %eb���� DQG � � �LV R�r$%�� WKHQ +��r$%�  rb�

$%����

3URRI� /HW �� � �y � �LV R�r$%�� ,I ZH FRQVLGHU �r$% b y��;�  $; b ;�% � y�
DV WKH RSHUDWRU r$�% � y�� WKHQ ��r$% b y�  Io b �p � y� � o � ��$�� p � y �
��%�y�J� 6LQFH y � �LV R�r$%� LI DQG RQO\ LI � � �LV R�r$�% � y��� WKHUH H[LVW pQLWH VHWV
Io�� o�� ���� oQJ DQG Ip��y� p��y� ���� pQ�yJ VXFK WKDW oL � �LV R�$�� pL � �LV R�%�
DQG oL  pL � y IRU DOO � x L x Q� :H KDYH WKUHH SRVVLEOH FDVHV� �L� � � �LV R�$�
DQG �  � �LV R�% � y�� �LL� �  � �LV R�$� DQG � � �LV R�% � y�� �LLL� � � �LV R�$� DQG
� � �LV R�% � y�� :H FRQVLGHU WKHVH FDVHV VHSDUDWHO\� /HW ; � +��r$% b y��

�L� ,I �  � �LV R�%�y�� WKHQ %�y LV LQYHUWLEOH DQG r$�% � y��;�  �$�% � y� �
� �;�

�%�y�� 6LQFH NrQ
$�% � y��;�N x N%�yNQN�Q

$�% � y� �
� �;�N DQG N�Q

$�% � y� �
� �;�N x

N�% � y�b�NQNrQ
$�% � y��;�N� LW IROORZV IURP 7KHRUHP ��� WKDW +��r$% b y�  

+���$�% � y� �
� �  ��$�% � y� �

� �b����� $JDLQ� DV ; � ��$�% � y� �
� �b���� LI DQG

RQO\ LI I$; b ;�% � y�J�% � y�b�  � LI DQG RQO\ LI ; � �r$% b y�b�����
+��r$% b y�  �r$% b y�b�����

�LL� ,I � � �LV R�% � y�� WKHQ �� � � b y � �LV R�%�� ZKLFK LPSOLHV WKDW % KDV D

UHSUHVHQWDWLRQ %  
K

by, �	� �

� % �	�

L

DQG % � y  � j �%�� � y�� +HUH WKH RSHUDWRU

%�� � y LV LQYHUWLEOH� 6LQFH �r$% b y��;�  $�$ �
�
�% � y��;��

N�Q
$ �

�
�% � y��;�N x N$b�NQN�r$% b y�Q�;�N

DQG

N�r$% b y�Q�;�N x N$NQN�Q
$ �

�
�% � y��;�N�
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+��r$% b y�  +���$ �
�
�% � y��� ,I ZH QRZ OHW ; KDYH WKH UHSUHVHQWDWLRQ ;  

>;LM @
�
L�M  �� WKHQ

;�% � y�Q  

x

� ;���%�� � y�Q

� ;���%�� � y�Q

y

DQG
OLP
Q� �

N;L��%�� � y�QN
�
�  �

IRU DOO L  �� �� +HQFH �DUJXH DV EHIRUH� +��r$% b y�  �r$% b y�b�����

�LLL� ,I � � �LV R�$� DQG � � �LV R�%�y�� WKHQ $ KDV D UHSUHVHQWDWLRQ $  
K

� $ ���

� $ �	�

L

DQG % KDV D UHSUHVHQWDWLRQ %  �j�%���y� �VHH FDVH �LL��� ZKHUH $�� DQG %�� � y
DUH LQYHUWLEOH� /HWWLQJ ;  >;LM @

�
L�M  �� LW IROORZV WKDW

�r$% b y�Q�;�  

x

$��$
Qb�
�� ;�� e

$Q
��;�� rQ

$ �	� �% �
� � y��;���

y

�ZKHUH� LI ;��  ;��  �� WKHQ WKH HQWU\ ?e� HTXDOV ;���%�� � y�Q�� 6LQFH

OLP
Q� �

N;��N
�
� x N$b�

�� N OLP
Q� �

N$Q
��;��N

�
�  �

DQG

OLP
Q� �

N;��N
�
�  N$b�

�� N N�%�� � y�b�N OLP
Q� �

NrQ$ �
� �% �	� � y��;���N
�
�  ��

LW IROORZV WKDW ;��  ;��  �� %XW WKHQ �IURP WKH HQWU\ ?e� LQ WKH PDWUL[ DERYH�

OLP
Q� �

N;��N
�
� x N�%�� � y�b�N OLP

Q� �
N;���%�� � y�QN

�
�  �

LPSOLHV WKDW ;��  �� 7KXV ; � �r$%by�b���� DQG +��r$%by�  �r$%by�b�����

7R FRPSOHWH WKH SURRI ZH QRWH WKDW LI %b���� v %eb����� WKHQ � � �LV R�%� LV D
QRUPDO HLJHQYDOXH RI %� DQG WKH DUJXPHQW RI FDVHV �LL� DQG �LLL� KROGV ZLWK y  �
�FDVH �L� LV QRW HoHFWHG E\ y  ���

/HW G$% � %�%�+�� GHQRWH HLWKHU RI WKH RSHUDWRUV �$% DQG r$% � ,I %
b���� v

%eb����� WKHQ 7KHRUHPV ���� ��� DQG ��� LPSO\ WKDW +��G$%by�  �G$%by�b����
DW HYHU\ y � �LV R�G$%�� 2EVHUYH WKDW WKH K\SRWKHVHV $�% � 7+1 DQG %b���� v
%eb���� PD\ EH UHSODFHG E\ WKH K\SRWKHVHV WKDW $�%e � 7+1 DQG %eb���� v
%b���� LQ 7KHRUHPV ���� ��� DQG ���� �7KLV UHTXLUHV EXW REYLRXV PLQRU FKDQJHV
LQ WKH SURRIV RI WKHVH WKHRUHPV�� ([DPSOHV RI RSHUDWRUV $�%e � %�+� VXFK WKDW
$�%e � 7+1 DQG %eb���� v %b���� DERXQG� WKH H[DPSOH RI K\SRQRUPDO $ DQG
%e EHLQJ RQH VXFK H[DPSOH �VHH >�@�� 6XPPDUL]LQJ� ZH KDYH�

7KHRUHP ���� ,I $�% � 7+1 �RU $�%e � 7+1�� DQG %b���� v %eb���� �UHVS��
%eb���� v %b������ WKHQ +��G$% b y�  �G$% b y�b���� DW HYHU\ y � �LV R�G$%��

5HFDOO IURP >��� S���@ WKDW D VXEVSDFH0 RI WKH %DQDFK VSDFH ; LV RUWKRJRQDO WR
D VXEVSDFH 1 RI ; � GHQRWHG0 " 1 � LI NPN x NP�QN IRU DOO P � 0 DQG Q � 1 �
�7KLV DV\PPHWULF GHpQLWLRQ RI RUWKRJRQDOLW\ FRLQFLGHV ZLWK WKH XVXDO GHpQLWLRQ RI
RUWKRJRQDOLW\ LQ WKH FDVH LQ ZKLFK ;  + LV D +LOEHUW VSDFH�� 7KHRUHP ��� LPSOLHV
WKDW LI $�% � 7+1 DQG %b���� v %eb���� RU $�%e � 7+1 DQG %eb���� v
%b����� WKHQ �G$% b y�b���� " �G$% b y��%�+�� IRU HYHU\ y � �LV R�G$%��

7KH QXPHULFDO UDQJH RI 7 � %� ; � LV WKH VHW

: �%�; �� 7 �  II�7 � � I � %� ; �e� NIN  I�,�  �J�
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ZKHUH %� ; �e GHQRWHV WKH GXDO VSDFH RI %� ; � >�@� : �%�; ��� 7 � LV D FRPSDFW
FRQYH[ VXEVHW RI &� $ %DQDFK VSDFH RSHUDWRU 7 � %�; � LV VDLG WR EH VHPL�UHJXODU

LI 7 � ; � LV FORVHG DQG 7b���� v 7 � �; �  
7

Qy� 7
Q� ; �� 7KH RSHUDWRU 7 DGPLWV D

JHQHUDOL]HG .DWR GHFRPSRVLWLRQ� RU *.'� LI WKHUH H[LVWV D SDLU RI 7 �LQYDULDQW FORVHG
VXEVSDFHV �0�1� VXFK WKDW ;  0 j 1 � ZKHUH 7 M0 LV TXDVL�QLOSRWHQW DQG 7 M1
LV VHPL�UHJXODU� 7 LV VDLG WR EH RI .DWR W\SH LI 7 KDV *.' DQG 7 M0 LV QLOSRWHQW
>�@� 2EYLRXVO\� WKH RSHUDWRU G$% by� ZKHUH G$% LV WKH RSHUDWRU RI 7KHRUHP ���� LV
.DWR W\SH DW HYHU\ y � �LV R�G$%�� /HW �NW�7 � GHQRWH WKH SDUW RI ��7 � GHpQHG E\

�NW�7 �  Iy � & � y, b 7 LV QRW RI .DWR W\SHJ�

7KHQ �NW�7 � LV D FORVHG VXEVHW RI ��7 � VXFK WKDW HYHU\ QRQ�LVRODWHG SRLQW RI WKH
ERXQGDU\ RI ��7 � EHORQJV WR �NW�7 �� ,I ERWK 7 DQG 7 e KDYH 69(3 DW D SRLQW
y � �DFF�7 �� WKHQ y � �NW�7 �� 7KLV IROORZV IURP 7KHRUHPV ��� DQG ��� RI >�@� DV
WKH IROORZLQJ DUJXPHQW VKRZV� $VVXPH WKDW 7 b y LV .DWR W\SH� 7KHQ� VLQFH ERWK
7 DQG 7 e KDYH 69(3 DW y� ERWK DVF�7 b y� DQG GVF�7 b y� DUH pQLWH� DQG KHQFH
HTXDO� &RQVHTXHQWO\� WKHUH H[LVWV DQ LQWHJHU T y � VXFK WKDW %� ; �  �7 b y�bT���j
�7 b y�T�%� ; ��� ZKLFK LPSOLHV WKDW y LV LVRODWHG LQ ��7 �� D FRQWUDGLFWLRQ� �6HH DOVR
>�@�� &OHDUO\� �NW�7 � v �I �7 �� ZKHUH �I �7 � GHQRWHV WKH )UHGKROP VSHFWUXP RI 7 �
�6HH H�J�� >�@�� :H UHPDUN KHUH WKDW WKH IROORZLQJ WKHRUHP GRHV QRW UHTXLUH WKH
K\SRWKHVLV WKDW WKH LVRODWHG QRQ�]HUR HLJHQYDOXHV RI $ DQG % DUH QRUPDO�

7KHRUHP ���� )RU HDFK y � ���$%� VXFK WKDW M� � yM  N$N N%N� HLWKHU y LV D
VLPSOH SROH RI WKH UHVROYHQW RI �$% RU D SRLQW RI �I ��$%��

3URRI� ,I ZH OHW � � y  H[SLv M�� yM� DQG GHpQH WKH RSHUDWRUV $� DQG %� E\ $�  
H[S�bLv� $

N$N DQG %�  
%

N%N � WKHQ $�� %� DUH FRQWUDFWLRQV LQ 7+1 � 6LQFH ��$% b

y��;�  ���y�I�$ � % � �;�J DQG VLQFH y � ���$%�� � � ���$ � % � �  Iopb� � o �
��$��� p � ��%��J� /HW /$ � � %�%�+�� GHQRWH WKH RSHUDWRU RI OHIW PXOWLSOLFDWLRQ

E\ $�� DQG OHW 5% � � %�%�+�� GHQRWH WKH RSHUDWRU RI ULJKW PXOWLSOLFDWLRQ E\ %��
7KHQ : �%�%�+��� /$ � 5% � �  I] � & � M]M x �J� DQG : �%�%�+����$ � % � �  
I] � & � M� � ]M x �J� 7KXV � � #: �%�%�+����$ � % � �� ZKHUH #�6� GHQRWHV
WKH ERXQGDU\ RI WKH VHW 6 ~ &� +HQFH � � #���$ � % � � v �D��$ � % � �� :H KDYH
WZR SRVVLELOLWLHV� HLWKHU � � �LV R��$ � % � � RU � � �DFF��$ � % � �� ,I � � �LV R��$ � % � ��
WKHQ WKHUH H[LVW pQLWH VHWV Io�� o�� ���� oQJ DQG Ip�� p�� ���� pQJ VXFK oL � �LV R�$���
pL � �LV R�%�� DQG oLpL  � �VR WKDW MoLM  MpLM  �� IRU DOO � x L x Q� 6LQFH $�

DQG %� � 7+1 DUH FRQWUDFWLRQV� oL DQG pL DUH QRUPDO HLJHQYDOXHV �RI $� DQG %��
UHVSHFWLYHO\�� ,W IROORZV WKDW� VHH WKH SURRI RI 7KHRUHP ���� � LV D VLPSOH SROH RI WKH
UHVROYHQW RI �$ � % � � ZKLFK LPSOLHV WKDW %�+�  �b�

$ � % � ���j�$ � % � �%�+��� 1RWLFH

WKDW �b�
$ � % � ���  ��$% b y�b���� DQG �$ � % � �%�+��  ��$% b y��%�+��� +HQFH

y LV D VLPSOH SROH RI WKH UHVROYHQW RI �$%� $VVXPH QRZ WKDW � � �DFF��$ � % � ��
7KHQ � � �D �	�� ��$ � % � �� 7KH SRLQW � EHLQJ D ERXQGDU\ SRLQW RI ���$ � % � �� � �
�NW��$ � % � � v �I ��$ � % � �� �%RWK �$ � % � DQG WKH FRQMXJDWH RSHUDWRU �e

$ � % � KDYH
69(3 DW ��� 5HFDOO IURP WKH 1LUVFKO�6FKQHLGHU WKHRUHP >�@ WKDW D %DQDFK VSDFH
RSHUDWRU KDV DVFHQW OHVV WKDQ RU HTXDO WR RQH DW DOO SRLQWV LQ WKH ERXQGDU\ RI
WKH QXPHULFDO UDQJH RI WKH RSHUDWRU� +HQFH DVF��$ � % � � x �� ZKLFK LPSOLHV WKDW
LQG ��$ � % � � x � >��� 3URSRVLWLRQ ����@� 7KXV � � �I ��$ � % � � LPSOLHV WKDW HLWKHU
�$ � % � �%�+�� LV QRW FORVHG RU p��$ � % � �  �� %XW WKHQ HLWKHU ��$% b y��%�+��
LV QRW FORVHG RU p��$% b y�  �� +HQFH y � �I ��$%��
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��� : H\O 
V 7 KHRU HP I RU G$%

)RU DQ RSHUDWRU 7 � %� ; �� OHW }���7 �  Iy � �LV R�7 � � � � o�7 b y� � �J
GHQRWH WKH VHW RI LVRODWHG HLJHQYDOXHV RI 7 RI pQLWH JHRPHWULF PXOWLSOLFLW\� DQG OHW
}��7 �  Iy � ��7 � � DVF�7 b y�  GVF�7 b y� � �J GHQRWH WKH VHW RI 5LHV] SRLQWV
RI 7 � 7KHQ }��7 � v }���7 �� 5HFDOO WKDW 7 LV VDLG WR EH :H\O LI LW LV )UHGKROP RI �
LQGH[� DQG WKDW WKH :H\O VSHFWUXP �Z�7 � RI 7 LV WKH VHW Iy � & � 7by LV QRW :H\OJ�
7 VDWLVpHV %URZGHU
V WKHRUHP �:H\O
V WKHRUHP� LI ��7 � Q �Z�7 �  }��7 � �UHVS��
��7 � Q �Z�7 �  }���7 �� >��@� ,I 7 KDV 69(3� WKHQ 7 VDWLVpHV %URZGHU
V WKHRUHP
>�� &RUROODU\ ����@� 69(3� KRZHYHU� LV QRW VXrFLHQW WR JXDUDQWHH :H\O
V WKHRUHP�
FRQVLGHU IRU H[DPSOH WKH RSHUDWRU 7  7� j 7�� ZKHUH 7� � %�C�� � LV GHpQHG E\
7��[�� [�� ����  �

[ �

� � [
�

� � ���� DQG 7� LV D QLOSRWHQW RQ D pQLWH GLPHQVLRQDO VSDFH� ZKHQ
LW LV VHHQ WKDW ��7 �  �Z�7 �  I�J� }��7 �  � DQG }���7 �  I�J� 7KH IROORZLQJ
WKHRUHP VKRZV WKDW WKH HOHPHQWDU\ RSHUDWRU G$% VDWLVpHV :H\O
V WKHRUHP XQGHU D
ZHDNHU 69(3 FRQGLWLRQ�

7KHRUHP ���� /HW $ DQG % EH 7+1 RSHUDWRUV� ,I %b���� v %eb���� DQG G$%
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G$% b y LV )UHGKROP RI � LQGH[ �DSSO\ >��� 3URSRVLWLRQ ����@�� ZKLFK LPSOLHV WKDW
}���G$%� v ��G$%�Q�Z�G$%�� 7KXV� WR SURYH WKDW G$% VDWLVpHV :H\O
V WKHRUHP LW
ZLOO VXrFH WR SURYH WKDW }���G$%� w ��G$%�Q�Z�G$%�� /HW y � ��G$%�Q�Z�G$%��
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