
)DU (DVW -RXUQDO RI 0DWKHPDWLFDO 6FLHQFHV �� ������ ���^���

3$5$1250$/ &2175$&7,216 +$9( 3523(57< 3)

% �3 � '8 **$ / $ 1 ' & �6 � .8 % 58 6 /<

$EVW U DF W � 7 K H DVVHU WLRQ LQ WK H WLWOH LV HT X LY DOHQ W WR VD\ LQ J WK DW WK H FRP �
S OHWHO\ Q RQ X Q LWDU \ G LU HFW VX P P DQ G RI D S DU DQ RU P DO FRQ WU DFWLRQ LV RI FODVV &c��
,Q WK LV S DS HU Z H JLY H D Q HZ S U RRI IRU WK LV U HVX OW� DQ G H[ WHQ G LW WR N�T X DVLK \ S R�
Q RU P DO FRQ WU DFWLRQ V DQ G WR N�S DU DQ RU P DO FRQ WU DFWLRQ V�

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKLV SDSHU + DQG . VWDQG IRU QRQ]HUR FRPSOH[ +LOEHUW VSDFHV� DQG
%>+� . @ VWDQGV IRU WKH %DQDFK VSDFH RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI + LQWR
. � ,I ; OLHV LQ %>+� . @� WKHQ ;e LQ %>. �+@ GHQRWHV WKH DGMRLQW RI ;� 7KH UDQJH
RI ; � %>+� . @ ZLOO EH GHQRWHG E\ 5�;� DQG LWV FORVXUH� ZKLFK LV D VXEVSDFH �L�H��
D FORVHG OLQHDU PDQLIROG� RI . � E\ 5�;�b� 7KH QXOO VSDFH �NHUQHO� RI ; � %>+� . @�
ZKLFK LV D VXEVSDFH RI +� ZLOO EH GHQRWHG E\ 1 �;�� 6HW %>+@  %>+�+@ IRU VKRUW�
,I 7 OLHV LQ %>+@� WKHQ ZH VD\ WKDW 7 LV DQ RSHUDWRU RQ +�

%\ D FRQWUDFWLRQ ZH PHDQ DQ RSHUDWRU 7 VXFK WKDW N7N x � �L�H�� N7[N x N[N
IRU HYHU\ [ � +�� $Q LVRPHWU\ LV D FRQWUDFWLRQ 7 VXFK WKDW N7[N  N[N IRU HYHU\
[ � +� DQG 7 LV D FRLVRPHWU\ LI 7 e LV DQ LVRPHWU\� ,I 7 LV DQ LVRPHWU\ DQG D
FRLVRPHWU\� WKHQ LW LV D XQLWDU\ RSHUDWRU� $ FRQWUDFWLRQ LV FRPSOHWHO\ QRQXQLWDU\ LI
LW KDV QR XQLWDU\ GLUHFW VXPPDQG� )RU DQ\ FRQWUDFWLRQ 7 WKH VHTXHQFH RI SRVLWLYH
QXPEHUV IN7Q[NJ LV GHFUHDVLQJ �WKXV FRQYHUJHQW� IRU HYHU\ [ � +� $ FRQWUDFWLRQ 7

LV RI FODVV & �c LI LW LV VWURQJO\ VWDEOH� WKDW LV� LI IN7Q[NJ FRQYHUJHV WR ]HUR IRU HYHU\
[ � +� DQG RI FODVV & �c LI IN7Q[NJ GRHV QRW FRQYHUJH WR ]HUR IRU HYHU\ QRQ]HUR
[ � +� ,W LV RI FODVV & c� RU RI FODVV & c� LI LWV DGMRLQW 7 e LV RI FODVV & �c RU & �c�
UHVSHFWLYHO\� $OO FRPELQDWLRQV DUH SRVVLEOH� OHDGLQJ WR WKH 1DJ\^)RLD|V FODVVHV RI
FRQWUDFWLRQV & ��� & ��� & �� DQG & �� >��� S���@�

:H VKDOO EH GHDOLQJ ZLWK WKH IROORZLQJ ZHOO�NQRZQ FODVVHV RI RSHUDWRUV� $Q RSHU�
DWRU 7 LV GRPLQDQW LI� IRU HDFK y � &� N�y, b 7 �e[N x 0yN�y, b 7 �[N IRU HYHU\
[ � + IRU VRPH UHDO QXPEHU 0y y � RU� HTXLYDOHQWO\� 5�y, b 7 � v 5�y, b 7 e��
$V XVXDO� SXW M7 M  �7 e7 �

�
� � $Q RSHUDWRU 7 LV S�K\SRQRUPDO LI M7 eM�S x M7 M�S IRU

VRPH UHDO QXPEHU � � S x �� DQG 0�K\SRQRUPDO LI� IRU DOO y � &� N�y, b 7 �e[N x
0N�y, b 7 �[N IRU HYHU\ [ � + IRU VRPH UHDO QXPEHU 0 y �� $ K\SRQRUPDO LV
SUHFLVHO\ D ��K\SRQRUPDO RSHUDWRU �L�H�� DQ RSHUDWRU 7 VXFK WKDW 7 7 e x 7 e7 RU�
HTXLYDOHQWO\� N�y, b 7 �e[N x N�y, b 7 �[N IRU HYHU\ y � & DQG HYHU\ [ � +�� $Q
RSHUDWRU 7 LV N�TXDVLK\SRQRUPDO LI 7 eN�7 e7 b 7 7 e�7 N y 2 IRU VRPH LQWHJHU N y ��
DQG TXDVL�S�K\SRQRUPDO �DOVR FDOOHG S�TXDVLK\SRQRUPDO� LI 7 e�M7 M�S b M7 eM�S�7 y
2 IRU VRPH UHDO � � S x �� $ TXDVLK\SRQRUPDO LV D ��TXDVLK\SRQRUPDO RU D TXDVL�
��K\SRQRUPDO RSHUDWRU RU� HTXLYDOHQWO\� DQ RSHUDWRU 7 VXFK WKDW M7 M� x M7 �M�� DQG
VR D VHPL�TXDVLK\SRQRUPDO LV DQ RSHUDWRU 7 VXFK WKDW M7 M� x M7 �M �DOVR FDOOHG FODVV

' DW H� 0DU FK ��� ���� �&RUUH FWLRQV LQ 6H FWLRQV � DQG �� -XQH ��� ������
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��$ ��� ��% ���
. H\ Z RU GV DQ G SKU DVHV� 3 DU DQ RU P DO RS HU DWRU V� 3 X WQ DP ^)X JOHG H S U RS HU W\ �
6 HFRQ G DX WK RU 
V Z RU N VX S S RU WHG LQ S DU W E \ % U D]LOLDQ 1 DWLRQ DO 5HVHDU FK & RX Q FLO �& 1 3 T ��

�
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$ RU FODVV 8 �� $Q RSHUDWRU 7 LV N�SDUDQRUPDO LI N7[NN � � x N7 N � �[NN[NN IRU VRPH
LQWHJHU Ny� DQG HYHU\ [ � +� $ SDUDQRUPDO LV VLPSO\ D ��SDUDQRUPDO RSHUDWRU�

6HH >�@� >�@� >�@� >��@� DQG >��@ IRU SURSHUWLHV RI RSHUDWRUV EHORQJLQJ WR WKH DERYH
FODVVHV� 2EVHUYH WKDW0 �K\SRQRUPDO RSHUDWRUV DUH GRPLQDQW� DQG VR DUH WKH K\SR�
QRUPDO RSHUDWRUV� ZKLFK DUH SDUDQRUPDO WRR� 3DUDQRUPDO RSHUDWRUV FRPSULVH D
ODUJH FODVV WKDW ZLOO SOD\ D FHQWUDO UROH LQ WKLV SDSHU� 5HFDOO WKDW TXDVL�S�K\SR�
QRUPDO� DV ZHOO DV VHPL�TXDVLK\SRQRUPDO� DUH DOO SDUDQRUPDO RSHUDWRUV� 6LQFH S�
K\SRQRUPDO RSHUDWRUV DUH TXDVL�S�K\SRQRUPDO� WKHVH DUH DJDLQ SDUDQRUPDO� �,Q
SDUWLFXODU� K\SRQRUPDO DUH TXDVLK\SRQRUPDO� ZKLFK DUH VHPL�TXDVLK\SRQRUPDO�
ZKLFK LQ WXUQ DUH SDUDQRUPDO�� $OVR UHFDOO WKDW D SDUDQRUPDO RSHUDWRU LV N�SDUD�
QRUPDO IRU HYHU\ SRVLWLYH LQWHJHU N� DQG WKHUHIRUH DQ RSHUDWRU LV SDUDQRUPDO LI DQG
RQO\ LI LW LV N�SDUDQRUPDO IRU HYHU\ Ny�� 7KH GLDJUDP EHORZ VXPPDUL]HV WKH UHOD�
WLRQVKLS DPRQJ WKHVH FODVVHV WKDW ZLOO EH UHTXLUHG ODWHU LQ WKLV SDSHU�

S �K \ S RQ RU P DO � T X DVL�S �K \ S RQ RU P DO

� 	 � 	 �

K \ S RQ RU P DO � T X DVLK \ S RQ RU P DO � VHP L�T X DVLK \ S RQ RU P DO � S DU DQ RU P DO � N �S DU DQ RU P DO

	 	
0�K \ S RQ RU P DO N �T X DVLK \ S RQ RU P DO

	
G RP LQ DQ W

)RU WKH QRQWULYLDO LPSOLFDWLRQV LQ WKH FHQWUDO URZ �IURP K\SRQRUPDO WR N�SDUD�
QRUPDO� VHH H�J�� >��� S���@� 7KRVH LQ � DQG � FDQ EH IRXQG LQ >�� SS��������@ DQG
>�@� UHVSHFWLYHO\� 7KH UHPDLQLQJ LPSOLFDWLRQV DUH HLWKHU UHDGLO\ YHULpHG RU WULYLDO�

�� ,QW U RGXF W LRQ

(YHU\ FRQWUDFWLRQ 7 � %>+@ KDV D XQLTXH GLUHFW VXP GHFRPSRVLWLRQ

7  8j &�

ZKHUH 8 LV XQLWDU\ DQG & LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ� 7KLV LV WKH FHO�
HEUDWHG 1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ IRU FRQWUDFWLRQV >��� S��@� &RQWUDFWLRQV
7 IRU ZKLFK WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG & LV RI FODVV & c� KDYH EHHQ
FKDUDFWHUL]HG LQ >�@ DV IROORZV� $ FRQWUDFWLRQ 7 � %>+@ KDV SURSHUW\ 3) �VKRUW IRU
3XWQDP^)XJOHGH FRPPXWDWLYLW\ SURSHUW\� LI� ZKHQHYHU WKH HTXDWLRQ

7;  ;-e

KROGV IRU VRPH LVRPHWU\ - � %>. @ DQG VRPH ; � %>+� . @� WKHQ

7 e;  ;-�

7KDW LV� D FRQWUDFWLRQ 7 KDV SURSHUW\ 3) LI HLWKHU QR FRLVRPHWU\ LV LQWHUWZLQHG WR
7 RU� LI ; � 2 LQWHUWZLQHV D FRLVRPHWU\ -e WR 7 � WKHQ WKH VDPH ; DOVR LQWHUWZLQHV
WKH LVRPHWU\ - WR 7 e�

/HPPD �� 7KH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI D FRQWUDFWLRQ 7 LV RI

FODVV & c� LI DQG RQO\ LI 7 KDV SURSHUW\ 3)�

3URRI� >�@ _ VHH DOVR >��@�

7KLV FKDUDFWHUL]DWLRQ ZRUNV EHDXWLIXOO\ IRU FRQWUDFWLRQV IRU ZKLFK D 3XWQDP^
)XJOHGH W\SH FRPPXWDWLYLW\ WKHRUHP LV NQRZQ WR KROG� �H�J�� GRPLQDQW RSHUDWRUV�
IRU ZKLFK LW LV NQRZQ WKDW LI 7;  ;+e� WKHQ 7 e;  ;+ ZKHQHYHU 7 LV GRPLQDQW
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DQG + LV K\SRQRUPDO >�@�� EXW LV QRW HDV\ WR DSSO\ LQ PDQ\ RWKHU FDVHV �H�J�� LI 7
SDUDQRUPDO�� 7KH SXUSRVH RI WKLV SDSHU LV WR H[WHQG /HPPD ��� RI >�@ WR WDNH FDUH
RI VRPH RI WKHVH FDVHV�

�� 0 DLQ 5HVXO W V

,I 7 � %>+@ LV D FRQWUDFWLRQ� WKHQ WKH VHTXHQFH I7Q7 eQJ FRQYHUJHV VWURQJO\ WR D
QRQQHJDWLYH FRQWUDFWLRQ $ �L�H�� 7Q7 eQ Vb� $� ZKHUH 2 x $ x ,�� 7KH RSHUDWRUV 7
DQG $ DUH UHODWHG E\ 7$7 e  $ DQG 1 �$�  I[ � + � 7 eQ[ � �J_ WKH NHUQHO RI
$ LV WKH VXEVSDFH RI VWURQJ VWDELOLW\ IRU 7 e� /HW $

�
� EH WKH VTXDUH URRW RI $� ZKLFK

LV DJDLQ D QRQQHJDWLYH FRQWUDFWLRQ ZLWK 1 �$
�
� �  1 �$� DQG 5�$

�
� �b  5�$�b�

0RUHRYHU� WKHUH H[LVWV DQ LVRPHWU\ 9 � 5�$�b � 5�$�b VXFK WKDW $
�
� 7 e  9$

�
� �

DQG VR 7$
�
�  $

�
� 9 e RQ 5�$�b� DQG N$

�
� 9 Q[N � N[N IRU HYHU\ [ � 5�$�b �VHH

H�J�� >�@ RU >�� &KDSWHU �@� ZKHUH WKH QRWDWLRQ $e LV XVHG LQVWHDG RI RXU $�� :H VKDOO
EH SDUWLFXODUO\ FRQFHUQHG ZLWK FRQWUDFWLRQV 7 IRU ZKLFK $ LV D SURMHFWLRQ �VHH H�J��
>�@� >��@ DQG >��@��

7KHRUHP �� /HW 7 � %>+@ EH D FRQWUDFWLRQ� 7DNH DQ\ YHFWRU [ LQ 5�$�b DQG SXW

[Q  $
�
� 9 Q[ IRU HDFK LQWHJHU Qy �� &RQVLGHU WKH DVVHUWLRQV

�D� WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI 7 LV RI FODVV & c��

�E� 7 KDV SURSHUW\ 3)�

DQG DOVR

�F� IMM[QMMJ LV D FRQYH[ VHTXHQFH�

�G� IMM[QMMJ LV D FRQVWDQW VHTXHQFH�

�H� $ LV D SURMHFWLRQ

�I� WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI 7 LV HLWKHU D & c��FRQWUDFWLRQ� D
EDFNZDUG XQLODWHUDO VKLIW� RU D GLUHFW VXP RI D & c��FRQWUDFWLRQ DQG D EDFNZDUG

XQLODWHUDO VKLIW�

&ODLP� �D� DQG �E� DUH HTXLYDOHQW� �E� LPSOLHV �F�� DQG �F�� �G�� �H� DQG �I� DUH
HTXLYDOHQW�

3URRI� $FFRUGLQJ WR /HPPD � �D� DQG �E� DUH HTXLYDOHQW >�@� ,I �E� KROGV� WKHQ
7$

�
�  $

�
� 9 e LPSOLHV 7 e$

�
�  $

�
� 9� VR WKDW 7$

�
� 9 Q� �  $

�
� 9 e9 Q � �  $

�
� 9 Q  

$
�
� 9 9 Qb�  7 e$

�
� 9 Qb� RQ 5�$�b �9 LV DQ LVRPHWU\�� +HQFH� ZLWK [ � 5�$�b�

N[QN
�  N$

�
� 9 Q[N�  N7 e$

�
� 9 Qb�[NN7$

�
� 9 Q� �[N

x N[Qb�NN[Q� �N x �
�

b

N[Qb�N� N[Q� �N
c�

�7 LV D FRQWUDFWLRQ�� DQG IN[QNJ LV FRQYH[� 7KXV �E� LPSOLHV �F�� 6LQFH [Q  7[Q� ��
WKH VHTXHQFH IN[QNJ LV LQFUHDVLQJ DQG ERXQGHG �$

�
� 9 Q  $

�
� 9 e9 Q� �  7$

�
� 9 Q� �

VR WKDW N$
�
� 9 Q[N x N$

�
� 9 Q� �[N x N[N IRU HYHU\ [ � 5�$�b�� +HQFH �F� LPSOLHV

�G� EHFDXVH D ERXQGHG LQFUHDVLQJ FRQYH[ VHTXHQFH PXVW EH FRQVWDQW� 6LQFH WKH
FRQYHUVH LV WULYLDO� LW IROORZV WKDW �F� DQG �G� DUH HTXLYDOHQW� 1RZ� LI �G� KROGV� WKHQ
N$

�
� [N  N$

�
� 9 Q[N � N[N VR WKDW N$

�
� [N  N[N IRU HYHU\ [ � 5�$�b� 7KXV $

�
� LV

DQ LVRPHWU\ RQ 5�$�b� 6LQFH $
�
� y 2� LW IROORZV WKDW + DGPLWV WKH GHFRPSRVLWLRQ

5�$�b j 1 �$� LQWR $�LQYDULDQW VXEVSDFHV DQG $
�
� M5 �$�

�  , �EHFDXVH LW LV D QRQ�
QHJDWLYH LVRPHWU\� VR WKDW $

�
�  , j2 RQ +  5�$�b j 1 �$�� 7KHQ $ LV D

SURMHFWLRQ VR WKDW �G� LPSOLHV �H�� &OHDUO\� �H� LPSOLHV �G�� ,QGHHG� ,I $ LV D

SURMHFWLRQ� WKHQ $
�
�  $  , RQ 5�$�  5�$�b� DQG KHQFH N[QN  N9 Q[N  N[N
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IRU DOO Qy �� VLQFH 5�9 � v 5�$�b� 1RZ� LI $ LV D SURMHFWLRQ� WKHQ 7 e DGPLWV WKH
GHFRPSRVLWLRQ 7 e  8j 6 j* VR WKDW

7  8e j 6e j*e� ���

ZKHUH 8 LV XQLWDU\� 6 LV D XQLODWHUDO VKLIW DQG * LV D VWURQJO\ VWDEOH FRQWUDFWLRQ >��@�
ZKLFK PHDQV WKDW *e LV D & c��FRQWUDFWLRQ� 7KXV WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW
VXPPDQG RI 7 LV &  6ej*e �HLWKHU D EDFNZDUG XQLODWHUDO VKLIW� D & c��FRQWUDFWLRQ�
RU D GLUHFW VXP RI D EDFNZDUG XQLODWHUDO VKLIW DQG D & c��FRQWUDFWLRQ�� DQG WKHUHIRUH
�H� LPSOLHV �I�� &RQYHUVHO\� LI �I� KROGV� WKHQ 7 DGPLWV D GHFRPSRVLWLRQ DV LQ ��� VR
WKDW 7Q7 eQ  , j , j*eQ*Q IRU HYHU\ Qy �� DQG KHQFH $  , j , j2 EHFDXVH
*eQ*Q Vb� 2 �VLQFH * LV D VWURQJO\ VWDEOH FRQWUDFWLRQ RU� HTXLYDOHQWO\� *e LV D
& c��FRQWUDFWLRQ�� 7KXV $ LV D SURMHFWLRQ� DQG VR �I� LPSOLHV �H��

5HPDUN �� :H KDYH UHOLHG RQ >�@ IRU WKH HTXLYDOHQFH EHWZHHQ �D� DQG �E�� DQG RQ
>��@ IRU WKH HTXLYDOHQFH EHWZHHQ �H� DQG �I�� ,W ZDV UHFHQWO\ VKRZQ WKDW �E� LPSOLHV
�H� _ VHH >��@ DQG >��@ IRU D SDLU RI GLVWLQFW SURRIV� 1RWH WKDW WKH DERYH DUJXPHQW�
YLD DVVHUWLRQV �F� DQG �G�� \LHOGV VWLOO DQRWKHU SURRI WKDW �E� LPSOLHV �H��

5HPDUN �� ,W LV ZHOO�NQRZQ WKDW GRPLQDQW DQG SDUDQRUPDO FRQWUDFWLRQV KDYH SURS�
HUW\ 3) �VHH >�@� >��@� DQG WKH UHIHUHQFHV WKHUHLQ�� DQG VR K\SRQRUPDO FRQWUDFWLRQV
KDYH SURSHUW\ 3) �HYHU\ K\SRQRUPDO RSHUDWRU LV ERWK GRPLQDQW DQG SDUDQRUPDO��
7KXV� DFFRUGLQJ WR /HPPD �� GRPLQDQW DQG SDUDQRUPDO �LQ SDUWLFXODU� K\SRQRUPDO�
FRQWUDFWLRQV KDYH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQGV RI FODVV & c��

5HPDUN �� 3HUKDSV D V\VWHPDWLF LQYHVWLJDWLRQ LQ WKLV OLQH KDV EHHQ LQLWLDWHG DIWHU
3XWQDP
V SDSHU >��@� ZKLFK FRQWDLQV WKH pUVW SURRI WKDW D FRPSOHWHO\ QRQXQLWDU\ FR�
K\SRQRUPDO FRQWUDFWLRQ LV VWURQJO\ VWDEOH RU� HTXLYDOHQWO\� WKDW HYHU\ K\SRQRUPDO
FRQWUDFWLRQ KDV D FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI FODVV & c�� 7KLV ZDV
H[WHQGHG WR SDUDQRUPDO FRQWUDFWLRQV LQ >��@ DQG WR GRPLQDQW FRQWUDFWLRQV LQ >��@�

7KHRUHP � QRW RQO\ \LHOGV D GLoHUHQW SURRI WKDW WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW
VXPPDQG RI D SDUDQRUPDO FRQWUDFWLRQ LV RI FODVV & c�� EXW LW JRHV EH\RQG WKDW� WKH
UHVXOW H[WHQGV WR N�TXDVLK\SRQRUPDO DQG WR N�SDUDQRUPDO FRQWUDFWLRQV�

&RUROODU\ �� ,I D FRQWUDFWLRQ 7 � %>+@ LV N�TXDVLK\SRQRUPDO RU N�SDUDQRUPDO�

WKHQ WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI 7 LV RI FODVV & c��

3URRI� 7DNH DQ\ FRQWUDFWLRQ 7 � %>+@ DQG OHW I[QJ EH D VHTXHQFH GHpQHG DV LQ
7KHRUHP �� ,W LV UHDGLO\ YHULpHG E\ LQGXFWLRQ RQ N WKDW [Q  7 N[Q � N IRU DOO Ny ��
IRU HDFK Qy �� 7KXV [QbN  7 N[Q ZKHQHYHU N x Q� ,Q SDUWLFXODU� 7 Nb�[Q� N  
[Q� � IRU Ny� DQG Qy �� DQG 7 N � �[Q� N  [Qb� IRU Ny � DQG Qy�� :H VKDOO VSOLW
WKH SURRI LQWR IRXU SDUWV�

�L� 6XSSRVH 7 LV N�TXDVLK\SRQRUPDO� ZKLFK PHDQV WKDW N7 e7 N[N x N7 N � �[N IRU
HYHU\ [ � +� IRU VRPH Ny�� 5HFDOO WKDW N7[N� x N7 e7[NN[N IRU HYHU\ [ � +� IRU
DOO 7 � %>+@� E\ WKH 6FKZDUW] LQHTXDOLW\� 7KHUHIRUH�

N[QN
�  N7 N[Q� NN

�  N7 7 Nb�[Q� NN
� x N7 e7 N[Q� NNN7

Nb�[Q� NN

x N7 N � �[Q� NNN7
Nb�[Q� NN  N[Qb�NN[Q� �N x �

�

b

N[Qb�N� N[Q� �N
c�

IRU HDFK Qy� VR WKDW IN[QNJ LV D FRQYH[ VHTXHQFH�

�LL� 1RZ VXSSRVH 7 LV N�SDUDQRUPDO �L�H�� N7[NN � � x N7 N � �[NN[NN IRU HYHU\ [ � +�
IRU VRPH LQWHJHU Ny� VR WKDW
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N[QN  
b

N7[Q� �N
N � �

c

�
��� �

x
b

N7 N � �[Q� �NN[Q� �N
N
c

�
��� �

 N7 N � �[Q� �N
�

��� �
N[Q� �N

�
��� �

x �
N � �

b

N7 N � �[Q� �N� NN[Q� �N
c

���

IRU HYHU\ Qy � �WKH ODVW LQHTXDOLW\ IROORZV IURP WKH IDFW WKDW op x o �
S �

p �
T IRU HYHU\

SDLU RI SRVLWLYH UHDO QXPEHUV o DQG p ZKHQHYHU S DQG T DUH +�ROGHU FRQMXJDWHV��
5HFDOOLQJ WKDW 7 N[Q  [QbN ZKHQHYHU N x Q� ZH JHW

N[QN x N[QbNN
�

��� �
N[Q� �N

�
��� �

x �
N � �

b

N[QbNN� NN[Q� �N
c

���

IRU HYHU\ Q y N� ,I N  � �L�H�� LI 7 LV SDUDQRUPDO�� WKHQ

N[QN x N[Qb�N
�
� N[Q� �N

�
� x �

�

b

N[Qb�N� N[Q� �N
c

IRU HDFK Qy� VR WKDW IN[QNJ LV D FRQYH[ VHTXHQFH�

�LLL� 1H[W ZH VKRZ WKDW LI 7 LV N�SDUDQRUPDO IRU DQ\ N� WKHQ IN[QNJ VWLOO LV FRQYH[�
7DNH DQ DUELWUDU\ LQWHJHU Ny�� 6LQFH N7 N � �[Q� �N  N7 Nb�[Qb�N x N[Qb�N IRU
HYHU\ Qy� �7 LV D FRQWUDFWLRQ�� ZH JHW IURP ��� WKDW

�N � ��N[QN x N[Qb�N� NN[Q� �N

IRU HYHU\ LQWHJHU Qy�� 7KH DERYH LQHTXDOLW\ VD\V WKDW LI WKHUH H[LVWV DQ LQWHJHU
Q� y � VXFK WKDW N[Q 	 N  N[Q 	 � �N� WKHQ N[Q 	 N x N[Q 	 b�N� DQG KHQFH �VLQFH IN[QNJ
LV LQFUHDVLQJ� N[Q 	 b�N  N[Q 	 N� 7KLV LPSOLHV WKDW IN[QNJ LV FRQVWDQW IRU HYHU\
Q x Q� � �� DQG WKHUHIRUH WKH LQFUHDVLQJ VHTXHQFH IN[QNJ LV HLWKHU FRQVWDQW RU HYHQ�
WXDOO\ VWULFWO\ LQFUHDVLQJ ZLWK D FRQVWDQW LQLWLDO VHJPHQW� 6XSSRVH LW LV HYHQWXDOO\
VWULFWO\ LQFUHDVLQJ VR WKDW WKHUH H[LWV DQ LQWHJHU Q� y � IRU ZKLFK IN[Q� Q � NJ LV
VWULFWO\ LQFUHDVLQJ� 5HFDOO WKDW [Q  $

�
� 9 Q[ IRU HDFK Qy �� ZKHUH [ OLHV LQ 5�$�b�

5HSODFH WKH DUELWUDU\ JHQHUDWLQJ YHFWRU [ ZLWK 9 Q �
[� 1RWH WKDW WKLV DJDLQ LV DQ

DGPLVVLEOH JHQHUDWLQJ YHFWRU RQFH LW DOVR OLHV LQ 5�$�b �EHFDXVH 5�9 � v 5�$�b��
7KHQ HDFK [Q LV WUDQVIRUPHG LQWR [Q� Q �  $

�
� 9 Q � Q �

[� ZKLFK PHDQV WKDW WKH
RULJLQDO VHTXHQFH LV VKLIWHG E\ Q�� 7KLV VKLIWHG VHTXHQFH� DOVR GHQRWHG E\ I[QJ� LV
VXFK WKDW IN[QNJ LV VWULFWO\ LQFUHDVLQJ �DQG� FOHDUO\� VDWLVpHV WKH LQHTXDOLW\ LQ ����
LV ERXQGHG� DQG FRQYHUJHV WR WKH VDPH OLPLW N[N�� 1RZ LW IROORZV IURP ��� WKDW

�N � ��N[QN x N[QbNN� NN[Q� �N

IRU HYHU\ Q y N� $GGLQJ XS WKLV LQHTXDOLW\ IURP N WR DQ DUELWUDU\ P y N ZH JHW

N

P
;

Q N

N[QN�
P
;

Q N

N[QN x
P
;

Q N

N[QbNN� N

P
;

Q N

N[Q� �N�

DQG KHQFH

N
b

N[NN b N[P� �N
c

 N

P
;

Q N

N[QN b N

P
;

Q N

N[Q� �N

x
P
;

Q N

N[QbNN b
P
;

Q N

N[QN  
Nb�
;

Q �

N[QN b
P
;

Q PbN � �

N[QN�

6LQFH N[PN � N[N DV P � �� LW IROORZV WKDW N�N[NN b N[N� x
3Nb�

Q � N[QN b NN[N

DQG VR NN[NN x
3Nb�

Q � N[QN� ZKLFK �VLQFH IN[QNJ LV LQFUHDVLQJ� LPSOLHV WKDW
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Nb�
;

Q  �

N[QN  NN[NN�

7KXV� UHFDOOLQJ DJDLQ WKDW IN[QNJ LV LQFUHDVLQJ�

N[�N  N[QN IRU DOO � x Q x N�

LQ SDUWLFXODU� N[�N  N[�N� %XW WKLV FRQWUDGLFWV WKH DVVXPSWLRQ WKDW WKH VKLIWHG
VHTXHQFH LV VWULFWO\ LQFUHDVLQJ� 7KHUHIRUH� WKH RULJLQDO VHTXHQFH PXVW EH FRQVWDQW�
WKXV FRQYH[�

�LY� :H KDYH VKRZQ WKDW� LQ DOO FDVHV� IN[QNJ LV D FRQYH[ VHTXHQFH� 6LQFH D EDFNZDUG
XQLODWHUDO VKLIW FDQQRW EH D GLUHFW VXPPDQG RI D N�TXDVLK\SRQRUPDO RU N�SDUD�
QRUPDO FRQWUDFWLRQ �EHFDXVH D EDFNZDUG XQLODWHUDO VKLIW GRHV QRW EHORQJ WR WKHVH
FODVVHV�� WKH GHVLUHG UHVXOW IROORZV IURP 7KHRUHP ��

5HPDUN �� ,I 7 LV D FRQWUDFWLRQ DQG Ny�� WKHQ IRU HDFK � x M x N � � ZH JHW
N7 N � �[Q� �N x N7 M[Q� �N  N[Q� �bMN ZKHQHYHU Q� �b M y �� 7KXV� LI 7 LV D
N�K\SRQRUPDO FRQWUDFWLRQ IRU VRPH Ny�� WKHQ WKH LQHTXDOLW\ ��� VD\V WKDW

N[QN x �
N � �

b

N[Q � �bMN� NN[Q� �N
c

IRU HYHU\ Q y M b �� IRU HDFK M  �� ��� � N � ��� ,Q IDFW� WKLV LQHTXDOLW\ KROGV IRU HDFK
M  �� ��� � N � �� EXW LW VD\V QRWKLQJ IRU M  �� � H[FHSW WKDW IN[QNJ LV LQFUHDVLQJ�
)RU M  N � � ZH KDYH WKH LQHTXDOLW\ ���� ZKLFK SOD\HG D FUXFLDO UROH LQ WKH SURRI RI
&RUROODU\ �� ,W LV ZRUWK QRWLFLQJ WKDW IRU SURYLQJ WKH DVVHUWLRQ ?IN[QNJ LV D FRQVWDQW
VHTXHQFH� �HTXLYDOHQWO\� ?IN[QNJ LV D FRQYH[ VHTXHQFH��� LW LV QRW HQRXJK WR DVVXPH
WKDW WKH DERYH LQHTXDOLW\ KROGV IRU HDFK � x M x N� LW LV DFWXDOO\ QHFHVVDU\ WKDW LW
DOVR KROGV IRU M  N � �� )RU LQVWDQFH� SXW N  � DQG REVHUYH WKDW WKH SRVLWLYH�
VWULFWO\ LQFUHDVLQJ DQG ERXQGHG VHTXHQFH IoQJ JLYHQ E\ oQ  �

���b �
�bQ� IRU

HYHU\ Qy � VDWLVpHV WKH DERYH LQHTXDOLW\ IRU M  N  �� \LHOGLQJ WKH LGHQWLW\

oQ  
�
�

b

oQb� � �oQ � �

c

IRU HYHU\ Qy�� EXW IoQJ GRHV QRW VDWLVI\ WKH DERYH LQHTXDOLW\ IRU M  N � �  �
�RWKHUZLVH LW ZRXOG EH FRQVWDQW�� ,QGHHG� o� ! �

��o� � �o���

,W LV ZHOO�NQRZQ WKDW GRPLQDQW FRQWUDFWLRQV KDYH & c� FRPSOHWHO\ QRQXQLWDU\ GL�
UHFW VXPPDQGV �5HPDUNV � DQG ��� 7KXV &RUROODU\ � HQVXUHV WKDW HYHU\ FRQWUDFWLRQ
LQ DQ\ RI WKRVH FODVVHV DSSHDULQJ LQ WKH GLDJUDP RI 6HFWLRQ � KDV D & c� FRPSOHWHO\
QRQXQLWDU\ GLUHFW VXPPDQG _ DOO RI WKHP DUH LQFOXGHG LQ WKH XQLRQ RI WKH GRP�
LQDQW� N�TXDVLK\SRQRUPDO DQG N�SDUDQRUPDO �ZKLFK LQFOXGHV WKH SDUDQRUPDO DQG�
LQ SDUWLFXODU� WKH TXDVL�S�K\SRQRUPDO DQG VHPL�TXDVLK\SRQRUPDO� FRQWUDFWLRQV�

�� $ ) LQDO 5HP DU N

5HFDOO WKDW D SDUW RI DQ RSHUDWRU LV D UHVWULFWLRQ RI LW WR DQ LQYDULDQW VXEVSDFH� DQG
DOVR WKDW DQ RSHUDWRU LV QRUPDORLG LI LWV VSHFWUDO UDGLXV FRLQFLGHV ZLWK LWV QRUP� $Q
RSHUDWRU LQ %>+@ LV KHUHGLWDULO\ QRUPDORLG LI HYHU\ SDUW RI LW LV QRUPDORLG� DQG WRWDOO\
KHUHGLWDULO\ QRUPDORLG LI� LQ DGGLWLRQ� HYHU\ LQYHUWLEOH SDUW RI LW KDV D QRUPDORLG
LQYHUVH� 7KHVH FODVVHV ZHUH LQWURGXFHG LQ >�@ DQG DUH GHQRWHG E\ +1 DQG 7 +1 �
UHVSHFWLYHO\� 6HH >�@ IRU SURSHUWLHV RI RSHUDWRUV EHORQJLQJ WR WKHP� LQ SDUWLFXODU�

SDUDQRUPDO � 7 +1 � +1 � QRUPDORLG�
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,Q IDFW� LW LV NQRZQ WKDW N�SDUDQRUPDO RSHUDWRUV DUH QRUPDORLG DQG WKDW D SDUW RI
D N�SDUDQRUPDO RSHUDWRU LV DJDLQ N�SDUDQRUPDO� 7KXV

N�SDUDQRUPDO � +1 � QRUPDORLG�

7KLV VKRZV WKDW WKHVH FODVVHV DUH TXLWH ODUJH �VHH WKH GLDJUDP RI 6HFWLRQ ��� 5HFDOO
WKDW D & ���FRQWUDFWLRQ 7 LV RI FODVV & � LI WKHUH H[LVWV DQ LQQHU IXQFWLRQ X VXFK WKDW
X�7 �  �� DQG DOVR WKDW WKH GHIHFW RSHUDWRU RI D FRQWUDFWLRQ 7 LV WKH QRQQHJDWLYH
FRQWUDFWLRQ �, b 7 e7 �

�
� � 7KH IROORZLQJ UHVXOW LV WR EH IRXQG LQ >�� 7KHRUHP �@�

3URSRVLWLRQ �� >�@ ,I 7 LV D 7 +1 FRQWUDFWLRQ ZLWK D +LOEHUW^6FKPLGW GHIHFW

RSHUDWRU� DQG LI QRUPDO VXEVSDFHV RI 7 UHGXFH 7 � WKHQ

7  8j' j 6�

ZKHUH 8 LV XQLWDU\� ' LV D GLDJRQDO & ��FRQWUDFWLRQ� DQG 6 LV D & ���FRQWUDFWLRQ

ZLWK QR LQYHUWLEOH SDUWV�

$V ZH KDYH FRPPHQWHG DERYH� FRQWUDFWLRQV LQ DQ\ RI WKRVH FODVVHV DSSHDULQJ
LQ WKH GLDJUDP RI 6HFWLRQ � KDYH & c� FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQGV �VHH
5HPDUNV � DQG � DQG &RUROODU\ ��� 2EVHUYH WKDW 7 +1 FRQWUDFWLRQV VDWLVI\LQJ WKH
K\SRWKHVLV RI 3URSRVLWLRQ � DOVR KDYH D & c� FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG�

5HI HU HQF HV

�� + �.� & K D� .�,� 6 K LQ DQ G - �.� .LP � 2Q W KH VXSHU FODVVHV RI TXDVLK\ SRQ RU PDO RSHU DW RU V� - �
.RHD 6 RF� 0DWK � ( G X F� � ������� ��^���

�� % �3 � 'X JJDO� 2Q GRPLQ DQ W RSHU DW RU V� $ U FK � 0DWK � �% DVHO� �� ������� ���^����
�� % �3 � 'X JJDO� 2Q XQ LW DU \ SDU W V RI FRQ W U DFW LRQ V� ,Q G LDQ - � 3 X U H $ S S O� 0DWK � �� ������� ����^

�����
�� % �3 � 'X JJDO� 2Q FKDU DFW HU LVLQ J FRQ W U DFW LRQ V Z LW K &�� SXU H SDU W � ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU

7 K HRU \ �� ������� ���^����
�� % �3 � 'X JJDO DQ G 6 �9 � 'MRU G MHY LwF� * HQ HU DOL] HG : H\ O
V W KHRU HP IRU D FODVV RI RSHU DW RU V VDW LV�

I\ LQ J D Q RU P FRQ GLW LRQ � 0DWK � 3 U RF� 5R\ DO ,U LVK $ FDG � ��� ������� ��^���
�� % �3 � 'X JJDO� 6 �9 � 'MRU G MHY LwF DQ G & �6 � .X E U X VO\ � + HU HGLW DU LO\ Q RU PDORLG FRQ W U DFW LRQ V� $ FWD

6 FL� 0DWK � �6 ]HJHG �� WR DS S HDU �������

�� ( � 'X U V]W� & RQ W U DFW LRQ V DV U HVW U LFW HG VKLIW V� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
�� 7 � )X U X WD� ,Q YLW DW LRQ W R / LQ HDU 2SHU DW RU V� 7 D\ ORU DQ G )U DQ FLV� /RQ G RQ � �����
�� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ � % LU N �

K �DX VHU � % RVWRQ � �����
��� & �6 � .X E U X VO\ � + LOEHU W 6 SDFH 2SHU DW RU V� % LU N K �DX VHU � % RVWRQ � �����
��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� & RQ W U DFW LRQ V Z LW K &c� GLU HFW VXPPDQ GV� $ G Y � 0DWK � 6 FL�

$ S S O� �� ������� ���^����
��� & �6 � .X E U X VO\ � 3 �& �0� 9 LHLU D DQ G '�2� 3 LQ WR� $ GHFRPSRVLW LRQ IRU D FODVV RI FRQ W U DFW LRQ V�

$ G Y � 0DWK � 6 FL� $ S S O� � ������� ���^����
��� .� 2N X E R� 7 KH XQ LW DU \ SDU W RI SDU DQ RU PDO RSHU DW RU V� + RN N DLG R 0DWK � - � � ������� ���^����
��� & �5� 3 X WQ DP � + \ SRQ RU PDO FRQ W U DFW LRQ V DQ G VW U RQ J SRZ HU FRQ YHU JHQ FH� 3 DFLp F - � 0DWK � ��

������� ���^����
��� - �*� 6 WDP S q L DQ G % �/� : DG K Z D� 2Q GRPLQ DQ W RSHU DW RU V� 0RQ DWVK � 0DWK � �� ������� ���^����
��� % � 6 ]��1 DJ\ DQ G & � )RLD|V� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH� 1 RU WK �+ ROODQ G �

$ P VWHU G DP � �����
��� 7 � < RVK LQ R� 7 KH XQ LW DU \ SDU W RI ) FRQ W U DFW LRQ V� 3 U RF� - DS DQ $ FDG � 6 HU � $ 0DWK � 6 FL� ��

������� ��^���

0 DW KHP DW LF V 'HSDU W P HQW � & RO O HJH RI 6F LHQF H� 8QLW HG $U DE (P LU DW HV 8QLYHU VLW \�
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