
-RXUQDO RI WKH .RUHDQ 0DWKHPDWLFDO 6RFLHW\ �� ������ ���^���

:(</
6 7+(25(06 )25 326,1250$/ 23(5$7256

% �3 � '8 **$ / $ 1 ' & $ 5/26 .8 % 58 6 /<

$EVW U DF W � $ Q RS HU DWRU 7 E HORQ JLQ J WR WK H DOJHE U D %�+� RI E RX Q G HG OLQ HDU
WU DQ VIRU P DWLRQ V RQ D + LOE HU W+ LQ WR LWVHOI LV VDLG WR E H SRVLQ RU PDO LI WK HU H H[ LVWV
D S RVLWLY H RS HU DWRU 3 � %�+� VX FK WK DW 77 e  7 e37 � $ S RVLQ RU P DO RS HU D�
WRU 7 LV VDLG WR E H FRQ GLW LRQ DOO\ W RW DOO\ SRVLQ RU PDO �U HVS �� W RW DOO\ SRVLQ RU PDO��
VK RU WHQ HG WR 7 � &73 �U HVS �� 7 � 73 �� LI WR HDFK FRP S OH[ Q X P E HU y WK HU H FRU �

U HVS RQ G V D S RVLWLY H RS HU DWRU 3y VX FK WK DW M�7by,�eM�  M3
�����

y
�7by,�M� �U HVS ��

LI WK HU H H[ LVWV D S RVLWLY H RS HU DWRU 3 VX FK WK DW M�7by,�eM�  M3
�����
�7by,�M� IRU

DOO y�� 7 K LV S DS HU S U RY HV : H\ O
V WK HRU HP W\ S H U HVX OWV IRU 73 DQ G &73 RS HU D�
WRU V� ,I $ � 73 � LI %e � &73 LV LVRORLG DQ G LI G$% � %�%�+�� G HQ RWHV HLWK HU
RI WK H HOHPHQ W DU \ RSHU DW RU V r$%�;�  $; b;% DQ G �$%�;�  $;%b;�
WK HQ LW LV S U RY HG WK DW G$% VDWLVp HV : H\ O
V WK HRU HP DQ G Ge

$%
VDWLVp HV D�: H\ O
V

WK HRU HP �

�� ,QW U RGXF W LRQ

'HQRWLQJ WKH DOJHEUD RI RSHUDWRUV �HTXLYDOHQWO\� ERXQGHG OLQHDU WUDQVIRUPDWLRQV�
RQ DQ LQpQLWH GLPHQVLRQDO FRPSOH[ +LOEHUW VSDFH + LQWR LWVHOI E\ %�+�� DQ RSHU�
DWRU 7 � %�+� LV VDLG WR EH SRVLQRUPDO �VKRUW IRU SRVLWLYH�QRUPDO� LI WKHUH H[LVWV
D 3 y � LQ %�+� VXFK WKDW 77 e  7 e37 � (TXLYDOHQWO\� 7 � %�+� LV SRVLQRU�
PDO LI WKHUH H[LVWV D FR�LVRPHWU\ 9 e � %�+� DQG D SRVLWLYH RSHUDWRU 3 � %�+�
VXFK WKDW 7  7 e39 e� 7KH FODVV RI SRVLQRUPDO RSHUDWRUV LV ODUJH� LW FRQWDLQV
LQ SDUWLFXODU WKH FODVVHV FRQVLVWLQJ RI K\SRQRUPDO �7 � %�+� � 77 e x 7 e7 �� 0�

K\SRQRUPDO �7 � %�+� � M�7 b y,�eM� x 0 M�7 b y,�M� IRU VRPH UHDO QXPEHU0 ! �
DQG DOO FRPSOH[ QXPEHUV y� DQG GRPLQDQW RSHUDWRUV �7 � %�+� � M�7 b y,�eM� x
0yM�7 b y,�M� IRU VRPH UHDO QXPEHU 0y ! � DQG DOO FRPSOH[ QXPEHUV y�� 7KH
FODVV RI SRVLQRUPDO RSHUDWRUV ZDV LQWURGXFHG E\ 5KDO\ >��@� DQG KDV VLQFH E\ FRQ�
VLGHUHG E\ -HRQ HW DO >��@� ,W LV HOHPHQWDU\ WR VHH WKDW WKH UHVWULFWLRQ RI D SRVLQRUPDO
RSHUDWRU WR DQ LQYDULDQW VXEVSDFH LV DJDLQ SRVLQRUPDO�

,W LV LPPHGLDWH IURP WKH GHpQLWLRQ RI SRVLQRUPDOLW\ WKDW D SRVLQRUPDO RSHUD�
WRU 7 VDWLVpHV 7b���� v 7 eb����� ZKLFK LPSOLHV WKDW D SRVLQRUPDO RSHUDWRU KDV
DVFHQW x �� $ SRVLQRUPDO RSHUDWRU 7 LV VDLG WR EH FRQGLWLRQDOO\ WRWDOO\ SRVL�

QRUPDO �UHVS�� WRWDOO\ SRVLQRUPDO�� VKRUWHQHG WR 7 � &73 �UHVS�� 7 � 73 �� LI
WR HDFK FRPSOH[ QXPEHU y WKHUH FRUUHVSRQGV D SRVLWLYH RSHUDWRU 3y VXFK WKDW
M�7 b y,�eM�  M3

�����

y �7 b y�M� �UHVS�� LI WKHUH H[LVWV D SRVLWLYH RSHUDWRU 3 VXFK WKDW
M�7 b y,�eM�  M3

�����
�7 b y�M� IRU DOO y�� &73 RSHUDWRUV KDYH EHHQ FRQVLGHUHG E\

-HRQ HW�DO� >��@ �ZKHUH WKH\ KDYH EHHQ FDOOHG WRWDOO\ SRVLQRUPDO�� 2EYLRXVO\� LI
7 � &73 � WKHQ �7 b y,� KDV DVFHQW x �� )XUWKHUPRUH� 7 � &73 LI DQG RQO\ LI 7
LV GRPLQDQW >��� 3URSRVLWLRQ ���@� 5HVWULFWLQJ WKHPVHOYHV WR RQO\ WKRVH 7 � &73
IRU ZKLFK WKH VSHFWUXP ���7 b y,�M0 �  I�J  � �7 b y,�M0  � IRU HYHU\

���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��% ��� ��$ ��� ��$ ���
. H\ Z RU GV� : H\ O
V WK HRU HP V� VLQ JOH Y DOX HG H[ WHQ VLRQ S U RS HU W\ � S RVLQ RU P DO RS HU DWRU V�

�
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0 � /DW�7 �� -HRQ HW DO >��� 7KHRUHP ��@ KDYH VKRZQ WKDW 7 VDWLVpHV :H\O
V WKH�
RUHP� ,Q WKLV QRWH ZH SURYH WKDW SRVLQRUPDO RSHUDWRUV VDWLVI\ :H\O
V WKHRUHPV
XQGHU FRQGLWLRQV ZKLFK DUH YLVLEO\ ZHDNHU WKDQ WKRVH FRQVLGHUHG LQ >��@� 7KH SODQ
RI WKLV QRWH LV DV IROORZV� ZH H[SODLQ RXU QRWDWLRQ DQG WHUPLQRORJ\ LQ 6HFWLRQ ��
ZLWK 6HFWLRQ � GHYRWHG WR SURYLQJ RXU PDLQ UHVXOWV� ,Q DGGLWLRQ WR SURYLQJ :H\O
V
WKHRUHP W\SH UHVXOWV IRU 73 DQG &73 RSHUDWRUV� ZH SURYH WKDW LI $ � 73 � LI
%e � &73 LV LVRORLG DQG LI G$% � %�%�+�� GHQRWHV HLWKHU RI WKH HOHPHQWDU\ RSHU�

DWRUV r$%�;�  $; b;% DQG �$%�;�  $;% b;� WKHQ G$% VDWLVpHV :H\O
V
WKHRUHP DQG Ge$% VDWLVpHV D�:H\O
V WKHRUHP�

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

$ %DQDFK VSDFH RSHUDWRU 7 � 7 � %� ; �� LV VDLG WR EH )UHGKROP� 7 � j�; �� LI
7 � ; � LV FORVHG DQG ERWK WKH GHpFLHQF\ LQGLFHV o�7 �  GLP�7b����� DQG p�7 �  
GLP�;  7 � ; �� DUH pQLWH� DQG WKHQ WKH LQGH[ RI 7 � LQG�7 �� LV GHpQHG WR EH LQG�7 �  
o�7 � b p�7 �� 7KH DVFHQW RI 7 � DVF�7 �� LV WKH OHDVW QRQ�QHJDWLYH LQWHJHU Q VXFK
WKDW 7bQ���  7b�Q� ����� DQG WKH GHVFHQW RI 7 � GVF�7 �� LV WKH OHDVW QRQ�QHJDWLYH
LQWHJHU Q VXFK WKDW 7Q��; ��  7Q� ���; ��� :H VKDOO� KHQFHIRUWK� VKRUWHQ �7 b y,�
WR �7 b y�� 7KH RSHUDWRU 7 LV :H\O LI LW LV )UHGKROP RI LQGH[ ]HUR� DQG 7 LV VDLG
WR EH %URZGHU LI LW LV )UHGKROP ?RI pQLWH DVFHQW DQG GHVFHQW�� /HW & GHQRWH WKH
VHW RI FRPSOH[ QXPEHUV� 7KH �)UHGKROP� HVVHQWLDO VSHFWUXP �H�7 �� WKH %URZGHU
VSHFWUXP �E�7 � DQG WKH :H\O VSHFWUXP �Z�7 � RI 7 RI DUH WKH VHWV

�H�7 �  Iy � & � 7 b y LV QRW )UHGKROPJ�

�E�7 �  Iy � & � 7 b y LV QRW %URZGHUJ

DQG

�Z�7 �  Iy � & � 7 b y LV QRW :H\OJ�

,I ZH OHW ~�7 � GHQRWH WKH UHVROYHQW VHW RI WKH RSHUDWRU 7 � ��7 � GHQRWH WKH XVXDO
VSHFWUXP RI 7 DQG DFF ��7 � GHQRWH WKH VHW RI DFFXPXODWLRQ SRLQWV RI ��7 �� WKHQ�

�H�7 � v �Z�7 � v �E�7 � v �H�7 � > DFF ��7 ��

/HW }��7 � GHQRWH WKH VHW RI 5LHV] SRLQWV RI 7 �L�H�� WKH VHW RI y � & VXFK WKDW
7 b y LV )UHGKROP RI pQLWH DVFHQW DQG GHVFHQW�� DQG OHW }���7 � GHQRWH WKH VHW
RI HLJHQYDOXHV RI 7 RI pQLWH JHRPHWULF PXOWLSOLFLW\� $OVR� OHW }D��7 � EH WKH VHW RI
y � & VXFK WKDW y LV DQ LVRODWHG SRLQW RI �D�7 � DQG � � GLP NHU�7by� � �� ZKHUH
�D�7 � GHQRWHV WKH DSSUR[LPDWH SRLQW VSHFWUXP RI WKH RSHUDWRU 7 � %�;�� &OHDUO\�
}��7 � v }���7 � v }D��7 �� :H VD\ WKDW %URZGHU
V WKHRUHP KROGV IRU 7 � %�;� LI

��7 � Q �Z�7 �  }��7 ��

:H\O
V WKHRUHP KROGV IRU 7 LI

��7 � Q �Z�7 �  }���7 ��

DQG D�:H\O
V WKHRUHP KROGV IRU 7 LI

�ZD�7 �  �D�7 � Q }D��7 ��

ZKHUH �ZD�7 � GHQRWH WKH HVVHQWLDO DSSUR[LPDWH SRLQW VSHFWUXP �L�H�� �ZD�7 �  
7

I�D�7 �.� � . � .�; �J ZLWK .�; � GHQRWLQJ WKH LGHDO RI FRPSDFW RSHUDWRUV RQ
; �� ,I ZH OHW j� � ; �  I7 � %�; � � o�7 � � � DQG 7 � ; � LV FORVHGJ GHQRWH WKH
VHPL�JURXS RI XSSHU VHPL�)UHGKROP RSHUDWRUV LQ %� ; �� WKHQ �ZD�7 � LV WKH FRPSOH�
PHQW LQ & RI DOO WKRVH y IRU ZKLFK �7 b y� � j� �; � DQG LQG�7 b y� x �� 7KH
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FRQFHSW RI D�:H\O
V WKHRUHP ZDV LQWURGXFHG E\ 5DNRxFYLwF� D�:H\O
V WKHRUHP IRU
7  � :H\O
V WKHRUHP IRU 7 � EXW WKH FRQYHUVH LV JHQHUDOO\ IDOVH >��@�

$Q RSHUDWRU 7 � %� ; � KDV WKH VLQJOH�YDOXHG H[WHQVLRQ SURSHUW\ DW y� � &� 69(3
DW y� � & IRU VKRUW� LI IRU HYHU\ RSHQ GLVF 'y � FHQWHUHG DW y� WKH RQO\ DQDO\WLF
IXQFWLRQ I � 'y � � ; ZKLFK VDWLVpHV

�7 b y�I�y�  � IRU DOO y � 'y �

LV WKH IXQFWLRQ I u �� 7ULYLDOO\� HYHU\ RSHUDWRU 7 KDV 69(3 DW SRLQWV RI WKH
UHVROYHQW & Q ��7 �� DOVR 7 KDV 69(3 DW y � LVR��7 �� :H VD\ WKDW 7 KDV 69(3

LI LW KDV 69(3 DW HYHU\ y � &� ,W LV NQRZQ WKDW D %DQDFK VSDFH RSHUDWRU 7 ZLWK
69(3 VDWLVpHV %URZGHU
V WKHRUHP >�� &RUROODU\ ����@ DQG WKDW %URZGHU
V WKHRUHP
KROGV IRU 7 �� %URZGHU
V WKHRUHP KROGV IRU 7 e >��@�

7KH DQDO\WLF FRUH .�7 b y� RI �7 b y� LV GHpQHG E\

.�7 b y�  I[ � ; � WKHUH H[LVWV D VHTXHQFH I[QJ ~ ; DQG r ! � IRU ZKLFK

[  [�� �7 b y�[Q� �  [Q DQG N[QN x rQN[N IRU DOO Q  �� �� ���J�

:H QRWH WKDW +��7 b y� DQG .�7 b y� DUH �JHQHUDOO\� QRQ�FORVHG K\SHULQYDULDQW
VXEVSDFHV RI �7 b y� VXFK WKDW �7 b y�bS��� v +��7 b y� IRU DOO S  �� �� �� ��� DQG
�7 b y�.�7 b y�  .�7 b y� >��@�

7KH RSHUDWRU 7 � %�; � LV VDLG WR EH VHPL�UHJXODU LI 7 � ; � LV FORVHG DQG 7b���� ~
7 � � ; �  

7

Q� 1
7Q� ; �� 7 DGPLWV D JHQHUDOL]HG .DWR GHFRPSRVLWLRQ� *.' IRU

VKRUW� LI WKHUH H[LVWV D SDLU RI 7 �LQYDULDQW FORVHG VXEVSDFHV �0�1� VXFK WKDW ;  
0 j1 � WKH UHVWULFWLRQ 7 M0 LV TXDVLQLOSRWHQW DQG 7 M1 LV VHPL�UHJXODU� $Q RSHUDWRU
7 � %�; � KDV D *.' DW HYHU\ y � LVR��7 �� QDPHO\ ;  +��7 b y�j.�7 b y��
:H VD\ WKDW 7 LV RI .DWR W\SH DW D SRLQW y LI �7 b y�M0 LV QLOSRWHQW LQ WKH *.'
IRU �7 b y�� )UHGKROP RSHUDWRUV DUH .DWR W\SH >��� 7KHRUHP �@� DQG RSHUDWRUV
7 � %�; � VDWLVI\LQJ SURSHUW\ +�S��

+�S� +��7 b y�  �7 b y�bS���

IRU VRPH LQWHJHU S y �� DUH .DWR W\SH DW LVRODWHG SRLQWV RI ��7 � �EXW QRW HY�
HU\ .DWR W\SH RSHUDWRU 7 VDWLVpHV SURSHUW\ +�S��� /HW �NW�7 �  Iy � & �
7 b y LV QRW .DWR W\SHJ� 7KH VHW �NW�7 � LV NQRZQ WR EH D FORVHG VXEVHW RI &
VXFK WKDW �NW�7 � v �D�7 � >�@�

�� 0 DLQ 5HVXO W V

:H VD\ LQ WKH IROORZLQJ WKDW DQ RSHUDWRU 7 � %�+� LV FRQGLWLRQDOO\ WRWDOO\

SRVLQRUPDO � &73 IRU VKRUW� LI WR HDFK y � & WKHUH FRUUHVSRQGV DQ RSHUDWRU 3y y �
VXFK WKDW M�7 by�eM� x M3

�����

y �7 by�M�� 7 ZLOO EH VDLG WR EH WRWDOO\ SRVLQRUPDO � 73
IRU VKRUW� LI 7 LV &73 DQG WKH SRVLWLYH RSHUDWRU 3y FDQ EH FKRVHQ LQGHSHQGHQW RI
y� ,W LV HDV\ WR VHH WKDW 7 LV &73 LI DQG RQO\ LI LW LV GRPLQDQW� DQG WKDW 7 LV 73
LI DQG RQO\ LI LW LV 0�K\SRQRUPDO� &OHDUO\� 73 RSHUDWRU VDWLVI\ %LVKRS
V FRQGLWLRQ
�p� >��@ DQG KHQFH DUH VXEVFDODU� ,I ZH OHW A7 GHQRWH WKH JHQHUDOL]HG VFDODU H[WHQVLRQ
RI 7 WR VRPH +LOEHUW VSDFH . � +� WKHQ WKHUH H[LVWV DQ LQWHJHU S y � VXFK WKDW
+�� A7 by�  � A7 by�bS��� IRU HDFK y � & >�� 7KHRUHP ���� &KDSWHU�@� 7KH +LOEHUW

VSDFH + EHLQJ LQYDULDQW IRU A7 � +�� A7 M+by�  +�� A7 by�?+  � A7 by�bS���?+  

� A7 M+ b y�bS���� L�H�� 7 VDWLVpHV WKH SURSHUW\ +�S� IRU DOO y � &� )LQDOO\� VLQFH
DVF�7 b y� x �� 7 VDWLVpHV SURSHUW\ +����
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/HW +���7 �� �UHVS�� +����7 ��� GHQRWH WKH VHW RI DQDO\WLF IXQFWLRQV ZKLFK DUH
GHpQHG RQ DQ RSHQ QHLJKERXUKRRG 8 RI ��7 � �UHVS�� WKH VHW RI I � +���7 �� ZKLFK
DUH QRQ�FRQVWDQW RQ HDFK RI WKH FRQQHFWHG FRPSRQHQWV RI WKH RSHQ QHLJKERXUKRRG
8 RI ��7 � RQ ZKLFK I LV GHpQHG�� 5HFDOO WKDW DQ RSHUDWRU 7 LV VDLG WR EH LVRORLG LI
HDFK y � LVR��7 � LV DQ HLJHQ�YDOXH RI 7 �

7KHRUHP ���� /HW 7 � 73 � 7KHQ�

�L� I�7 � DQG I�7 e� VDWLVI\ :H\O
V WKHRUHP IRU HYHU\ I � +���7 ���
�LL� 7 e VDWLVpHV D�:H\O
V WKHRUHP�

�LLL� ,I 7 e KDV 69(3� WKHQ 7 VDWLVpHV D�:H\O
V WKHRUHP�

�LY� ,I 7 LV WKH TXDVL�DrQH WUDQVIRUP RI DQ RSHUDWRU 6 � %�+�� WKHQ I�6� DQG
I�6e� VDWLVI\ :H\O
V WKHRUHP IRU HYHU\ I � +���7 ���

3URRI� 7KH SURRI RI �L� IROORZV IURP >��� &RUROODU\ ��� @ �VHH DOVR >�@�� :H QRWH WKDW
LI 7 LV WKH TXDVL�DrQH WUDQVIRUP RI 6 DQG 7 VDWLVpHV SURSHUW\ +�S�� WKHQ 6 VDWLVpHV
SURSHUW\ +�S� >��� /HPPD ���@� DQG WKLV LPSOLHV �LY� >��� &RUROODU\ ���@� 7R SURYH
�LL�� ZH QRWLFH WKDW 7 VDWLVpHV SURSHUW\ +���  � 7 KDV pQLWH DVFHQW �DQG KHQFH
69(3�� ZKLFK LPSOLHV WKDW ��7 e�  �D�7

e� >��� SS� ��@ DQG }D��7
e�  }���7

e�� :H
SURYH WKDW �ZD�7

e�  �Z�7
e�� VLQFH 7 e VDWLVpHV :H\O
V WKHRUHP E\ �L�� WKLV ZRXOG

WKHQ LPSO\ WKDW �D�7
e�Q�ZD�7

e�  }D��7
e�� ,W EHLQJ FOHDU WKDW �ZD�7

e� v �Z�7
e��

ZH SURYH WKH UHYHUVH LQFOXVLRQ� 6LQFH

y  � �ZD�7
e� �� �7 b y�e � j� �+� DQG LQG�7 b y�e x ��

WKH K\SRWKHVLV 7 KDV 69(3 LPSOLHV WKDW

GVF�7 b y�e � � �>�� 7KHRUHP ���@�� o�7 b y�e � � DQG LQG�7 b y�e x ��

6LQFH GVF�7 b y�e � �  � LQG�7 b y�e y � >��� 3URSRVLWLRQ ����@� LW IROORZV WKDW

GVF�7 b y�e � �� o�7 b y�e  p�7 b y�e � �  � y  � �Z�7
e��

7KLV OHDYHV XV ZLWK WKH SURRI RI �LLL��
7KH K\SRWKHVLV 7 e KDV 69(3 LPSOLHV ��7 �  �D�7 � >��� SS� ��@� DQG KHQFH

}D��7 �  }���7 �� :H SURYH WKDW �ZD�7 �  �Z�7 �� VLQFH 7 VDWLVpHV :H\O
V WKHRUHP
�E\ SDUW �L��� WKLV ZRXOG WKHQ LPSO\ WKDW �D�7 � Q �ZD�7 �  }D��7 �� ,W EHLQJ FOHDU
WKDW y  � �Z�7 �  � y  � �ZD�7 �� ZH SURYH WKDW y  � �ZD�7 �  � y  � �Z�7 �� 6LQFH
y  � �ZD�7 ��� �7by� � j� �;� DQG LQG�7by� x �� WKH K\SRWKHVLV 7 e KDV 69(3
LPSOLHV WKDW GVF�7 b y� � � >�� 7KHRUHP ���@� o�7 b y� � � DQG LQG�7 b y� x ��
$JDLQ� VLQFH GVF�7 by� � � LPSOLHV LQG�7 by� y � >��� 3URSRVLWLRQ ����@� ZH JHW�

y  � �ZD�7 � �� GVF�7 b y� � � DQG o�7 b y�  p�7 b y� � ��

ZKLFK LPSOLHV WKDW y  � �Z�7 ��

7KH H[DPSOH RI D TXDVL�QLOSRWHQW &73 RSHUDWRU VKRZV WKDW &37 RSHUDWRUV GR
QRW VDWLVI\ SURSHUW\ +�S�� �6XFK RSHUDWRUV H[LVW� VHH >��� ([DPSOH �@�� 6LQFH

�7 by�b���� v �7 b y�eb���� IRU &73 RSHUDWRUV 7 � &73 RSHUDWRUV KDYH DVFHQW x
�� ,Q SDUWLFXODU� &73 RSHUDWRUV KDYH 69(3�

/HPPD ���� $ QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU WKH LVRODWHG SRLQWV RI WKH

VSHFWUXP RI D %DQDFK VSDFH RSHUDWRU 7 � 7 � %�; �� WR EH SROHV RI WKH UHVROYHQW RI

7 LV WKDW LVR��7 � ? �NW�7 �  ��
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3URRI� ,I LVR��7 �?�NW�7 �  �� WKHQ y � LVR��7 �  � 7by LV .DWR W\SH� 6LQFH ERWK
�7by� DQG �7by�e KDYH 69(3 DW �� LW IROORZV �IURP >�� 7KHRUHPV ��� DQG ���@ DQG
>��� 3URSRVLWLRQ ������@� WKDW DVF�7 b y�  GVF�7 b y� � �  � y LV D SROH RI WKH
UHVROYHQW RI 7 >��� 3URSRVLWLRQ ����@� &RQYHUVHO\� LI HDFK y � LVR��7 � LV D SROH �RI
VRPH pQLWH RUGHU S� RI WKH UHVROYHQW RI 7 � WKHQ ;  �7 by�bS���j�7 by�S� ; �  �
y  � �NW�; �  � LVR��7 � ? �NW�7 �  ��

7KHRUHP ���� ,I 7 � &73 LV VXFK WKDW LVR��7 � ? �NW�7 �  �� WKHQ�

�L� I�7 � VDWLVpHV :H\O
V WKHRUHP IRU HYHU\ I � +���7 �� DQG 7 e VDWLVpHV D�
:H\O
V WKHRUHP�

,I DOVR 7 e KDV 69(3� WKHQ�

�LL� I�7 � VDWLVpHV D�:H\O
V WKHRUHP IRU HYHU\ I � +����7 ���

3URRI� �L� :H VWDUW E\ SURYLQJ WKDW 7 VDWLVpHV :H\O
V WKHRUHP� 6LQFH 7 � &73  �

�7 by�b���� v �7 b y�e
b�
���� DVF�7 by� x � IRU DOO y � &  � 7 KDV 69(3  � 7

VDWLVpHV %URZGHU
V WKHRUHP  � ��7 � Q �Z�7 �  }��7 � v }���7 �� )RU WKH UHYHUVH
LQFOXVLRQ� OHW y � }���7 �� 7KHQ� VLQFH LVR��7 � ? �NW�7 �  �� y � }��7 � �E\
/HPPD ����  ��7 � Q �Z�7 �� 7KXV ��7 � Q �Z�7 �  }���7 �� DQG 7 VDWLVpHV :H\O
V
WKHRUHP� ,W LV FOHDU IURP /HPPD ��� WKDW 7 LV LVRORLG  � ��I�7 �� Q }���I�7 ��  
I���7 � Q }���I�7 ��� >��� /HPPD@� 6LQFH 7 KDV 69(3� �Z�I�7 ��  I��Z�7 �� IRU
HYHU\ I � +���7 �� >�� &RUROODU\ ���@� :H DOUHDG\ NQRZ WKDW 7 VDWLVpHV :H\O
V
WKHRUHP� +HQFH

��I�7 �� Q }���I�7 ��  I��Z�7 ��  �Z�I�7 ���

L�H�� I�7 � VDWLVpHV :H\O
V WKHRUHP�

7KH SURRI WKDW 7 e VDWLVpHV D�:H\O
V WKHRUHP LV VLPLODU WR WKDW RI 7KHRUHP ����LL��
DQG LV OHIW WR WKH UHDGHU�

�LL� /HW I � +����7 ��� 7KHQ 7 e KDV 69(3  � I�7 e�  I�7 �e KDV 69(3 >���
7KHRUHP �����@  � ��I�7 ��  �D�I�7 �� >��� SS� ��@� $UJXLQJ DV EHIRUH LW LV VHHQ
WKDW �Z�I�7 ��  �ZD�I�7 ��� 6LQFH I�7 � VDWLVpHV :H\O
V WKHRUHP E\ SDUW �L��

�D�I�7 �� Q �ZD�I�7 ��  ��I�7 �� Q �Z�I�7 ��  }���I�7 ��  }�D�I�7 ���

L�H� I�7 � VDWLVpHV D�:H\O
V WKHRUHP�

:H UHPDUN KHUH WKDW 7KHRUHP ��� KDV D PRUH JHQHUDO %DQDFK VSDFH YHUVLRQ� VHH
>�@� $ &73 RSHUDWRU 7 VXFK WKDW ��7 b y�  I�J  � 7  y, VDWLVpHV LVR��7 � ?
�NW�7 �  �� WKLV LV VHHQ DV IROORZV� ,I y � LVR��7 �� WKHQ +  +��7 b y�j.�7 b
y�� 7KH RSHUDWRU �7 b y�M+ � �7by� EHLQJ &73 ZLWK ���7 b y�M+ � �7by��  I�J�
�7 b y�M+ � �7by�  �  � 7 LV .DWR W\SH� 2EYLRXVO\� 7KHRUHP ��� FRQWDLQV >���
7KHRUHPV �� DQG ��@�

$Q HOHPHQWDU\ RSHUDWRU� /HW $ � 73 DQG OHW %e � &73 � 'HpQH WKH HOH�

PHQWDU\ RSHUDWRU �$% � %�%�+�� DQG WKH JHQHUDOL]HG GHULYDWLRQ r$% � %�%�+��
E\ �$%�;�  $;% b; DQG r$%�;�  $; b;%� /HW G$% � %�%�+�� GHQRWH
HLWKHU RI WKH RSHUDWRUV �$% DQG r$% � :H SURYH LQ WKH IROORZLQJ WKDW LI %

e KDV WKH
LVRORLG SURSHUW\ �L�H�� LI WKH LVRODWHG SRLQWV RI ��%e� DUH HLJHQYDOXHV RI %e�� WKHQ
I�G$%� VDWLVpHV :H\O
V WKHRUHP IRU HDFK I � +���G$%��� WKHUHE\ JHQHUDOL]LQJ >��
7KHRUHP ���@� :H VWDUW ZLWK WKH IROORZLQJ OHPPD RQ WKH DVFHQW RI G$%�

/HPPD ���� DVF�G$% b y� x � IRU DOO y � &�
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3URRI� 5HFDOO WKDW $ � 73 LI DQG RQO\ LI $ LV 0 �K\SRQRUPDO DQG %e � 7&3
LI DQG RQO\ LI %e LV GRPLQDQW� 5HFDOO DOVR WKDW LI $ � %�+� LV 0 �K\SRQRUPDO
DQG %e � %�+� LV GRPLQDQW� WKHQ r$%�;�  �  � r$ � % � �;�  � >��@� 7KXV
�G$%�

b���� v �G$ � % � �
b���� >�� 7KHRUHP �@� (YLGHQWO\� LI %e � &73 � WKHQ WKH

RSHUDWRUV o%e DQG �
p
%e DUH &73 IRU DOO o DQG QRQ�]HUR p LQ &� +HQFH �G$% b

y�b���� v �G$ � % � b y�b���� IRU DOO y � &� 7KLV� E\ >�� 3URSRVLWLRQ ���@� LPSOLHV
WKDW DVF�G$% b y� x ��

/HPPD ���� ,I %e LV LVRORLG� WKHQ LVR��G$%� ? �NW�G$%�  ��

3URRI� :H SURYH WKDW +��G$% b y�  �G$% b y�b���� IRU DOO y � LVR��G$%�� 6LQFH
y � LVR��G$%�  � %�+�  +��G$%by�j.�G$%by�� WKLV ZRXOG WKHQ LPSO\ WKDW
%�+�  �G$% b y�b����j �G$% b y��%�+��� L�H� G$% b y LV .DWR W\SH DQG KHQFH
y  � �NW�G$%�� 5HFDOO WKDW DQ 0 �K\SRQRUPDO �HTXLYDOHQWO\� 73 � RSHUDWRU LV LVRORLG
�LQGHHG� WKH LVRODWHG SRLQWV RI WKH VSHFWUXP RI VXFK DQ RSHUDWRU DUH VLPSOH SROHV RI
WKH UHVROYHQW RI WKH RSHUDWRU�� DQG WKDW WKH HLJHQYDOXHV RI D GRPLQDQW �HTXLYDOHQWO\�
&73 � RSHUDWRU DUH QRUPDO HLJHQYDOXHV RI WKH RSHUDWRU�

7KH FDVH G$%  �$%� /HW y � LVR���$%�� :H GLYLGH WKH SURRI LQWR WKH
FDVHV y  b� DQG y � b�� /HW j$%  /$5%� ZKHUH /$ DQG 5% � %�%�+�� DUH
RSHUDWRUV RI ?OHIW PXOWLSOLFDWLRQ E\ $� DQG ?ULJKW PXOWLSOLFDWLRQ E\ %� �UHVSHF�
WLYHO\�� ,I y  b�� WKHQ � � LVR��j$%�� 6LQFH ��j$%�  >I��]$� � ] � ��%�J
>��� 7KHRUHP ���@� ZH PXVW KDYH HLWKHU � � LVR��%� RU � � LVR��$�� 6XSSRVH
WKDW � � LVR��%�� �7KH RWKHU FDVH LV VLPLODUO\ GHDOW ZLWK�� 7KHQ � FDQ QRW EH D
OLPLW SRLQW RI ��$�� )RU LI � LV D OLPLW SRLQW RI ��$�� WKHQ WKHUH H[LVWV D VHTXHQFH
IoQJ � ��$� VXFK WKDW oQ � � � ��$�� &KRRVLQJ D QRQ�]HUR ] � ��%� ZH WKHQ
KDYH D VHTXHQFH I]oQJ � ��j$%� VXFK WKDW ]oQ � � ZKLFK FRQWUDGLFWV WKH IDFW WKDW
� � LVR��j$%�� �:H UHPDUN KHUH WKDW VXFK D FKRLFH RI ] LV DOZD\V SRVVLEOH� IRU LI QRW
WKHQ ��%�  I�J DQG % LV WKH ]HUR RSHUDWRU�� 7KH FRQFOXVLRQ WKDW � FDQ QRW EH D
OLPLW SRLQW RI ��$� LPSOLHV WKDW HLWKHU �  � ��$� RU � � LVR��$�� ,I �  � ��$�� WKHQ $
LV LQYHUWLEOH DQG +��j$%�  +��j,%�� 1RWLFH WKDW � � LVR��%�  � � � LVR��%e��
6LQFH %e � &73 LV LVRORLG� NHU�%e� UHGXFHV % DQG %  � j %� ZLWK UHVSHFW WR
WKH GHFRPSRVLWLRQ +  NHU�%e� j NHU"�%e�  +� j +�� VD\� RI +� &OHDUO\� WKH
RSHUDWRU %�  %M+ � LV LQYHUWLEOH� /HW ; � +� j +� � +� j +� KDYH WKH PDWUL[
UHSUHVHQWDWLRQ ;  >;LM @

�
L�M  �� 7KHQ

OLP
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LI DQG RQO\ LI ERWK MM;��%
Q
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�
	 DQG MM;��%

Q
� MM

�
	 � � DV Q � �� 7KH RSHUDWRU %� EH�

LQJ LQYHUWLEOH� j,% � LV LQYHUWLEOH  � ;��  ;��  � DQG +��j$%�  �j$%�
b�����

1RZ OHW � � LVR��$�� 7KHQ $  � j $� ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ
+  NHU�$�j NHU"�$�  + �

� j+ �
�� VD\� RI +� ZKHUH WKH RSHUDWRU $�  $M+ 
� LV LQ�

YHUWLEOH� /HW; � +�j+� � + �
�j+ �

� KDYH WKH PDWUL[ UHSUHVHQWDWLRQ;  >;LM @
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L�M  ��

7KHQ

OLP
Q � �

MMjQ
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ZKLFK LPSOLHV +��j$%�  �j
b�
$%���� 7KLV OHDYHV XV ZLWK WKH FDVH y � b�� ZKLFK

ZH FRQVLGHU QH[W�

,I y � b�� WKHQ ��$% b y��;�  $;% b �� � y�;� DQG LW IROORZV IURP >���
7KHRUHP ���@ WKDW

���$% b y�  
>

I��b�� � y� � ]$� � ] � ��%�J�

,I y � LVR���$%�� WKHQ � � LVR���$%by�� 7KHUH H[LVWV D pQLWH VHW Ip�� p�� ���� pQJ
RI GLVWLQFW QRQ�]HUR YDOXHV RI ] � LVR��%�� DQG FRUUHVSRQGLQJ WR WKHVH YDOXHV RI
] D pQLWH VHW Io�� o�� ���� oQJ RI GLVWLQFW QRQ�]HUR YDOXHV oL � LVR��$� VXFK WKDW
oLpL  � � y IRU DOO � x L x Q� /HW

+�  
BQ

L �
NHU�%bpL�

e� + �
�  

BQ

L �
NHU�$boL�� +�  +k+� DQG + �

�  +k+ �
��

7KHQ $ DQG % KDYH WKH GLUHFW VXP GHFRPSRVLWLRQV $  $�j$� DQG %  %�j%��
ZKHUH $�  $M+ 
� DQG %�  %M+ � DUH QRUPDO RSHUDWRUV ZLWK pQLWH VSHFWUXP� %� LV
LQYHUWLEOH� $�  $M+ 
� %�  %M+ � � DQG ��$�� ? ��$��  �  ��%�� ? ��%��� /HW

; � +� j+� � + �
� j+ �

� KDYH WKH PDWUL[ UHSUHVHQWDWLRQ ;  >;LM @
�
L�M  �� 7KHQ

OLP
Q� �

MM��$% b y�Q�;�MM
�
	  OLP

Q� �

p

p

p

p

p

p

p

p

x

��$ � % � b y�Q�;��� ��$ � % � b y�Q�;���
��$ � % � b y�Q�;��� ��$ � % � b y�Q�;���
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p

p

p

p

p

p
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 �

�� OLP
Q� �

MM��$ � % � b y�Q�;LM�MM
�
	  �

IRU DOO � x L� M x �� &OHDUO\� �  � ���$ � % � by� IRU DOO � x L� M x � VXFK WKDW L� M � ��
KHQFH

OLP
Q� �

MM��$ � % � b y�Q�;LM�MM
�
	  �  � ;LM  �

IRU DOO � x L� M x � VXFK WKDW L� M � �� 7KH RSHUDWRUV $� DQG %� DUH QRUPDO�
6LQFH %� LV LQYHUWLEOH LPSOLHV ��$ � % � by��;���  �$�;��b;������y�%b�

� ��%�  
r
$ � ���� y�% 


�
� ��;��%��� DQG VLQFH

OLP
Q� �

MMrQ&'�< �MM
�
	  � �� r&'�< �  �

IRU QRUPDO & DQG ' >��� /HPPD �@ �VHH DOVR >�@��

+���$ � % � b y�  ��$ � % � b y�b����  � +���$% b y�  ��$% b y�b�����

7KH FDVH G$%  r$%� /HW y � LVR��r$%�� 7KHQ � � LVR��r$% b y�� ZKHUH
��r$%by�  ��$�b��%�y� >��@� +HQFH ��$�?��%�y� FRQVLVWV RI SRLQWV ZKLFK DUH
LVRODWHG LQ ERWK ��$� DQG ��%�y�� ,Q SDUWLFXODU� ��$�?��%�y� GRHV QRW FRQWDLQ
DQ\ OLPLW SRLQWV RI ��$� > ��% � y�� 7KHUH H[LVW pQLWH VHWV 6�  Io�� o�� ���� oQJ
DQG 6�  �p�� p�� ���� pQ� RI GLVWLQFW YDOXHV oL DQG pL VXFK WKDW HDFK oL LV DQ LVRODWHG
SRLQW RI ��$�� HDFK pL LV DQ LVRODWHG SRLQW RI ��%�� DQG oLbpL  y IRU DOO � x L x Q�
/HW

+�  
BQ

L �
NHU�%boL�

e� + �
�  

BQ

L �
NHU�$boL�� +�  +k+� DQG + �

�  +k+ �
��

'HpQH WKH QRUPDO RSHUDWRUV $� DQG %�� DQG WKH RSHUDWRUV $� DQG %�� DV EHIRUH�
/HWWLQJ ; � +� j+� � + �

� j+ �
� KDYH WKH PDWUL[ UHSUHVHQWDWLRQ ;  >;LM @
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LV WKHQ VHHQ WKDW
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IRU DOO � x L� M x �� 6LQFH ��$L� ? ��%M � y�  � IRU DOO � x L� M x � VXFK WKDW
L� M � � �VR WKDW �  � ��rDE b y� IRU DOO � x L� M x � VXFK WKDW L� M � ��� ;LM  � IRU
DOO � x L� M x � VXFK WKDW L� M � �� 7KH RSHUDWRUV $� DQG %� EHLQJ QRUPDO

OLP
Q� �

MM�r$ � % � b y�Q�;���MM
�
	  ��� �r$ � % � b y��;���  �

>��� /HPPD �@� +HQFH +��r$ � % � b y�  �r$ � % � b y�b����� ZKLFK LPSOLHV WKDW
+��G$% b y�  �r$% b y�b�����

7KHRUHP ���� /HW $ � 73 DQG %e � &73 � ,I %e LV LVRORLG� WKHQ ZH KDYH WKH

IROORZLQJ�

�L� I�G$%� VDWLVpHV :H\O
V WKHRUHP IRU HDFK I � +���G$%��
�LL� Ge$% VDWLVpHV D�:H\O
V WKHRUHP�

,I DOVR Ge$% KDV 69(3� WKHQ�

�LLL� I�G$%� VDWLVpHV D�:H\O
V WKHRUHP IRU HDFK I � +����G$%���

3URRI� �L� :H VWDUW E\ SURYLQJ WKDW G$% DQG Ge$% VDWLVI\ :H\O
V WKHRUHP� 6LQFH
DVF�G$% b y� x � �E\ /HPPD ����� G$% KDV 69(3  � G$% DQG Ge$% VDWLVI\
%URZGHU
V WKHRUHP �VHH >�� &RUROODU\ ����@ DQG >��@�� :H SURYH WKDW }���G$%� v
}��G$%�� ZKLFK ZRXOG WKHQ LPSO\ }���G$%�  }��G$%� DQG KHQFH WKDW G$% VDWLVpHV
:H\O
V WKHRUHP� /HW y � }���G$%�� WKHQ y � LVR��G$%� DQG � � o�G$% b y� �
�� 6LQFH LVR��G$%� ? �NW�G$%�  � �E\ /HPPD ����� G$% b y LV .DWR W\SH DQG
%�+�  �G$% by�b����j �G$% b y��%�+��  � y LV D VLPSOH SROH RI WKH UHVROYHQW
RI G$%  � }���G$%� v }��G$%�� 7KH FRQFOXVLRQ G$% VDWLVpHV :H\O
V WKHRUHP
LPSOLHV WKDW ��G$%� Q �Z�G$%�  }���G$%�  }��G$%�� 6LQFH

y  � �Z�G$%� �� �G$% b y� � j�%�+�� DQG LQG�G$% b y�  �

�� �Ge$% b y,e� � j�%�+�� DQG LQG�Ge$% b y,e�  �

�� y  � �Z�G
e
$%��

�Z�G$%�  �Z�G
e
$%�� +HQFH� VLQFH ��G$%�  ��Ge$%��

��Ge$%�Q�Z�G
e
$%� ��G$%�Q�Z�G$%� }���G$%� }��G$%� }��G

e
$%�v}���G

e
$%��

)RU WKH UHYHUVH LQFOXVLRQ� OHW y � }���G
e
$%�� 7KHQ o�Ge$% by,e� � �  � p�G$% b

y� � �� 6LQFH y � LVR��Ge$%�  � y � LVR��G$%�� ERWK G$% DQG G
e
$% KDYH 69(3 DW

y� 7KXV� VLQFH �7by� LV .DWR W\SH� DVF�G$%by�  GVF�G$%by� � � �>�� 7KHRUHPV
��� DQG ���@� DQG � � o�G$%by�  p�G$%by� � � �>��� 3URSRVLWLRQ ����@�� +HQFH
y � }��G$%�  }���G$%�� ZKLFK LPSOLHV WKDW ��G

e
$%� Q �Z�G

e
$%�  }���G

e
$%��

7KH LVRORLG SURSHUW\ RI G$% �VHH WKH SURRI RI /HPPD ���� LPSOLHV WKDW ��I�G$%�Q
}���I�G$%��  I���G$%� Q }���G$%�� >��� /HPPD@� 6LQFH G$% KDV 69(3� ZH JHW
�Z�I�G$%��  I��Z�G$%�� IRU HYHU\ I � +���G$%�� >�� &RUROODU\ ���@� +HQFH�
VLQFH ��G$%� Q �Z�G$%�  }���G$%��

��I�G$%� Q }���I�G$%���  I��Z�G$%��  �Z�IG$%���

L�H�� I�G$%� VDWLVpHV :H\O
V WKHRUHP�

7R SURYH SDUWV �LL� DQG �LLL� RQH DUJXHV DV LQ WKH SURRI RI 7KHRUHP ����
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5HI HU HQF HV

>�@ 3 � $ LHQ D DQ G 2� 0RQ VDOY H� 7 KH VLQ JOH YDOXHG H[W HQ VLRQ SU RSHU W \ DQ G W KH JHQ HU DOL] HG . DW R

GHFRPSRVLW LRQ SU RSHU W \ � $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
>�@ 3 � $ LHQ D DQ G )� 9 LOODIDaQ H� : H\ O
V W KHRU HP RI VRPH FODVVHV RI RSHU DW RU V� ( [ WU DFWD 0DWK � �LQ
S U HVV��

>�@ 3 � $ LHQ D DQ G 0� 0E HN K WD� & KDU DFW HU L] DW LRQ RI VRPH FODVVHV RI RSHU DW RU V E\ PHDQ V RI W KH

. DW R GHFRPSRVLW LRQ � % ROO� 8 Q � 0DW� ,W� ���$ ������� ���^����
>�@ 6 � 5� & DU DG X V� : � ( � 3 IDoHQ E HU JHU DQ G < � % HU WU DP � & DONLQ $ OJHEU DV DQ G $ OJHEU DV RI RSHU D�

W RU V RQ %DQ DFK 6 SDFHV� 0DU FHO 'HN N HU � 1 HZ < RU N �������
>�@ ,� & RORMRDU xD DQ G & � )RLD|V� 7 KHRU \ RI * HQ HU DOL] HG 6 SHFW U DO 2SHU DW RU V� *RU G RQ DQ G % U HDFK �
1 HZ < RU N �������

>�@ 5�( � & X U WR DQ G < �0� + DQ � : H\ O
V W KHRU HP� D� : H\ O
V W KHRU HP DQ G ORFDO VSHFW U DO W KHRU \ � - �
/RQ G RQ 0DWK � 6 RF� �� ������� ���^����

>�@ % � 3 � 'X JJDO� $ U HPDU N RQ JHQ HU DOL] HG 3 XW Q DP� )XJOHGH W KHRU HPV� 3 U RF� $ P HU � 0DWK � 6 RF�
��� ������� ��^���

>�@ % � 3 � 'X JJDO� : H\ O
V W KHRU HP IRU D JHQ HU DOL] HG GHU LYDW LRQ DQ G DQ HOHPHQ W DU \ RSHU DW RU � 0DWK �
9 HVQ LN �� ������� ��^���

>�@ % � 3 � 'X JJDO� 6 � 9 � 'MRU G MY LwF DQ G & � 6 � .X E U X VO\ � . DW R W \ SH RSHU DW RU V DQ G : H\ O
V W KHRU HP�
- � 0DWK � $ Q DO� $ S S O� �LQ S U HVV��
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