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$EVW U DF W � $ % DQ DFK VS DFH RS HU DWRU 7 VDWLVp HV : H\ O
V WK HRU HP LI DQ G RQ O\ LI
7 RU 7

e K DV 6 9 ( 3 DW DOO FRP S OH[ Q X P E HU V y LQ WK H FRP S OHP HQ W RI WK H : H\ O
VS HFWU X P RI 7 DQ G 7 LV .DWR W\ S H DW DOO y Z K LFK DU H LVRODWHG HLJHQ Y DOX HV RI
7 RI p Q LWH DOJHE U DLF P X OWLS OLFLW\ � ,I 7

e �U HVS �� 7 � K DV 6 9 ( 3 DQ G 7 LV .DWR
W\ S H DW DOO y Z K LFK DU H LVRODWHG HLJHQ Y DOX HV RI 7 RI p Q LWH DOJHE U DLF P X OWLS OLFLW\
�U HVS �� 7 LV .DWR W\ S H DW DOO y � LVR��7 ��� WK HQ 7 VDWLVp HV D�: H\ O
V WK HRU HP
�U HVS �� 7 e VDWLVp HV D�: H\ O
V WK HRU HP ��

��� ,QW U RGXF W LRQ

/HW %�;�  %�;�;� GHQRWH WKH DOJHEUD RI RSHUDWRUV �HTXLYDOHQWO\� ERXQGHG
OLQHDU WUDQVIRUPDWLRQV� RQ D %DQDFK VSDFH ;� /HW �Z�7 � GHQRWH WKH :H\O VSHFWUXP
RI 7 � DQG OHW }���7 � GHQRWH WKH VHW RI LVRODWHG HLJHQYDOXHV z RI 7 IRU ZKLFK GLP��7b
z,�b����� � �� $Q RSHUDWRU 7 � %�;� LV VDLG WR VDWLVI\ :H\O
V WKHRUHP LI ��7 � Q
�Z�7 �  }���7 �� 6XrFLHQW FRQGLWLRQV IRU DQ RSHUDWRU 7 � %�;� WR VDWLVI\ :H\O
V
WKHRUHP KDYH EHHQ FRQVLGHUHG E\ D QXPEHU RI DXWKRUV LQ WKH UHFHQW SDVW �>�@� >�@�

>�@� >�@� >��@ DQG >��@�� /HW +��7 b y,�  I[ � ; � OLPQb� � MM�7 b y,�Q�[�MM
�

�  
�J GHQRWH WKH TXDVL�QLOSRWHQW SDUW RI 7 � %�;�� 2QH VXFK FRQGLWLRQ ZKLFK KDV
DWWUDFWHG WKH DWWHQWLRQ RI D QXPEHU RI DXWKRUV LV WKH SURSHUW\

+�S� +��7 b y,�  �7 b y,�bS���

IRU VRPH LQWHJHU S y � DQG DOO FRPSOH[ QXPEHUV y �VHH >�@� >�@ DQG >��@�� ,W LV NQRZQ
WKDW SURSHUW\ +�S� LV VDWLVpHG E\ D QXPEHU RI WKH FRPPRQO\ FRQVLGHUHG FODVVHV RI
RSHUDWRUV �VHH >�@ DQG >��@�� 2SHUDWRUV 7 VDWLVI\LQJ SURSHUW\+�S� KDYH pQLWH DVFHQW
DQG DUH LVRORLG �L�H�� LVRODWHG SRLQWV z RI WKH VSHFWUXP DUH HLJHQYDOXHV RI 7 �� )RU
RSHUDWRUV 7 VDWLVI\LQJ SURSHUW\ +�S�� ERWK 7 DQG 7 e VDWLVI\ :H\O
V WKHRUHP� DQG
7 e VDWLVpHV D�:H\O
V WKHRUHP� �6HH >�@ DQG >��@� ZKHUH LW LV VKRZQ WKDW SURSHUW\
+�S� LV HTXLYDOHQW WR D QXPEHU RI RWKHU SURSHUWLHV��
$Q RSHUDWRU 7 � %�;� LV VDLG WR EH VHPL�UHJXODU LI 7 �;� LV FORVHG DQG 7b���� ~

7 � �;�  ?Q� 1 7Q�;�� 7 DGPLWV D JHQHUDOL]HG .DWR GHFRPSRVLWLRQ� *.' IRU
VKRUW� LI WKHUH H[LVWV D SDLU RI 7 �LQYDULDQW FORVHG VXEVSDFHV �0�1� VXFK WKDW ;  
0 j 1 � WKH UHVWULFWLRQ 7 M0 LV TXDVLQLOSRWHQW DQG 7 M1 LV VHPL�UHJXODU� :H VD\
WKDW 7 LV RI .DWR W\SH DW D SRLQW y LI �7 b y,�M0 LV QLOSRWHQW LQ WKH *.' IRU
�7 b y,�� )UHGKROP RSHUDWRUV DUH .DWR W\SH >��� 7KHRUHP �@� DQG RSHUDWRUV 7 �
%�;� VDWLVI\LQJ SURSHUW\ +�S� DUH .DWR W\SH DW LVRODWHG SRLQWV RI ��7 � �EXW QRW
HYHU\ .DWR W\SH RSHUDWRU 7 VDWLVpHV SURSHUW\ +�S���
,W LV REYLRXV WKDW IRU DQ RSHUDWRU 7 � %�;�� �7 b y,� LV .DWR W\SH IRU DOO

y � ��7 � Q �Z�7 �� ZKLFK LPSOLHV WKDW LI 7 VDWLVpHV :H\O
V WKHRUHP WKHQ 7 LV .DWR

���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��% ��� ��$ ��� ��$ ���
. H\ Z RU GV� .DWR W\ S H� : H\ O
V WK HRU HP V� VLQ JOH Y DOX HG H[ WHQ VLRQ S U RS HU W\ � S DU DQ RU P DO RS HU DWRU V�

�
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W\SH DW HDFK y � }���7 �� 7KH UROH� LI DQ\� SOD\HG E\ WKH .DWR W\SH RI 7 DW SRLQWV
y � }���7 � LQ GHWHUPLQLQJ 7 VDWLVpHV :H\O
V WKHRUHP VHHPV QRW WR KDYH DWWUDFWHG
DWWHQWLRQ� 7KLV SDSHU pOOV WKLV JDS E\ FRQVLGHULQJ RSHUDWRUV 7 � %�;� ZKLFK
DUH .DWR W\SH DW SRLQWV y � }���7 � RU DW SRLQWV y � LVR��7 �� ,W LV SURYHG WKDW
D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU 7 � %�;� WR VDWLVI\ :H\O
V WKHRUHP LV
WKDW� �D� 7 RU 7 e KDV WKH VLQJOH YDOXHG H[WHQVLRQ SURSHUW\� 69(3� DW DOO SRLQWV
y � ��7 � Q �Z�7 �� �E� 7 LV .DWR W\SH DW HDFK y � }���7 �� ,I 7 VDWLVpHV �D�
DQG �E�� 7 LV .DWR W\SH DW SRLQWV y � LVR��7 �� WKHQ 7 e VDWLVpHV :H\O
V WKHRUHP�
)XUWKHUPRUH� LI 7 e KDV 69(3 DQG K\SRWKHVLV �E� LV VDWLVpHG �UHVS�� 7 KDV 69(3 DQG
K\SRWKHVLV �E�� LV VDWLVpHG�� WKHQ 7 VDWLVpHV D�:H\O
V WKHRUHP �UHVS�� 7 e VDWLVpHV
D�:H\O
V WKHRUHP��
7KH SODQ RI WKLV QRWH LV DV IROORZV� :H LQWURGXFH RXU QRWDWLRQ DQG WHUPLQRORJ\

LQ 6HFWLRQ � DQG SURYH RXU PDLQ UHVXOW� DORQJ ZLWK VRPH RI LWV FRQVHTXHQFHV� LQ
6HFWLRQV � DQG �� :H UHPDUN KHUH WKDW WKHUH H[LVW RSHUDWRUV VXFK WKDW WKH\ VDWLVI\
FRQGLWLRQV �D� DQG �E�� EXW GR QRW VDWLVI\ SURSHUW\ +�S�� SDUDQRUPDO RSHUDWRUV
DQG WKH ZHLJKWHG XQLODWHUDO VKLIW 7  VKLIW�I �

N � �J
�
N  �� DUH EXW WZR H[DPSOHV RI VXFK

RSHUDWRUV�

��� 1RW DW LRQ DQG W HU P LQRO RJ\�

$Q RSHUDWRU 7 � %�;� LV VDLG WR EH )UHGKROP� 7 � j�;�� LI 7 �;� LV FORVHG
DQG ERWK WKH GHpFLHQF\ LQGLFHV o�7 �  GLP�7b����� DQG p�7 �  GLP�; 7 �;��
DUH pQLWH� DQG WKHQ WKH LQGH[ RI 7 � LQG�7 �� LV GHpQHG WR EH LQG�7 �  o�7 �b p�7 ��
7KH DVFHQW RI 7 � DVF�7 �� LV WKH OHDVW QRQ�QHJDWLYH LQWHJHU Q VXFK WKDW 7bQ���  
7b�Q� ����� DQG WKH GHVFHQW RI 7 � GVF�7 �� LV WKH OHDVW QRQ�QHJDWLYH LQWHJHU Q VXFK
WKDW 7Q�;�  7Q� ��;�� �:H VKDOO� KHQFHIRUWK� VKRUWHQ �7 b y,� WR �7 b y��� 7KH
RSHUDWRU 7 LV :H\O LI LW LV )UHGKROP RI LQGH[ ]HUR� DQG 7 LV VDLG WR EH %URZGHU

LI LW LV )UHGKROP ?RI pQLWH DVFHQW DQG GHVFHQW�� /HW & GHQRWH WKH VHW RI FRPSOH[
QXPEHUV� 7KH �)UHGKROP� HVVHQWLDO VSHFWUXP �H�7 �� WKH %URZGHU VSHFWUXP �E�7 �
DQG WKH :H\O VSHFWUXP �Z�7 � RI 7 RI DUH WKH VHWV

�H�7 �  Iy � & � 7 b y LV QRW )UHGKROPJ�

�E�7 �  Iy � & � 7 b y LV QRW %URZGHUJ

DQG

�Z�7 �  Iy � & � 7 b y LV QRW :H\OJ�

,I ZH OHW ~�7 � GHQRWH WKH UHVROYHQW VHW RI WKH RSHUDWRU 7 � ��7 � GHQRWH WKH XVXDO
VSHFWUXP RI 7 DQG DFF ��7 � GHQRWH WKH VHW RI DFFXPXODWLRQ SRLQWV RI ��7 �� WKHQ�

�H�7 � v �Z�7 � v �E�7 � v �H�7 � > DFF ��7 ��

/HW }��7 � GHQRWH WKH VHW RI 5LHV] SRLQWV RI 7 � DQG OHW }���7 � GHQRWH WKH VHW RI
HLJHQYDOXHV RI 7 RI pQLWH JHRPHWULF PXOWLSOLFLW\� $OVR� OHW }D��7 � EH WKH VHW RI
y � & VXFK WKDW y LV DQ LVRODWHG SRLQW RI �D�7 � DQG � � GLP�7 b y�b���� � ��
ZKHUH �D�7 � GHQRWH WKH DSSUR[LPDWH SRLQW VSHFWUXP RI WKH RSHUDWRU 7 � %�;��
&OHDUO\� }���7 � v }D��7 �� :H VD\ WKDW %URZGHU
V WKHRUHP KROGV IRU 7 � %�;� LI

��7 � Q �Z�7 �  }��7 ��

:H\O
V WKHRUHP KROGV IRU 7 LI

��7 � Q �Z�7 �  }���7 ��
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DQG D�:H\O
V WKHRUHP KROGV IRU 7

�ZD�7 �  �D�7 � Q }D��7 ��

ZKHUH �ZD�7 � GHQRWH WKH HVVHQWLDO DSSUR[LPDWH SRLQW VSHFWUXP �L�H�� �ZD�7 �  
?I�D�7 � .� � . � .�;�J ZLWK .�;� GHQRWLQJ WKH LGHDO RI FRPSDFW RSHUD�
WRUV RQ ;�� ,I ZH OHW j� �;�  I7 � %�;� � o�7 � � � DQG 7 �;� LV FORVHGJ
GHQRWH WKH VHPL�JURXS RI XSSHU VHPL�)UHGKROP RSHUDWRUV LQ %�;�� WKHQ �ZD�7 � LV
WKH FRPSOHPHQW LQ & RI DOO WKRVH y IRU ZKLFK �7 by� � j� �;� DQG LQG�7 by� x ��
7KH FRQFHSW RI D�:H\O
V WKHRUHP ZDV LQWURGXFHG E\ 5DNRxFHYLwF� D�:H\O
V WKHRUHP
IRU 7  � :H\O
V WKHRUHP IRU 7 � EXW WKH FRQYHUVH LV JHQHUDOO\ IDOVH >��@�
$Q RSHUDWRU 7 � %�;� KDV WKH VLQJOH�YDOXHG H[WHQVLRQ SURSHUW\ DW y� � &� 69(3

DW y� � & IRU VKRUW� LI IRU HYHU\ RSHQ GLVF 'y � FHQWHUHG DW y� WKH RQO\ DQDO\WLF
IXQFWLRQ I � 'y � � ; ZKLFK VDWLVpHV

�7 b y�I�y�  � IRU DOO y � 'y �

LV WKH IXQFWLRQ I u �� 7ULYLDOO\� HYHU\ RSHUDWRU 7 KDV 69(3 DW SRLQWV RI WKH
UHVROYHQW & Q ��7 �� DOVR 7 KDV 69(3 DW y � LVR��7 �� :H VD\ WKDW 7 KDV 69(3 LI
LW KDV 69(3 DW HYHU\ y � &� 7KH DQDO\WLF FRUH .�7 b y� RI �7 b y� LV GHpQHG E\

.�7 b y�  I[ � ; � WKHUH H[LVWV D VHTXHQFH I[QJ ~ ; DQG r ! �

IRU ZKLFK [  [�� 7 �[Q� ��  [Q DQG N[QN x rQN[N IRU DOO Q  �� �� ���J�

:H QRWH WKDW +��7 b y� DQG .�7 b y� DUH �JHQHUDOO\� QRQ�FORVHG K\SHULQYDULDQW
VXEVSDFHV RI �7 b y� VXFK WKDW �7 b y�bS��� v +��7 b y� IRU DOO S  �� �� �� ��� DQG
�7 b y�.�7 b y�  .�7 b y� >��@�

��� 0 DLQ U HVXO W V�

:H VWDUW E\ FROOHFWLQJ WRJHWKHU VRPH UHVXOWV� ZKLFK ZLOO EH XVHG LQ WKH VHTXHO
ZLWKRXW IXUWKHU VSHFLpF UHIHUHQFH WR WKH VRXUFH� (YHU\ VHPL�)UHGKROP RSHUDWRU
7 � %�;� LV RI .DWR W\SH >��� 7KHRUHP �@� DQG D .DWR W\SH RSHUDWRU 7 b y
VXFK WKDW 7 KDV 69(3 DW y �UHVS�� 7 e KDV 69(3 DW y� VDWLVpHV WKH SURSHUW\ WKDW
DVF�7 by� � � �UHVS�� GVF�7 by� � �� >�� 7KHRUHPV ��� DQG ���@� ,W LV HDVLO\ VHHQ
WKDW LI �7 by� LV .DWR W\SH� WKHQ WKH DGMRLQW RSHUDWRU �7 eby,e� LV DOVR .DWR W\SH�
,I DVF�7 b y� � � �UHVS�� GVF�7 b y� � �� IRU DQ RSHUDWRU 7 � %�;� DQG y � &�
WKHQ LQG�7 b y� x � �UHVS�� LQG�7 b y� y �� >�� 3URSRVLWLRQ ����@�
5HFDOO WKDW D SRLQW y � ��7 � LV LQ }��7 � LI DQG RQO\ LI �7 b y� LV )UHGKROP RI

pQLWH DVFHQW DQG GHVFHQW >�@� 2EYLRXVO\� }��7 � v }���7 ��

3URSRVLWLRQ ���� ,I 7 � %�;�� WKHQ �7 b y� LV .DWR W\SH IRU DOO y � }���7 � LI
DQG RQO\ LI }���7 �  }��7 ��

3URRI� ,I }���7 �  }��7 �� WKHQ WR HDFK y � }���7 � WKHUH FRUUHVSRQGV DQ LQWHJHU
S y � VXFK WKDW ;  �7 b y�bS���j �7 b y�S�;�  � �7 b y� LV .DWR W\SH�
&RQYHUVHO\� OHW y � }���7 �� 7KHQ �7 b y� LV .DWR W\SH LPSOLHV ;  0 j 1 �

ZKHUH �7 by�M0 LV S�QLOSRWHQW IRU VRPH LQWHJHU S y � DQG �7 by�M1 LV VHPL�UHJXODU�
6LQFH y � LVR��7 �� 7 KDV 69(3 DW y� DQG� DOVR� �7 b y�M1 KDV 69(3 DW �� +HQFH�
�7 b y�M1 LV D VHPL�UHJXODU RSHUDWRU ZLWK 69(3 LQ � DQG E\ >��� /HPPD ��� �L�@ LV
LQMHFWLYH� 1RZ ZH KDYH

�7 b y�bQ���  ��7 b y�M1 �
bQ���j ��7 b y�M0 �

bQ���  �j0  0

IRU DOO Q y S� L�H�� DVF�7 b y� x S� &OHDUO\� DVF�7 b y� � �  � LQG�7 b y� x ��
6LQFH �7 eby,e� LV DOVR .DWR W\SH� DQG VLQFH y � LVR��7 e� LPSOLHV 7 e KDV 69(3 DW
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y� LQG�7 eby,e� x �� :H KDYH DOUHDG\ VHHQ WKDW LQG�7 by�  bLQG�7 eby,e� x ��
KHQFH LQG�7 b y�  �� 6LQFH y � }���7 �  � � � o�7 b y� � �� LW IROORZV WKDW
o�7 b y�  p�7 b y� � �� 7DNHQ WRJHWKHU ZLWK DVF�7 b y�  S� WKLV LPSOLHV WKDW
DVF�7 b y�  GVF�7 b y�  S � � >�� 3URSRVLWLRQ ����@� DQG KHQFH WKDW y � }��7 ��
7KXV }���7 � v }��7 �� 6LQFH }��7 � v }���7 � DOZD\V� }���7 �  }��7 ��

/HW 1 �7 � GHQRWH WKH QXOO VSDFH RI 7 � DQG OHW q�7 � GHQRWH WKH PLQLPDO PRGXOXV

IXQFWLRQ RI 7 �VHH >�� SS� ���@�� L�H�

q�7 �  LQII
N7[N

G�[� 1 �7 ��
� [ � ;�[  � 1 �7 �J�

&RUROODU\ ���� 7KH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW IRU 7 � %�;��
�L� y � }���7 � DQG �7 b y� LV .DWR W\SH�

�LL� y � }��7 ��
�LLL� y � }���7 � DQG �7 b y��;� LV FORVHG�

�LY� y � LVR��7 � DQG GLP�+��7 b y�� � ��

�Y� y � LVR��7 � DQG FR�GLP�.�7 b y�� � ��

�YL� y � }���7 � DQG +��7 b y�  �7 b y�bS��� IRU VRPH LQWHJHU S y ��
�YLL� y � }���7 � DQG .�7 b y�  �7 b y�S�;� IRU VRPH LQWHJHU S y ��
�YLLL� y � }���7 � DQG GVF�7 b y� � ��

�L[� y � }���7 � DQG y LV D SROH RI WKH UHVROYHQW RI 7 �
�[� y � }���7 � DQG q�7 � LV GLVFRQWLQXRXV DW y�

3URRI� (TXLYDOHQFH RI FRQGLWLRQV �LL� WR �[� LV SURYHG LQ >��� 3URSRVLWLRQ ����@ �VHH
DOVR >�@ DQG >�@�� 7KH HTXLYDOHQFH RI �L� DQG �LL� IROORZV IURP 3URSRVLWLRQ ����

,I 7 KDV 69(3� WKHQ 7 VDWLVpHV %URZGHU
V WKHRUHP >�@� 7KXV LI 7 LV .DWR W\SH IRU
y � }���7 � �RU VDWLVpHV DQ\ RI WKH HTXLYDOHQW FRQGLWLRQV LQ &RUROODU\ ����� WKHQ 7
VDWLVpHV :H\O
V WKHRUHP� 7KH IROORZLQJ WKHRUHP VKRZV WKDW WKH 69(3 K\SRWKHVLV
RQ 7 FDQ EH ZHDNHQHG WR 69(3 DW DOO SRLQWV LQ WKH FRPSOHPHQW RI �Z�7 ��

7KHRUHP ���� 7 � %�;� VDWLVpHV :H\O
V WKHRUHP LI DQG RQO\ LI

�D� 7 RU 7 e KDV 69(3 DW DOO y � ��7 � Q �Z�7 ��
�E� 7 LV .DWR W\SH DW DOO y � }���7 ��

3URRI� ,I 7 VDWLVpHV :H\O
V WKHRUHP� WKHQ ��7 � Q �Z�7 �  }���7 �� DQG VR� VLQFH
y � ��7 �Q�Z�7 �  � y � LVR��7 �� ERWK 7 DQG 7 e KDYH 69(3 DW SRLQWV y � ��7 � Q
�Z�7 �� $JDLQ� LI y � ��7 � Q �Z�7 �  }���7 �� WKHQ y � j�;� DQG LQG�7 b y�  �
LPSO\ 7 LV .DWR W\SH�
&RQYHUVHO\� OHW y � }���7 �� 7KHQ� E\ K\SRWKHVLV �E�� y � }��7 � ZKLFK LPSOLHV

WKDW �7 b y� � j�;� DQG LQG�7 b y�  �� +HQFH y � ��7 � Q �Z�7 �� VR WKDW
}���7 � v ��7 � Q �Z�7 �� )RU WKH UHYHUVH LQFOXVLRQ� OHW y � ��7 � Q �Z�7 �� 7KHQ
�7by� � j�;� DQG LQG�7by�  �� ,I 7 RU 7 e KDV 69(3 DW y� WKHQ ERWK DVF�7by�
DQG GVF�7by�� DUH pQLWH >�� &RUROODU\ ����@� ZKLFK LPSOLHV WKDW y � }��7 � v }���7 ��
+HQFH ��7 � Q �Z�7 �  }���7 �� DQG 7 VDWLVpHV :H\O
V WKHRUHP�

7KHRUHP ���� ,I 7 RU 7 e KDV 69(3 DW DOO y � ��7 � Q �Z�7 � DQG 7 LV .DWR W\SH

DW DOO y � LVR��7 �� WKHQ 7 e VDWLVpHV :H\O
V WKHRUHP�
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3URRI� 7KH K\SRWKHVHV LPSO\ WKDW 7 VDWLVpHV :H\O
V WKHRUHP� DQG ��7 � Q �Z�7 �  
}���7 �  }��7 �� 6LQFH

y  � �Z�7 � �� �7 b y� � j�;� DQG LQG�7 b y�  �

�� �7 e b y,e� � j�;� DQG LQG�7 e b y,e�  �

�� y  � �Z�7
e��

�Z�7 �  �Z�7
e�� +HQFH� VLQFH ��7 �  ��7 e��

��7 e� Q �Z�7
e�  ��7 � Q �Z�7 �  }���7 �  }��7 �  }��7

e� v }���7
e��

)RU WKH UHYHUVH LQFOXVLRQ� OHW y � }���7
e�� 7KHQ o�7 e b y,e� � �� 6LQFH y �

LVR��7 e�  � y � LVR��7 �� ERWK 7 DQG 7 e KDYH 69(3 DW y� 7KXV� VLQFH �7 b y�
LV .DWR W\SH� DVF�7 b y�  GVF�7 b y� � � �ZKLFK LPSOLHV WKDW DVF�7 e b y,e�  
GVF�7 e b y,e� � ��� &RQVHTXHQWO\� � � o�7 e b y,e�  p�7 e b y,e� � �  �
� � o�7 b y�  p�7 b y� � �� +HQFH y � }��7 �  }���7 �� ZKLFK LPSOLHV WKDW
��7 e� Q �Z�7

e�  }���7
e��

5HPDUN ���� 7KHRUHP ��� IDLOV LI 7 LV QRW .DWR W\SH DW DOO y � LVR��7 �� /HW 7 �
%�C�� EH WKH ZHLJKWHG VKLIW 7 �[�� [�� ����  ���

[ �

� � [ �

� � ����� WKHQ 7 e�[�� [�� [�� ����  
�[ �

� � [ �

� � ����� ERWK 7 DQG 7 e KDYH 69(3� }���7 �  �� ��7 �  ��7 e�  I�J� �Z�7 �  
�Z�7

e�  I�J DQG }���7
e�  I�J� 7ULYLDOO\� 7 LV .DWR W\SH DW SRLQWV y � ��7 � Q

�Z�7 �� EXW 7 LV QRW .DWR W\SH DW � � LVR��7 �� 7 VDWLVpHV :H\O
V WKHRUHP� EXW 7 e

GRHV QRW VDWLVI\ :H\O
V WKHRUHP�

6WUHQJWKHQLQJ WKH K\SRWKHVLV RQ 69(3� D UHVXOW VWURQJHU WKDQ WKDW RI 7KHRUHPV
��� DQG ��� KROGV�

7KHRUHP ���� �L� ,I 7 e KDV 69(3 DQG 7 LV .DWR W\SH DW HDFK y � }���7 �� WKHQ
7 VDWLVpHV D�:H\O
V WKHRUHP�

�LL� ,I 7 KDV 69(3 DQG LV RI .DWR W\SH DW HDFK y � LVR��7 �� WKHQ 7 e VDWLVpHV

D�:H\O
V WKHRUHP�

3URRI� �L� 7KH K\SRWKHVLV 7 e KDV 69(3 LPSOLHV ��7 �  �D�7 � >��� SS� ��@� DQG
KHQFH }D��7 �  }���7 �� :H SURYH WKDW �ZD�7 �  �Z�7 �� VLQFH 7 VDWLVpHV :H\O
V
WKHRUHP �E\ 7KHRUHP ����� WKLV ZRXOG WKHQ LPSO\ WKDW �D�7 � Q �ZD�7 �  }D��7 ��
,W EHLQJ FOHDU WKDW y  � �Z�7 �  � y  � �ZD�7 �� ZH SURYH WKDW y  � �ZD�7 �  � y  �
�Z�7 �� 6LQFH y  � �ZD�7 ��� �7 by� � j� �;� DQG LQG�7 by� x �� WKH K\SRWKHVLV
7 e KDV 69(3 LPSOLHV WKDW GVF�7 by� � �� � � o�7 by� � � DQG LQG�7 by� x ��
$JDLQ� VLQFH GVF�7 b y� � � LPSOLHV LQG�7 b y� y �� ZH KDYH�

y  � �ZD�7 � �� GVF�7 b y� � � DQG � � o�7 b y�  p�7 b y� � �

 � y  � �Z�7 ��

�LL� ,I 7 KDV 69(3� WKHQ ��7 e�  �D�7
e� >��� SS� ��@ DQG }D��7

e�  }���7
e��

:H SURYH WKDW �ZD�7
e�  �Z�7

e�� VLQFH 7 e VDWLVpHV :H\O
V WKHRUHP �E\ 7KHRUHP
����� WKLV ZRXOG WKHQ LPSO\ WKDW �D�7

e� Q �ZD�7
e�  }D��7

e�� ,W EHLQJ FOHDU WKDW
�ZD�7

e� v �Z�7
e�� ZH SURYH WKH UHYHUVH LQFOXVLRQ� 6LQFH

y  � �ZD�7
e��� �7 e b y,e� � j� �;

e� DQG LQG�7 e b y,e� x ��

WKH K\SRWKHVLV 7 KDV 69(3 LPSOLHV WKDW

GVF�7 e b y,e� � �� � � o�7 e b y,e� � � DQG LQG�7 e b y,e� x �

 � GVF�7 e b y,e� � �� � � o�7 e b y,e�  p�7 e b y,e� � �

 � y  � �Z�7
e��
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/HW +���7 �� �UHVS�� +����7 ��� GHQRWH WKH VHW RI DQDO\WLF IXQFWLRQV ZKLFK DUH
GHpQHG RQ DQ RSHQ QHLJKERUKRRG 8 RI ��7 � �UHVS�� WKH VHW RI I � +���7 �� ZKLFK
DUH QRQ�FRQVWDQW RQ HDFK RI WKH FRQQHFWHG FRPSRQHQWV RI WKH RSHQ QHLJKERUKRRG
8 RI ��7 � RQ ZKLFK I LV GHpQHG�� 5HFDOO WKDW WKH RSHUDWRU 7 LV VDLG WR EH LVRORLG
LI HDFK y � LVR��7 � LV DQ HLJHQYDOXH RI 7 �

/HPPD ���� ,I 7 LV .DWR W\SH DW y � LVR��7 �� WKHQ y � �S�7 ��

3URRI� ,I y � LVR��7 �� WKHQ 7 DQG 7 e KDYH 69(3 DW y� 7KXV LI �7 b y� LV .DWR
W\SH� WKHQ DVF�7 b y�  GVF�7 b y�  S IRU VRPH LQWHJHU S y � DQG ;  �7 b
y�bS��� j �7 b y�S�;� �>�� 7KHRUHPV ��� DQG ���@ DQG >��� 3URSRVLWLRQ ������@��
ZKLFK LPSOLHV WKDW y LV DQ HLJHQYDOXH RI 7 >�� 3URSRVLWLRQ ����@�

7KHRUHP ���� �L� ,I 7 RU 7 e KDV 69(3� DQG LI 7 LV .DWR W\SH DW HDFK y � LVR��7 ��
WKHQ I�7 � VDWLVpHV :H\O
V WKHRUHP IRU HDFK I � +���7 ���
�LL� ,I 7 e KDV 69(3� DQG LI 7 LV .DWR W\SH DW HDFK y � LVR��7 �� WKHQ I�7 �

VDWLVpHV D�:H\O
V WKHRUHP IRU HDFK I � +����7 ���

3URRI� �L� 7 EHLQJ LVRORLG �E\ /HPPD ����� ��I�7 �� Q}���I�7 ��  I���7 � Q}���7 ��
>��� /HPPD@� ,I 7 RU 7 e KDV 69(3� WKHQ �Z�I�7 ��  I��Z�7 �� IRU HYHU\ I �
+���7 �� >�� &RUROODU\ ���@� :H DOUHDG\ NQRZ IURP 7KHRUHP ��� WKDW 7 VDWLVpHV
:H\O
V WKHRUHP� +HQFH

��I�7 �� Q }���I�7 ��  I��Z�7 ��  �Z�I�7 ���

L�H�� I�7 � VDWLVpHV :H\O
V WKHRUHP�
�LL� ,I 7 e KDV 69(3� DQG I � +����7 ��� WKHQ I�7 e�  I�7 �e KDV 69(3 >���

7KHRUHP �����@� ZKLFK LPSOLHV WKDW ��I�7 ��  �D�I�7 ��� $UJXLQJ DV LQ WKH SURRI
RI 7KHRUHP ��� LW LV VHHQ WKDW �Z�I�7 ��  �ZD�I�7 ��� 6LQFH I�7 � VDWLVpHV :H\O
V
WKHRUHP E\ SDUW �L�� I�7 � VDWLVpHV D�:H\O
V WKHRUHP�

��� $SSO LF DW LRQV

$Q RSHUDWRU 7 � %�;� LV VDLG WR EH WUDQVDORLG LI �7 b y� LV QRUPDORLG IRU HYHU\
FRPSOH[ QXPEHU y �L�H�� LI WKH VSHFWUDO UDGLXV U�7 b y� HTXDOV MM7 b yMM IRU DOO
y � &�� 7KH WUDQVDORLG SURSHUW\ LPSOLHV +��7 by�  �7 by�b���� IRU HYHU\ y � &

>�� /HPPD ���@� ,I ZH OHW+�S�� � x S VRPH LQWHJHU� GHQRWH WKH FODVV RI 7 � %�;� IRU
ZKLFK +��7 by�  �7 by�bS��� IRU DOO y � &� WKHQ WKH WUDQVDORLG RSHUDWRUV EHORQJ
WR WKH VXEFODVV +��� RI +�S�� 7KH FODVV +�S� LV ODUJH� LW FRQWDLQV� LQ SDUWLFXODU� WKH
FODVVHV FRQVLVWLQJ RI JHQHUDOL]HG VFDODU� VXEVFDODU DQG WRWDOO\ SDUDQRUPDO RSHUDWRUV
RQ D %DQDFK VSDFH� PXOWLSOLHUV RI VHPL�VLPSOH %DQDFK DOJHEUDV� K\SRQRUPDO� S�
K\SRQRUPDO �� � S � �� DQG 0 �K\SRQRUPDO RSHUDWRUV RQ D +LOEHUW VSDFH �VHH >�@�
>�@� >��@ DQG >��@ IRU IXUWKHU LQIRUPDWLRQ�� ,W LV REYLRXV WKDW RSHUDWRUV 7 � +�S�
KDYH pQLWH DVFHQW �DQG KHQFH� 69(3�� ,I y � LVR��7 �� 7 � +�S�� WKHQ

;  +��7 b y�j.�7 b y�  �7 b y�bS���j.�7 b y�

 � �7 b y�bS��� LV FRPSOHPHQWHG E\ WKH FORVHG VXEVSDFH

.�7 b y� v �7 b y��;�

 � .�7 b y�  �7 b y�S�;��

+HQFH RSHUDWRUV 7 � +�S� DUH .DWR W\SH DW HDFK y � LVR��7 ��
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&RUROODU\ ���� /HW 7 � %�;� ?+�S�� 7KHQ�

�L� I�7 � VDWLVpHV :H\O
V WKHRUHP IRU HDFK I � +���7 ���
�LL� ,I 7 e KDV 69(3� WKHQ I�7 � VDWLVpHV D�:H\O
V WKHRUHP IRU HDFK I � +����7 ���

3URRI� $SSO\ 7KHRUHP ����

&RUROODU\ ��� KDG HDUOLHU EHHQ SURYHG LQ >��@ DQG >�@ XVLQJ D GLoHUHQW DUJXPHQW�
7KH FRUROODU\ VKRZV WKDW WKH K\SRWKHVHV 7 KDV 69(3 LQ >�� 7KHRUHP ���@ DQG 7 LV
LVRORLG LQ >�� 7KHRUHP ���@ DUH UHGXQGDQW�
$Q RSHUDWRU 7 � %�;� LV SDUDQRUPDO LI MM7[MM� x MM7 �[MM IRU DOO XQLW YHFWRUV

[ � ; >�� SS� ���@� 3DUDQRUPDO RSHUDWRUV GR QRW EHORQJ WR +�S� �VHH >�@� 5HPDUN
IROORZLQJ /HPPD ����� +RZHYHU� LVRODWHG SRLQWV RI WKH VSHFWUXP RI D SDUDQRUPDO
RSHUDWRU 7 DUH VLPSOH SROHV RI WKH UHVROYHQW RI 7 >�� /HPPD ���@� 7KH GHpQLWLRQ RI
SDUDQRUPDOLW\ RI 7 LPSOLHV WKDW DVF�7 � x �� KHQFH 7 KDV 69(3 DW ��

&RUROODU\ ���� ,I 7 � %�;� LV SDUDQRUPDO� WKHQ ERWK 7 DQG 7 e VDWLVI\ :H\O
V

WKHRUHP�

3URRI� :H KDYH DOUHDG\ VHHQ WKDW 7 LV .DWR W\SH DW y � LVR��7 �� LI ZH SURYH WKDW 7
KDV 69(3 DW y � ��7 �Q�Z�7 � WKHQ 7KHRUHPV ��� DQG ��� ZRXOG LPSO\ WKDW ERWK 7
DQG 7 e VDWLVI\ :H\O
V WKHRUHP� /HW� DV EHIRUH� 1 �7 � DQG q�7 � GHQRWH WKH QXOO VSDFH
DQG WKH PLQLPDO PRGXOXV IXQFWLRQ RI 7 � DQG OHW G�[� 1 �7 ��  LQI\ � 1 �7 � MM[ b \MM
GHQRWH WKH GLVWDQFH RI [ � ; IURP 1 �7 �� /HW �� � �y � ��7 �Q�Z�7 �� WKHQ �7by� �
j�;� DQG LQG�7 b y�  �� :H FODLP WKDW y � LVR��7 �� )RU LI y  � LVR��7 �� WKHQ� y
EHLQJ D QRQ�LVRODWHG HLJHQYDOXH RI 7 � WKHUH H[LVWV D VHTXHQFH RI QRQ�]HUR HLJHQYDOXHV
RI 7 FRQYHUJLQJ WR y� 5HFDOO IURP >�� /HPPD ���@ WKDW HLJHQVSDFHV FRUUHVSRQGLQJ WR
GLVWLQFW QRQ�]HUR HLJHQYDOXHV RI D SDUDQRUPDO RSHUDWRU DUH RUWKRJRQDO �LQ WKH VHQVH
RI *� %LUNKRo >�� SS� ��@�� +HQFH G�[Q� 1 �7 by�� y � IRU DOO [Q � 1 �7 byQ� VXFK
WKDW MM[QMM  �� :H KDYH�

r�yQ� y�  VXSIG�[Q� 1 �7 b y�� � [Q � 1 �7 b yQ�� MM[QMM  �J y �

IRU DOO Q� ZKLFK LPSOLHV WKDW

MyQ b yM r�yQ� y� b� � DV Q b� ��

%XW WKHQ

q�7 b y�  MyQ b yM r�yQ� y� b� � DV Q b� ��

6LQFH �7 b y��;� LV FORVHG� WKLV LV D FRQWUDGLFWLRQ >�� 3URSRVLWLRQ ����@� &RQVH�
TXHQWO\� SRLQWV �� � �y � ��7 � Q �Z�7 � DUH LVRODWHG LQ ��7 � DQG 7 KDV 69(3 DW
DOO VXFK SRLQWV� $V UHPDUNHG XSRQ DERYH� DVF�7 � x �� +HQFH 7 KDV 69(3 DW DOO
SRLQWV y � ��7 � Q �Z�7 ��

$V D pQDO DSSOLFDWLRQ RI WKH UHVXOWV RI WKH SUHYLRXV VHFWLRQ� ZH FRQVLGHU WKH HOH�

PHQWDU\ RSHUDWRU G$% � %�%�+��� ZKHUH + LV D +LOEHUW VSDFH� $ DQG %e � %�+�
DUH K\SRQRUPDO RSHUDWRUV �L�H�� M$eM� x M$M� DQG M%M� x M%eM��� DQG G$% LV HL�
WKHU WKH JHQHUDOL]HG GHULYDWLRQ r$%�;�  $; b ;% RU WKH HOHPHQWDU\ RSHUDWRU

�$%�;�  $;% b ;� ,W LV WKHQ NQRZQ WKDW DVF�G$% b y� x � IRU DOO FRPSOH[
QXPEHUV y >�� &RUROODU\ ���@ DQG +��G$% by�  �G$% by�b���� IRU y � LVR��G$%�
�WKLV LV WKH FRQWHQW RI WKH SURRI RI >�� 7KHRUHP ���@�� 7KXV G$% KDV 69(3� DQG LV
RI .DWR W\SH DW DOO y � LVR��G$%�� $SSO\LQJ WKH UHVXOWV RI WKH SUHYLRXV VHFWLRQ� ZH
KDYH QH[W FRUROODU\ WKDW H[WHQGV >�� 7KHRUHP ���@�
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&RUROODU\ ���� �L� G$% �WKH FRQMXJDWH RSHUDWRU� G
e
$% DQG I�G$%� �I � +���G$%���

VDWLVI\ :H\O
V WKHRUHP�

�LL� Ge$% VDWLVpHV D�:H\O
V WKHRUHP�

5HI HU HQF HV

>�@ 3 � $ LHQ D DQ G 2� 0RQ VDOY H� 7 KH VLQ JOH YDOXHG H[W HQ VLRQ SU RSHU W \ DQ G W KH JHQ HU DOL] HG . DW R

GHFRPSRVLW LRQ SU RSHU W \ � $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
>�@ 3 � $ LHQ D DQ G )� 9 LOODIDaQ H� : H\ O
V W KHRU HP RI VRPH FODVVHV RI RSHU DW RU V� S U H�S U LQ W �������
>�@ 6 � 5� & DU DG X V� : � ( � 3 IDoHQ E HU JHU DQ G < � % HU WU DP � & DONLQ $ OJHEU DV DQ G $ OJHEU DV RI RSHU D�

W RU V RQ %DQ DFK 6 SDFHV� 0DU FHO 'HN N HU � 1 HZ < RU N �������

>�@ 5�( � & X U WR DQ G < �0� + DQ � : H\ O
V W KHRU HP� D� : H\ O
V W KHRU HP DQ G ORFDO VSHFW U DO W KHRU \ � - �
/RQ G RQ 0DWK � 6 RF� �� ������� ���^����

>�@ % �3 � 'X JJDO DQ G 6 �9 � 'MRU G MHY LwF� * HQ HU DOL] HG : H\ O
V W KHRU HP IRU D FODVV RI RSHU DW RU V VDW LV�

I\ LQ J D Q RU P FRQ GLW LRQ � 0DWK � 3 U RF� 5R\ DO ,U LVK $ FDG �� WR DS S HDU �
>�@ % � 3 � 'X JJDO� : H\ O
V W KHRU HP IRU D JHQ HU DOL] HG GHU LYDW LRQ DQ G DQ HOHPHQ W DU \ RSHU DW RU � 0DWK �

9 HVQ LN ��������� ������
>�@ 1 � 'X Q IRU G DQ G - � 7 � 6 FK Z DU W]� / LQ HDU 2SHU DW RU V� 3 DU W ,� ,Q WHU VFLHQ FH� 1 HZ < RU N �������
>�@ 5� ( � + DU WH DQ G : � < � /HH� $ Q RW KHU Q RW H RQ : H\ O
V W KHRU HP� 7 U DQ V� $ P HU � 0DWK � 6 RF� ���

������� ����������
>�@ + � *� + HX VHU � )XQ FW LRQ DO $ Q DO\ VLV� - RK Q : LOH\ DQ G 6 RQ V �������

>��@ 7 � .DWR� 3 HU W XU EDW LRQ W KHRU \ IRU Q XOOLW \ � GHpFLHQ F\ DQ G RW KHU TXDQ W LW LHV RI OLQ HDU RSHU DW RU V�
- � 0DWK � $ Q DO� �������� ��������

>��@ : � + � /HH DQ G : � < � /HH� $ VSHFW U DO PDSSLQ J W KHRU HP IRU W KH : H\ O VSHFW U XP� *ODVJRZ
0DWK � - � ��������� ������

>��@ .�% � /DX U VHQ DQ G 0�1 � 1 HX P DQ Q � ,Q W U RGXFW LRQ W R / RFDO 6 SHFW U DO 7 KHRU \ � & ODU HQ G RQ 3 U HVV�
2[ IRU G �������

>��@ 0� 0E HN K WD� * wH Q wH U DOLVDW LRQ GH OD GwHFRPSRVLW LRQ GH . DW R DX[ RSwH U DW HXU V SDU DQ RU PDX[ HW

VSHFW U DX[� *ODVJRZ 0DWK � - � �� ������� ��������
>��@ 0� 2X G JK LU L� : H\ O
V DQ G %U RZ GHU 
V W KHRU HP IRU RSHU DW RU V VDW LVI\ LQ J W KH 6 9 ( 3 � 6 WX G LD 0DWK �

�WR DS S HDU ��
>��@ 9 � 5DN RxFHY LwF� 2SHU DW RU V REH\ LQ J D� : H\ O
V W KHRU HP� 5HY � 5RX P DLQ H 0DWK � 3 X U HV $ S S O� ��

������� ��������

� 7 XGRU & RXU W � $P KHU VW 5RDG� /RQGRQ : � � � 1(� (QJO DQG� 8�. �

( � PDLO DGGU HVV� ESGXJJDO#\DKRR�FR�XN

& ,0 $7 � $SGR� 3RVW DO � � � � * XDQDMXDW R� * 7 2� � � � � � � 0 H[LF R

( � PDLO DGGU HVV� VODYGM#FLPDW�P[

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


