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$EVW U DF W � $ + LOE HU W VS DFH RS HU DWRU 7 � % >+ @ LV VDLG WR E H W RW DOO\ KHU HGLW DU LO\

Q RU PDORLG� RU 7 + 1 � LI IRU HY HU \ 7 �LQ Y DU LDQ W VX E VS DFH 0 v + WK H U HVWU LFWLRQ
7 M0 RI 7 WR 0 LV Q RU P DORLG DQ G � Z K HQ HY HU 7 M0 � % >0@ LV LQ Y HU WLE OH� WK H
LQ Y HU VH �7 M0 �b� LV Q RU P DORLG DV Z HOO� ,Q WK LV S DS HU Z H H[ S ORU H WK H VWU X FWX U H
RI 7 + 1 FRQ WU DFWLRQ V� DQ G FRQ FOX G H VRP H S U RS HU WLHV Z K LFK IROORZ IU RP VX FK
D VWU X FWX U H� VS HFLDOO\ IRU 7 + 1 FRQ WU DFWLRQ V Z LWK HLWK HU FRP S DFW RU + LOE HU W^
6 FK P LG W G HIHFW RS HU DWRU V�

�� ,QW U RGXF W LRQ

/HW + EH D �FRPSOH[ QRQ]HUR� +LOEHUW VSDFH� %\ D VXEVSDFH RI + ZH PHDQ D FORVHG
OLQHDU PDQLIROG RI + �ZKLFK LV DJDLQ D +LOEHUW VSDFH�� DQG E\ DQ RSHUDWRU RQ + ZH
PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR LWVHOI� /HW %>+@ EH WKH DOJHEUD RI
DOO RSHUDWRUV RQ +� $ VXEVSDFH 0 RI + LV LQYDULDQW IRU 7 � %>+@ LI 7 �0� v 0�
$ SDUW RI DQ RSHUDWRU 7 � %>+@ LV D UHVWULFWLRQ 7 M0 � %>0@ RI LW WR DQ LQYDULDQW
VXEVSDFH0� 5HFDOO WKDW DQ RSHUDWRU 7 LV D FRQWUDFWLRQ LI N7N x �� D VWULFW FRQWUDF�
WLRQ LI N7N � �� SRZHU ERXQGHG LI VXSQ N7

QN � �� QRUPDORLG LI WKH VSHFWUDO UDGLXV
U�7 � FRLQFLGHV ZLWK WKH QRUP N7N� DQG LQYHUWLEOH LI LW KDV D ERXQGHG LQYHUVH� /HW
' GHQRWH WKH RSHQ XQLW GLVF� 'b WKH FORVHG XQLW GLVF� DQG #' WKH XQLW FLUFOH�
'HpQLWLRQ �� $Q RSHUDWRU LV KHUHGLWDULO\ QRUPDORLG LI HYHU\ SDUW RI LW LV QRUPDORLG�
/HW +1 GHQRWH WKH FODVV RI DOO KHUHGLWDULO\ QRUPDORLG RSHUDWRUV IURP %>+@� $Q
RSHUDWRU LV WRWDOO\ KHUHGLWDULO\ QRUPDORLG LI HYHU\ SDUW RI LW LV QRUPDORLG DQG HYHU\
LQYHUWLEOH SDUW RI LW KDV D QRUPDORLG LQYHUVH� /HW 7 +1 GHQRWH WKH FODVV RI DOO WRWDOO\
KHUHGLWDULO\ QRUPDORLG RSHUDWRUV IURP %>+@�

7KH FODVVHV +1 DQG 7 +1 ZHUH LQWURGXFHG LQ >�@ ZKHUH LW ZDV SURYHG WKDW� LI
7 � 7 +1 � WKHQ :H\O
V WKHRUHP KROGV IRU ERWK 7 DQG LWV DGMRLQW 7 e� �5HFDOO WKDW�
DFFRUGLQJ WR XVXDO WHUPLQRORJ\� :H\O
V WKHRUHP LV VDLG WR KROG IRU DQ RSHUDWRU 7
LI ��7 �Q�Z�7 �  }���7 �� ZKHUH ��7 � LV WKH VSHFWUXP RI 7 � �Z�7 � LV WKH VHW RI DOO
y � & IRU ZKLFK �y, b 7 � LV QRW )UHGKROP RI LQGH[ ]HUR� DQG }���7 � LV WKH VHW RI DOO
LVRODWHG HLJHQYDOXHV RI 7 RI pQLWH PXOWLSOLFLW\�� 2EVHUYH WKDW 7 +1 LV FORVHG XQGHU
QRQ]HUR VFDOLQJ �o7 � 7 +1 IRU HYHU\ o � � ZKHQHYHU 7� 7 +1 �� DQG KHQFH LW LV
VXrFLHQW WR LQYHVWLJDWH FRQWUDFWLRQV LQ 7 +1 � ,W LV DOVR ZRUWK QRWLFLQJ WKDW LI 7 LV
LQ 7 +1 WKHQ VR LV HYHU\ SDUW 7 M0 RI LW�

7KLV SDSHU FRQVLGHUV FRQWUDFWLRQV 7 LQ 7 +1 � & ���FRQWUDFWLRQV� DQG WKRVH ZLWK
GHIHFW RSHUDWRU '7  �, b 7 e7 �

�
� HLWKHU FRPSDFW RU +LOEHUW^6FKPLGW� DUH FRQVLG�

HUHG LQ 3URSRVLWLRQV � WR ��� 7KH PDLQ UHVXOW VKRZV WKDW LI '7 LV +LOEHUW^6FKPLGW
DQG QRUPDO VXEVSDFHV RI 7 �L�H�� VXEVSDFHV 0 VXFK WKDW 7 M0 LV QRUPDO� UHGXFH

' DW H� 'HFHP E HU ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��$ ��� ��% ���
. H\ Z RU GV DQ G SKU DVHV� + HU HG LWDU LO\ Q RU P DORLG � FRQ WU DFWLRQ V� G HIHFW RS HU DWRU � G HFRP S RVLWLRQ V�

�
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7 � WKHQ 7 LV WKH GLUHFW VXP RI D XQLWDU\ RSHUDWRU� D QRUPDO & ��FRQWUDFWLRQ DQG D
& ���FRQWUDFWLRQ �ZLWK QR LQYHUWLEOH SDUWV�� 0RUHRYHU� VWLOO XQGHU WKH DVVXPSWLRQV
WKDW WKH GHIHFW RSHUDWRU '7 LV +LOEHUW^6FKPLGW DQG QRUPDO VXEVSDFHV RI 7 UHGXFH
7 � ZH DOVR VKRZ WKDW �D� LI 7 KDV QR QRUPDO GLUHFW VXPPDQG� WKHQ 7 LV UHqH[LYH�
DQG �E� LI GLP�NHU�y, b 7 e�� � � IRU HYHU\ y LQ + ~ ' ZLWK

3
y � +��b MyM�  ��

WKHQ 7 KDV WKH ELFRPPXWDQW SURSHUW\�

7 +1 LV TXLWH D ODUJH FODVV� )RU LQVWDQFH� UHFDOO WKDW DQ RSHUDWRU 7 � %>+@ LV
TXDVLQRUPDO LI LW FRPPXWHV ZLWK 7 e7 � VXEQRUPDO LI LW LV D SDUW RI D QRUPDO RSHUDWRU�
K\SRQRUPDO LI 7 7 e x 7 e7 � DQG SDUDQRUPDO LI N7[N� x N7 �[NN[N IRU HYHU\ [ � +�
7KHVH DUH UHODWHG E\ SURSHU LQFOXVLRQ �1RUPDO ~ 4XDVLQRUPDO ~ 6XEQRUPDO ~
+\SRQRUPDO ~ 3DUDQRUPDO� LI + LV LQpQLWH�GLPHQVLRQDO �RWKHUZLVH WKH\ DOO FRLQ�
FLGH ZLWK WKH FODVV RI QRUPDO RSHUDWRUV�� 7KH FODVVHV 7 +1 DQG +1 OLH SURSHUO\
EHWZHHQ WKH SDUDQRUPDO DQG QRUPDORLG RSHUDWRUV�

3DUDQRUPDO ~ 7 +1 ~ +1 ~ 1RUPDORLG�

,QGHHG� SDUDQRUPDO RSHUDWRUV DUH QRUPDORLG� D SDUW RI D SDUDQRUPDO LV DJDLQ SDUD�
QRUPDO� DQG VR LV WKH LQYHUVH RI DQ\ LQYHUWLEOH SDUDQRUPDO� �6HH >��@ IRU D GHWDLOHG
GLVFXVVLRQ RI WKHVHV FODVVHV�� ,Q WKLV LQWURGXFWRU\ VHFWLRQ ZH VKDOO SRVH D IHZ EDVLF
SURSHUWLHV WKDW ZLOO EH UHTXLUHG LQ WKH VHTXHO DQG ZLOO KHOS WR VLWXDWH WKH FODVVHV
7 +1 DQG +1 LQ WKHLU GXH SODFH�

5HPDUN �� 7KH DERYH LQFOXVLRQV DUH� LQ IDFW� SURSHU LQFOXVLRQV� )RU LQVWDQFH� WKH
GLUHFW VXP 7  6 j4 RI D QRUPDORLG QRQVWULFW FRQWUDFWLRQ 6 �U�6�  N6N  ��
ZLWK D TXDVLQLOSRWHQW QRQ]HUR FRQWUDFWLRQ 4 �U�4�  � � N4N x �� LV D QRUPDORLG
QRQVWULFW FRQWUDFWLRQ �U�7 �  N7N  �� EXW LV QRW LQ +1 �EHFDXVH 4 LV QRW QRUPD�

ORLG�� 6DPSOH� 7  �j
b � �
� �

c
LV D QRUPDORLG QRW LQ +1 � ([DPSOHV RI RSHUDWRUV

LQ +1 EXW QRW LQ 7 +1 � DQG DOVR RI RSHUDWRUV LQ 7 +1 WKDW DUH QRW SDUDQRUPDO
ZLOO FRPH RXW EHORZ LQ 5HPDUNV � DQG � ZLWK WKH KHOS RI 3URSRVLWLRQV � DQG ��

)RU DQ\ FRQWUDFWLRQ 7 � %>+@ WKH VHTXHQFH RI QRQQHJDWLYH QXPEHUV IN7Q[NJ LV
GHFUHDVLQJ �WKXV FRQYHUJHQW� IRU HYHU\ [ � +� $ FRQWUDFWLRQ 7 LV RI FODVV & �c LI LW LV
VWURQJO\ VWDEOH� WKDW LV� LI IN7Q[NJ FRQYHUJHV WR ]HUR IRU HYHU\ [ � +� DQG RI FODVV
& �c LI IN7Q[NJ GRHV QRW FRQYHUJH WR ]HUR IRU HYHU\ QRQ]HUR [ � +� ,W LV RI FODVV & c�
RU RI FODVV & c� LI LWV DGMRLQW 7 e LV RI FODVV & �c RU & �c� UHVSHFWLYHO\� $OO FRPELQDWLRQV
DUH SRVVLEOH� OHDGLQJ WR FODVVHV & ��� & ��� & �� DQG & ��� $Q RSHUDWRU 7 LV XQLIRUPO\
VWDEOH LI IN7QNJ FRQYHUJHV WR ]HUR� 5HFDOO WKDW 7 LV XQLIRUPO\ VWDEOH LI DQG RQO\ LI
U�7 � � �� DQG XQLIRUP VWDELOLW\ IRU 7 WULYLDOO\ LPSOLHV 7 � & ���

3URSRVLWLRQ �� (YHU\ & �c�FRQWUDFWLRQ LV D QRQVWULFW FRQWUDFWLRQ LQ +1 �

3URRI� (YHU\ QRQ]HUR SDUW RI D & �c�FRQWUDFWLRQ LV DJDLQ D & �c�FRQWUDFWLRQ �UHDVRQ�
LI 0 � I�J LV 7 �LQYDULDQW� WKHQ D WULYLDO LQGXFWLRQ HQVXUHV WKDW �7 M0 �QX  7QX
IRU DOO X � 0 DQG HYHU\ Qy��� 1RZ UHFDOO WKDW HYHU\ FRQWUDFWLRQ QRW LQ FODVV & ��

LV QRUPDORLG DQG QRQVWULFW� ,QGHHG� LI D FRQWUDFWLRQ 7 LV QRW LQ & ��� WKHQ LW LV QRW
XQLIRUPO\ VWDEOH VR WKDW U�7 � y �� 7KHUHIRUH� � x U�7 � x N7N x ��

5HPDUN �� (YHU\ LVRPHWU\ OLHV LQ 7 +1 VLQFH LVRPHWULHV DUH TXDVLQRUPDO� +RZHYHU�
LQ OLJKW RI WKH DERYH SURSRVLWLRQ� LW LV ZRUWK QRWLFLQJ WKDW DQ LVRPHWU\ LV D SDUWLFXODU
FDVH RI & �c�FRQWUDFWLRQ LQ 7 +1 � DQG WKLV KDSSHQV EHFDXVH FRPSOHWHO\ QRQXQLWDU\
LVRPHWULHV KDYH QR LQYHUWLEOH SDUWV� ,QGHHG� D SDUW RI DQ LVRPHWU\ LV DJDLQ DQ
LVRPHWU\� DQG DQ LQYHUWLEOH LVRPHWU\ LV SUHFLVHO\ D XQLWDU\ RSHUDWRU� 7KHUHIRUH�
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LI DQ LVRPHWU\ LV FRPSOHWHO\ QRQXQLWDU\ �L�H�� KDV QR XQLWDU\ GLUHFW VXPPDQG��
WKHQ LW LV D XQLODWHUDO VKLIW �DIWHU WKH YRQ 1HXPDQQ^:ROG GHFRPSRVLWLRQ�� ZKLFK
LV QRW LQYHUWLEOH� 7KLV H[KLELWV D & ���FRQWUDFWLRQ LQ 7 +1 � D XQLODWHUDO VKLIW LV
D & ���FRQWUDFWLRQ VXFK WKDW HYHU\ SDUW RI LW LV DJDLQ D XQLODWHUDO VKLIW �ZKLFK DUH
QRQLQYHUWLEOH LVRPHWULHV�� DQG VR LW KDV QR LQYHUWLEOH SDUW� WKXV O\LQJ LQ 7 +1 �

5HPDUN �� 1RZ FRQVLGHU WKH XQLODWHUDO ZHLJKWHG VKLIW 7  VKLIW�I�NJ
�
N  �� RQ C��

ZLWK ZHLJKWV �N  � IRU DOO N H[FHSW IRU N  � ZKHUH ��  � IRU DQ\ � � ��� ���
6LQFH WKH QRQQHJDWLYH ZHLJKW VHTXHQFH LV QRW LQFUHDVLQJ� 7 LV QRW K\SRQRUPDO� DQG
KHQFH QRW SDUDQRUPDO �UHFDOO WKDW WKH FRQFHSWV RI K\SRQRUPDOLW\ DQG SDUDQRUPDOLW\
FRLQFLGH IRU XQLODWHUDO ZHLJKWHG VKLIWV� VHH H�J�� >��� S���@�� ,W LV UHDGLO\ YHULpHG WKDW
7 LV D QRUPDORLG QRQVWULFW FRQWUDFWLRQ �UHDVRQ� N7QN  � IRU DOO Qy�� ZKLFK LPSOLHV
U�7 �  � E\ WKH *HOIDQG^%HXUOLQJ IRUPXOD�� DQG DOVR WKDW LW LV RI FODVV & ��� ,QGHHG�
LW LV RI FODVV & �c EHFDXVH N7Q[N  N7 �[N IRU HYHU\ [ � C�� DQG NHU7Q  I�J IRU
DOO Qy �� DQG RI FODVV & c� EHFDXVH N7 eQ[N x N6eQ[N IRU HYHU\ [ � C�� DQG HDFK
Qy�� ZKHUH 6 LV WKH ?XQZHLJKWHG� XQLODWHUDO VKLIW� 7KXV 7 � +1 E\ 3URSRVLWLRQ
�� ,I WKHUH H[LVWV DQ LQYHUWLEOH SDUW RI 7 � VD\ 7 M0 IRU VRPH 7 �LQYDULDQW VXEVSDFH
0 � I�J� WKHQ 7Q�7 M0 �bQX  X IRU HYHU\ X � 0 �UHDVRQ� �7 M0 �bQX OLHV LQ 0
DQG �7 M0 �Q\  7Q\ ZKHQHYHU \ � 0�� DQG KHQFH 0 v UDQ7Q IRU HYHU\ Qy��
ZKLFK LPSOLHV0  I�J� D FRQWUDGLFWLRQ� 7KHUHIRUH� DOO SDUWV RI 7 DUH QRQLQYHUWLEOH�
&RQVHTXHQWO\� 7 LV D QRQSDUDQRUPDO & ���FRQWUDFWLRQ LQ 7 +1 �

,I 7 � & c�� WKHQ 7 e � & �c DQG VR 7 e � +1 E\ 3URSRVLWLRQ �� 7KXV� LI 7 � & ���

WKHQ ERWK 7 DQG 7 e OLH LQ +1 � &OHDUO\� HYHU\ XQLWDU\ RSHUDWRU LV D & ���FRQWUDFWLRQ
LQ 7 +1 � $UH WKH\ WKH RQO\ & ���FRQWUDFWLRQV LQ 7 +1 "

�� 7 +1 & RQW U DF W LRQV RI & O DVV & ��

/HW ~�7 �  
j
y � & � NHU�y, b 7 �  I�J DQG UDQ �y, b 7 �  +

k
EH WKH UHVROYHQW

VHW RI DQ RSHUDWRU 7 RQ +� &RQVLGHU WKH FODVVLFDO SDUWLWLRQ
j
�3 �7 �� �5�7 �� �&�7 �

k

RI WKH VSHFWUXP ��7 �  &Q~�7 �� ZKHUH �3 �7 �  
j
y � & � NHU�y, b 7 � � I�J

k

�WKH VHW RI DOO HLJHQYDOXHV RI 7 � LV WKH SRLQW VSHFWUXP� �5�7 �  �3 �7
e�eQ�3 �7 �

LV WKH UHVLGXDO VSHFWUXP� DQG �&�7 �  ��7 �Q��3 �7 � > �3 �7
e�e� LV WKH FRQWLQXRXV

VSHFWUXP� �:H DUH XVLQJ WKH VWDQGDUG QRWDWLRQ ee � Iy � & � y � eJ�� 7KH MRLQW
SRLQW VSHFWUXP �-3 �7 �  

j
y � & � I�J � NHU�y, b 7 � v NHU�y, b 7 e�

k
LV D VXEVHW

RI �3 �7 �� 7KH HOHPHQWV RI �-3 �7 � DUH WKH QRUPDO HLJHQYDOXHV RI 7 � ,W LV FOHDU WKDW
LI �3 �7 �  �-3 �7 �� WKHQ �3 �7 � v �3 �7

e�e� DQG KHQFH �5�7
e� LV HPSW\� WKLV LV WKH

FDVH ZKHQHYHU 7 LV D K\SRQRUPDO RSHUDWRU� �D� HYHU\ HLJHQYDOXH RI D K\SRQRUPDO

RSHUDWRU LV D QRUPDO HLJHQYDOXH� 0RUHRYHU� DV LV DOVR ZHOO�NQRZQ� �E� LVRODWHG SRLQWV

LQ WKH VSHFWUXP RI D K\SRQRUPDO RSHUDWRU DUH HLJHQYDOXHV� +RZHYHU� WKH DERYH LWDOL�
FL]HG VWDWHPHQWV FDQ EH H[WHQGHG WR RSHUDWRUV LQ 7 +1 RQO\ SDUWLDOO\� DV ZH VKDOO
VHH LQ 3URSRVLWLRQ � EHORZ� 7R SURYH 3URSRVLWLRQ � ZH QHHG WKH IROORZLQJ UHVXOW�
ZKLFK ZLOO EH DSSOLHG RIWHQ WKURXJKRXW WKH WH[W�

3URSRVLWLRQ �� �D� ,I 7 � 7 +1 LV VXFK WKDW ��7 � v #'� WKHQ 7 LV XQLWDU\� �E�
,Q SDUWLFXODU� LI 7 � 7 +1 LV VLPLODU WR D XQLWDU\ RSHUDWRU� WKHQ LW LV XQLWDU\�

3URRI� 7DNH DQ LQYHUWLEOH RSHUDWRU 6 � %>+@� 5HFDOO WKDW 6 LV XQLWDU\ LI DQG RQO\ LI

N6N N6b�N �� ,QGHHG� LI N6N N6b�N �� WKHQ N[N N6b�6[N x N6[N x N[N�
DQG KHQFH N6[N  N[N IRU HYHU\ [ � + �WKXV DQ LQYHUWLEOH LVRPHWU\� ZKLFK PHDQV
D XQLWDU\ RSHUDWRU�� ,I ��7 � v #'� WKHQ 7 LV LQYHUWLEOH DQG ��7b�� v #' VR WKDW
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U�7 �  U�7b��  �� ,I DQ LQYHUWLEOH 7 OLHV LQ 7 +1 � WKHQ 7 DQG 7b� DUH QRUPDORLG�
7KXV� LI 7 � 7 +1 DQG ��7 � v #'� WKHQ N7N  N7b�N  �� DQG 7 LV XQLWDU\� 7KLV
SURYHV �D�� ,I 7 LV VLPLODU WR D XQLWDU\ RSHUDWRU 8 � WKHQ ��7 �  ��8� v #' VR WKDW
7 LV XQLWDU\ E\ LWHP �D� LI� LQ DGGLWLRQ� 7 � 7 +1 �

3URSRVLWLRQ �� �D� ,I 7 � 7 +1 � WKHQ LVRODWHG SRLQWV RI ��7 � DUH HLJHQYDOXHV RI

7 � �E� )XUWKHUPRUH� LI 7 � 7 +1 DQG ��7 � LV pQLWH� WKHQ 7 LV D GLDJRQDO RSHUDWRU�

3URRI� ,I y LV DQ LVRODWHG SRLQW RI ��7 �� WKHQ LW IROORZV E\ WKH 5LHV] 'HFRPSRVLWLRQ
7KHRUHP WKDW + KDV D GLUHFW VXP �QRW QHFHVVDULO\ RUWKRJRQDO� GHFRPSRVLWLRQ +  
+� X+� LQWR 7 �LQYDULDQW VXEVSDFHV +� DQG +� VXFK WKDW ��7��  IyJ DQG ��7��  
��7 �QIyJ� ZKHUH 7�  7 M+ � DQG 7�  7 M+ � � 6LQFH 7 � 7 +1 ZH JHW 7� � 7 +1 �
7KHUHIRUH� LI y  �� WKHQ 7�  2 DQG y LV DQ HLJHQYDOXH RI 7 � ,I y � �� WKHQ SXW
8  �

y
7� VR WKDW 8 � 7 +1 DQG ��8�  I�J� 3URSRVLWLRQ � HQVXUHV WKDW 8 LV XQL�

WDU\� DQG KHQFH 8 b , LV TXDVLQLOSRWHQW DQG QRUPDO VR WKDW 8  ,� 7KXV 7�  y,�
�L�H�� y LV D VLPSOH SROH RI WKH UHVROYHQW RI 7 � DQG +  NHU�y, b 7 � X +�� ZKLFK
LPSOLHV +�  UDQ �y, b 7 �� DQG VR +  NHU�y, b 7 � X UDQ �y, b 7 �� 7KLV SURYHV
�D�� LVRODWHG SRLQWV LQ ��7 � DUH HLJHQYDOXHV� 7R FRPSOHWH WKH SURRI� DVVXPH QRZ
WKDW ��7 � LV pQLWH �HTXLYDOHQWO\� ��7 � FRQVLVWV RI LVRODWHG SRLQWV RQO\�� 7KHQ WKH
SRLQWV y � ��7 � DUH VLPSOH SROHV RI WKH UHVROYHQW RI 7 � )RU DQ\ RSHUDWRU 6 � %>+@
OHW �}�6�  Iy � ��6� � MyM  U�6�J GHQRWH WKH SHULSKHUDO VSHFWUXP RI 6 >�� S����@�
ZKLFK LV QRQHPSW\� /HW 3y � GHQRWH WKH 5LHV] SURMHFWLRQ FRUUHVSRQGLQJ WR y� LQ
�}�7 �� 7KHQ 3y � KDV QRUP �� DQG NHU�y�, b 7 � LV RUWKRJRQDO �LQ WKH XVXDO +LOEHUW
VSDFH VHQVH� WR UDQ �y�, b 7 � �VHH >�� 3URSRVLWLRQ ����@�� �:H UHPDUN KHUH WKDW
WKH *� %LUNKRo GHpQLWLRQ RI RUWKRJRQDOLW\ XVHG LQ >�� 3URSRVLWLRQ ����@ UHGXFHV WR
RUWKRJRQDOLW\ LQ WKH XVXDO VHQVH IRU +LOEHUW VSDFHV�� 7KXV y� LV D QRUPDO HLJHQYDOXH
RI 7 � 5HSHDWLQJ WKLV SURFHVV D pQLWH QXPEHU RI WLPHV� VWDUWLQJ ZLWK 7 MUDQ �y � ,b7 �

LQ 7 +1 � LW IROORZV WKDW 7 LV D GLDJRQDO RSHUDWRU�

5HPDUN �� $Q RSHUDWRU LV LVRORLG LI LVRODWHG SRLQWV RI WKH VSHFWUXP DUH HLJHQYDOXHV�
3URSRVLWLRQ ��D� VD\V WKDW 7 +1 RSHUDWRUV DUH LVRORLG � +RZHYHU� LW KDSSHQV WKDW

HYHQ QRQ]HUR LVRODWHG SRLQWV RI WKH VSHFWUXP RI D 7 +1 RSHUDWRU

�ZKLFK DUH HLJHQYDOXHV� DUH QRW QHFHVVDULO\ QRUPDO HLJHQYDOXHV�

)RU LQVWDQFH� OHW 6 EH WKH FDQRQLFDO XQLODWHUDO VKLIW RQ C�� DQG SXW $  
�
��, � 6��

ZKLFK LV D VXEQRUPDO RSHUDWRU� +HQFH $ � 7 +1 � ,W LV FOHDU WKDW ��$�  �
��� �'b�

DQG $e LV QRW DQ LVRPHWU\� DQG VR '$
�  �, b$$e�

�
� � 2� 7DNH DQ\ y � 'Q��$�

DQG DQ\ X � C�� QNHU'$
� VXFK WKDW �NXN� � MyM� x �� &RQVLGHU WKH RSHUDWRU 7  b

$ %

2 &

c
RQ WKH RUWKRJRQDO GLUHFW VXP +  C�� j&� ZKHUH %  Y n � �L�H�� %t  tY

IRU HYHU\ t � &� ZLWK Y  ' �
$

� X  �, b$$e�X � � DQG &  y� :H FODLP WKDW

y LV D QRQ]HUR LVRODWHG QRQQRUPDO HLJHQYDOXH RI 7 �

,QGHHG� y � � EHFDXVH y � 'Q��$�� DQG LW LV DQ HLJHQYDOXH RI 7 VLQFH 7 �[� j ��  
y�[� j �� LI DQG RQO\ LI $[� � Y  y[�� ZKLFK KDSSHQV IRU [�  �y, b$�b�Y� 6LQFH
+  C�� X&�[� j ��� ZH KDYH ��7 �  ��$� > IyJ� 7KXV y LV DQ LVRODWHG SRLQW RI
��7 �� 0RUHRYHU� VLQFH [� � �� LW IROORZV WKDW NHU�y, b 7 �  &�[� j �� LV QRW RU�
WKRJRQDO WR C��  UDQ �y, b 7 �� 7KHQ NHU�y, b 7 e� ? NHU�y, b 7 �  I�J� DQG VR
NHU�y, b 7 � GRHV QRW UHGXFH 7 � 1RZ� XVLQJ DQ DUJXPHQW IURP >�@� ZH YHULI\ WKDW

N7N  ��
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$FWXDOO\� N7N y N$N  U�$�  �� 2Q WKH RWKHU KDQG� IRU DQ\ [j t LQ C�� j&�

N7 �[j t�N�  N�$[� tY�j ytN�  N$[� tYN� � MyM�MtM�

x N$[N� � �MtM MK$[ � YLM� MtM�NYN� � MyM�MtM�

x N$[N� � �MtM MK$' �
$[ �XLM� MtM�NXN� � MyM�MtM�

x N$[N� � �MtMNXNN'$[N� MtM�NXN� � MyM�MtM�

x N$[N� � N'$[N
� � �MtM�NXN� � MyM�MtM�

x N$[N� � N'$[N
� � MtM�  N[N� � MtM�  N[j tN��

)LQDOO\� ZH VKRZ WKDW 7 � 7 +1 � ,Q IDFW� VLQFH ��7 �  ��$� > IyJ DQG N7N  ��
LW IROORZV WKDW 7 LV D QRQLQYHUWLEOH QRUPDORLG RSHUDWRU� (YHU\ QRQ]HUR 7 �LQYDULDQW
VXEVSDFH LV RI WKH IRUP 0X 1 � ZKHUH WKH VXEVSDFHV 0 DQG 1 DUH LQYDULDQW IRU
$  7 M+ � DQG 7 M+ � � UHVSHFWLYHO\� ZLWK +�  C�� DQG +�  &�[� j ��� +HUH ZH DUH
DSSO\LQJ WKH 5LHV] 'HFRPSRVLWLRQ 7KHRUHP DJDLQ� + KDV D XQLTXH GLUHFW VXP GH�
FRPSRVLWLRQ +  +� X+� LQWR 7 �LQYDULDQW �QRW QHFHVVDULO\ RUWKRJRQDO� VXEVSDFHV
+� DQG +� ZLWK ��7 M+ � �  IyJ DQG ��7 M+ � �  ��7 �QIyJ� )XUWKHUPRUH� WKH WZR
SURMHFWLRQV GHWHUPLQHG E\ WKLV GHFRPSRVLWLRQ DUH QRUP�OLPLWV RI SRO\QRPLDOV RI 7
E\ 5XQJH
V 7KHRUHP� ,I 0 � I�J� WKHQ 7 M0 X 1  $M0 X y, LV QRQLQYHUWLEOH DQG
QRUPDORLG� ZKHUH , GHQRWHV WKH LGHQWLW\ RQ 1 � ,I 0  I�J� WKHQ 7 M0 X 1  y, LV
QRUPDORLG ZLWK D QRUPDORLG LQYHUVH� 2XWFRPH� 7 OLHV LQ 7 +1 �

:H VKDOO IRFXV RXU DWWHQWLRQ RQ & �c�FRQWUDFWLRQV LQ 7 +1 � LQ SDUWLFXODU� RQ & ���
FRQWUDFWLRQV LQ 7 +1 � 7KHVH ZLOO EH IXOO\ FKDUDFWHUL]HG LQ 3URSRVLWLRQV � DQG ��

3URSRVLWLRQ �� /HW 6 EH DQ LQYHUWLEOH SDUW RI D & �c�FRQWUDFWLRQ LQ 7 +1 � ,I 6b�

LV SRZHU ERXQGHG� WKHQ 6 LV XQLWDU\�

3URRI� 7DNH D & �c�FRQWUDFWLRQ 7 LQ 7 +1 � /HW 6 EH D QRQ]HUR SDUW RI 7 � 7KXV
6 LV D & �c�FRQWUDFWLRQ DQG VR N6N  � �FI� SURRI RI 3URSRVLWLRQ ��� 1RZ VXSSRVH
6 LV LQYHUWLEOH� 6LQFH 7 � 7 +1 � LW IROORZV WKDW 6b� LV QRUPDORLG� DQG WKHUHIRUH
N6N  �  N6b�6N x N6b�N  U�6b��� ,I 6b� LV SRZHU ERXQGHG� WKHQ U�6b�� x �
VR WKDW N6N  N6b�N  �� DQG 6 LV XQLWDU\ �FI� SURRI RI 3URSRVLWLRQ ���

7KH DERYH SURSRVLWLRQ VKRZV ZKLFK DUH WKH QDWXUDO FDQGLGDWHV WR EH LQ +1 EXW
QRW LQ 7 +1 �UHFDOO� DOWKRXJK & �� LV SUHFLVHO\ WKH FODVV RI DOO FRQWUDFWLRQV TXDVL�
VLPLODU WR D XQLWDU\ RSHUDWRU >��� SS������@� D & ���FRQWUDFWLRQ LV QRW QHFHVVDULO\
VLPLODU WR D XQLWDU\ RSHUDWRU��

&RUROODU\ �� ,I D QRQXQLWDU\ & ���FRQWUDFWLRQ LV VLPLODU WR D XQLWDU\ RSHUDWRU� WKHQ

LW OLHV LQ +1 Q7 +1 �

3URRI� ,I DQ RSHUDWRU LV VLPLODU WR D XQLWDU\ RSHUDWRU� WKHQ LW LV LQYHUWLEOH ZLWK D
SRZHU ERXQGHG LQYHUVH� DQG WKH UHVXOW IROORZV E\ 3URSRVLWLRQV � DQG ��

$ FRPSOHWH VSHFWUDO FKDUDFWHUL]DWLRQ RI & �c�FRQWUDFWLRQV LV NQRZQ� /HW b�'� EH
WKH FROOHFWLRQ RI DOO QRQHPSW\ FRPSDFW VXEVHWV . RI 'b VXFK WKDW HYHU\ QRQHPSW\
FORSHQ �FORVHG DQG RSHQ� VXEVHW & RI . LV VXFK WKDW z�&?#'� ! �� ZKHUH z VWDQGV
IRU WKH QRUPDOL]HG /HEHVJXH PHDVXUH RQ #'� ,W ZDV VKRZQ LQ >�@ WKDW WKH VSHFWUXP
RI D FRPSOHWHO\ QRQXQLWDU\ & �c�FRQWUDFWLRQ OLHV LQ b�'� DQG HYHU\ VHW LQ b�'� FDQ EH
WKH VSHFWUXP RI D & ���FRQWUDFWLRQ� DQG LQ >�@ WKDW HYHU\ VHW LQ b�'� FDQ DOVR EH WKH
VSHFWUXP RI D & ���FRQWUDFWLRQ� 5HFDOO WKDW D FRPSOHWHO\ QRQXQLWDU\ & ���FRQWUDFWLRQ
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LV TXDVLVLPLODU WR DQ DEVROXWHO\ FRQWLQXRXV XQLWDU\ RSHUDWRU >��� SS������������@�
DQG DQ DEVROXWHO\ FRQWLQXRXV XQLWDU\ RSHUDWRU LV VLPLODU WR D FRPSOHWHO\ QRQXQLWDU\
& ���FRQWUDFWLRQ >�@ �VHH DOVR >�@�� +RZHYHU� LQ DFFRUGDQFH ZLWK WKH DIRUHPHQWLRQHG
UHVXOWV� WKH SRLQW ]HUR PD\ EH LQ WKH VSHFWUXP RI D & ���FRQWUDFWLRQ �LQ IDFW� LI LW LV
WKHUH� WKHQ LW LV LQ WKH FRQWLQXRXV VSHFWUXP�� :H JLYH D FRQFUHWH H[DPSOH�

5HPDUN �� 7DNH DQ DUELWUDU\ LQWHJHU Qy� DQG OHW 7Q  VKLIW�I�NJ�N  b� � EH D

ELODWHUDO ZHLJKWHG VKLIW RQ C� ZLWK ZHLJKWV �N  � IRU DOO N H[FHSW IRU N  � ZKHUH
��  �Q� ��b�� (DFK 7Q LV D QRQXQLWDU\ & ���FRQWUDFWLRQ VLPLODU WR D XQLWDU\
RSHUDWRU� DQG 7  

/�

Q � 7Q LV D & ���FRQWUDFWLRQ QRW VLPLODU WR DQ\ XQLWDU\ RSHUDWRU
>��� S���@ VXFK WKDW � � ��7 � �7 LV LQMHFWLYH EXW QRW ERXQGHG EHORZ�� )LUVW QRWH
WKDW 7Q OLHV LQ +1 Q7 +1 �E\ &RUROODU\ ��� DQG KHQFH WKH & ���FRQWUDFWLRQ 7
GRHV QRW OLH LQ 7 +1 �HDFK GLUHFW VXPPDQG 7Q LV LQYHUWLEOH ZLWK D SRZHU ERXQGHG
LQYHUVH� EXW QRW XQLWDU\ _ 3URSRVLWLRQ ��� 7KLV DJDLQ SURPSWV WKH TXHVWLRQ� ,I D
& ���FRQWUDFWLRQ 7 OLHV LQ 7 +1 � WKHQ LV LW WUXH WKDW 7 PXVW EH XQLWDU\"

3URSRVLWLRQ �� ,I 7 � & �� ? 7 +1 � WKHQ 7 LV XQLWDU\�

3URRI� ,I 7 LV D & ���FRQWUDFWLRQ� WKHQ LW LV TXDVLVLPLODU WR D XQLWDU\ RSHUDWRU� ,Q
WKLV FDVH� LW IROORZV IURP >�@ WKDW WKHUH H[LVWV DQ LQFUHDVLQJ VHTXHQFH I0QJQ� 1 RI
7 �LQYDULDQW VXEVSDFHV WKDW VSDQ + �L�H��

:
Q� 1 0Q  +� VXFK WKDW HDFK SDUW 7 M0 �

LV VLPLODU WR D XQLWDU\ RSHUDWRU� ,I� LQ DGGLWLRQ� 7 � 7 +1 � WKHQ HDFK 7 M0 � OLHV LQ
7 +1 � DQG KHQFH LV XQLWDU\ E\ 3URSRVLWLRQ �� 7KHUHIRUH� 7 LV XQLWDU\�

3URSRVLWLRQ �� ,I 7 � 7 +1 LV D & �c�FRQWUDFWLRQ� WKHQ 7 LV WKH �RUWKRJRQDO�
GLUHFW VXP RI D XQLWDU\ RSHUDWRU DQG D & ���FRQWUDFWLRQ�

3URRI� (YHU\ & �c�FRQWUDFWLRQ 7 KDV D WULDQJXODWLRQ

7  

�
#

7�� e e
2 7�� e
2 2 7��

�
$

ZKHUH 7�� � & ��� 7�� � & �� DQG 7�� � & �� >��� S���@� 6LQFH 7�� � & ��� LW IROORZV
WKDW 7�� � & �� ? 7 +1 �LW LV D & ���SDUW RI D 7 +1 FRQWUDFWLRQ�� DQG KHQFH 7�� LV
XQLWDU\ E\ 3URSRVLWLRQ �� 5HFDOO WKDW LI WKH UHVWULFWLRQ RI D FRQWUDFWLRQ 7 WR DQ
LQYDULDQW VXEVSDFH LV XQLWDU\� WKHQ WKH VXEVSDFH UHGXFHV 7 � 7KHUHIRUH�

7  7�� j

v
7�� e
2 7��

w

VR WKDW 7�� LV D SDUW RI 7 � 6LQFH 7 � & �c� LW IROORZV WKDW 7�� DFWV RQ I�J� DQG KHQFH

7  7�� j 7��� e

�� 7 +1 & RQW U DF W LRQV Z LW K & RP SDF W 'HI HF W 2SHU DW RU

5HFDOO WKDW 7 LV D FRQWUDFWLRQ LI DQG RQO\ LI , b 7 e7 LV D QRQQHJDWLYH FRQWUDFWLRQ�
,Q WKLV FDVH� WKH QRQQHJDWLYH FRQWUDFWLRQ '7  �, b 7 e7 �

�
� LV FDOOHG WKH GHIHFW

RSHUDWRU RI 7 � 7KH FKDUDFWHUL]DWLRQ RI & ���FRQWUDFWLRQV LQ 7 +1 LV FRPSOHWH E\
3URSRVLWLRQ �� D FRQWUDFWLRQ OLHV LQ & �� ? 7 +1 LI DQG RQO\ LI LW LV XQLWDU\� ,Q
RUGHU WR GHDO ZLWK WKH FDVHV RI & �� RU & ���FRQWUDFWLRQV LQ 7 +1 ZH VKDOO DVVXPH
WKDW WKHLU GHIHFW RSHUDWRU LV FRPSDFW�
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3URSRVLWLRQ �� ,I D & �c�FRQWUDFWLRQ 7 � %>+@ KDV D FRPSDFW GHIHFW RSHUDWRU� WKHQ

��7 � ? ' � " LI DQG RQO\ LI ' v �3 �7
e��

3URRI� /HW '7 EH WKH GHIHFW RSHUDWRU RI D FRQWUDFWLRQ 7 � :H FODLP WKDW

LI 7 � & �c DQG '7 LV FRPSDFW� WKHQ 7 LV ERXQGHG EHORZ�

,I '7 LV FRPSDFW� WKHQ VR LV '
�
7 VR WKDW , b 7 e7 LV FRPSDFW� DQG KHQFH ]HUR LV

WKH RQO\ SRVVLEOH DFFXPXODWLRQ SRLQW RI ��, b 7 e7 �� ZKLFK LPSOLHV WKDW ]HUR LV QRW
DQ DFFXPXODWLRQ SRLQW RI ��7 e7 �� 7KHUHIRUH� LI �  � �3 �7

e7 � �L�H�� LI � � N7 e7[N
IRU HYHU\ QRQ]HUR [�� WKHQ 7 e7 LV ERXQGHG EHORZ DQG VR LV 7 �VLQFH N7 e7[N x
N7 eNN7[N IRU HYHU\ [�� %XW LI 7 � & �c� WKHQ �  � �3 �7

e7 �� �,QGHHG� LI � � �3 �7
e7 ��

WKHQ NHU7  NHU�7 e7 � � I�J� ZKLFK LPSOLHV WKDW 7Q[  � IRU VRPH � � [ � NHU7
DQG HYHU\ SRVLWLYH LQWHJHU Q� DQG KHQFH 7  � & �c��

1RZ WDNH DQ\ y � ' DQG FRQVLGHU WKH 0�RELXV WUDQVIRUP 7y  �y, b 7 ��y7 b ,�b� 
�y7 b ,�b��y, b 7 �� ZKLFK LV D & �c�FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU >���
S����@� DQG KHQFH ERXQGHG EHORZ E\ WKH DERYH UHVXOW� 7KXV �y, b 7 � LV ERXQGHG
EHORZ �VLQFH N7y[N x N�y7 b ,�b�NN�y, b 7 �[N IRU HYHU\ [�� ZKLFK PHDQV WKDW y
LV QRW LQ WKH DSSUR[LPDWH SRLQW VSHFWUXP� WKDW LV�

' ? �$3 �7 �  "�

7KHUHIRUH� �$3 �7 �  #��7 � v #' EHFDXVH ��7 � v 'b DQG #��7 � v �$3 �7 �� 7KHQ
��7 �Q�$3 �7 �  ' LI ��7 � ? ' � "� %XW ��7 �Q�$3 �7 � v �5�7 � v �3 �7

e�e VR WKDW

��7 � ? ' � " LPSOLHV ' v �3 �7
e��

7KH FRQYHUVH LV WULYLDO�

$ VWUDLJKWIRUZDUG FRUROODU\ UHDGV DV IROORZV� ,I D & �c�FRQWUDFWLRQ 7 KDV D FRP�

SDFW GHIHFW RSHUDWRU DQG ' �v �3 �7
e�� WKHQ ��7 � v #'� %\ XVLQJ 3URSRVLWLRQ �

ZH FDQ H[WHQG WKH UHVXOW RI 5HPDUN � RQ FRPSOHWHO\ QRQXQLWDU\ LVRPHWULHV �L�H��
RQ XQLODWHUDO VKLIWV� DQG KHQFH RQ & ���FRQWUDFWLRQV ZLWK QXOO GHIHFW RSHUDWRU� WR
& ���FRQWUDFWLRQV ZLWK FRPSDFW GHIHFW RSHUDWRUV�

3URSRVLWLRQ �� ,I 7 LV D & ���FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU� WKHQ LW

OLHV LQ 7 +1 LI DQG RQO\ LI LW KDV QR LQYHUWLEOH SDUW�

3URRI� :H VKDOO VKRZ WKDW WKH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� (YHU\ QRQ]HUR SDUW RI 7 LV QRW LQYHUWLEOH�

�E� ' v �3 ��7 M0 �
e� ZKHQHYHU 0 LV D QRQ]HUR 7 �LQYDULDQW VXEVSDFH�

�F� 7 � 7 +1 �

6XSSRVH 7 LV D & ���FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU� OHW 0 EH DQ DU�
ELWUDU\ QRQ]HUR 7 �LQYDULDQW VXEVSDFH� DQG FRQVLGHU WKH SDUW 7 M0 � )LUVW REVHUYH
WKDW 7 M0 LV D & �c�FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU� 7KXV� LI 7 M0 LV
QRW LQYHUWLEOH� WKHQ � � ��7 M0 � VR WKDW ��7 M0 � ?' � "� DQG KHQFH 3URSRVLWLRQ
� HQVXUHV WKDW ' v �3 ��7 M0 �e�� WKDW LV� �D� LPSOLHV �E�� 1RZ LI ' v �3 ��7 M0 �e��
WKHQ � � �3 ��7 M0 �e� VR WKDW � � ��7 M0 �� ZKLFK HQVXUHV WKDW 7 M0 LV QRW LQYHUW�
LEOH VR WKDW �E� LPSOLHV �D�� DQG �D� LPSOLHV �F� WULYLDOO\ �EHFDXVH 7 � +1 DF�
FRUGLQJ WR 3URSRVLWLRQ ��� )LQDOO\� LI 7 M0 LV LQYHUWLEOH� WKHQ �  � ��7 M0 � VR WKDW
�  � �3 ��7 M0 �e�� DQG KHQFH ' �v �3 ��7 M0 �e�� ZKLFK LPSOLHV WKDW ��7 M0 � v #' E\
3URSRVLWLRQ � �EHFDXVH 7 M0 LV D & �c�FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU��
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DQG WKHUHIRUH 7 M0 LV XQLWDU\ DFFRUGLQJ WR 3URSRVLWLRQ � ZKHQHYHU 7 M0 � 7 +1 �
WKDW LV� ZKHQHYHU 7 � 7 +1 � 6XPPLQJ XS� 7 M0 LQYHUWLEOH DQG 7 � 7 +1 OHDGV
WR 7 M0 LV XQLWDU\� ZKLFK LV D FRQWUDGLFWLRQ� ,Q IDFW� LI 7 M0 LV XQLWDU\� WKHQ 0 UH�
GXFHV 7 �LI D SDUW RI D FRQWUDFWLRQ LV XQLWDU\� WKHQ LW LV D GLUHFW VXPPDQG� VR WKDW
7 eM0 LV XQLWDU\� ZKLFK FRQWUDGLFWV WKH IDFW WKDW 7 � & ��� 7KXV �F� LPSOLHV �D��

$Q LPPHGLDWH FRQVHTXHQFH RI 3URSRVLWLRQV � DQG � UHDGV DV IROORZV� $ & �c�FRQ�
WUDFWLRQ LQ 7 +1 ZLWK D FRPSDFW GHIHFW RSHUDWRU LV WKH �RUWKRJRQDO� GLUHFW VXP RI

D XQLWDU\ RSHUDWRU DQG D & ���FRQWUDFWLRQ ZLWK QR LQYHUWLEOH SDUWV�

2Q WKH RWKHU KDQG� WKHUH LV QR ZD\ IRU D & ���FRQWUDFWLRQ 7 �DFWLQJ RQ D QRQ]HUR
+LOEHUW VSDFH +� WR EH LQ 7 +1 � SURYLGHG LW KDV D FRPSDFW GHIHFW RSHUDWRU '7 DQG
NHU7 v NHU7 e� �2EVHUYH WKDW NHU7 v NHU7 e IRU D & �c�FRQWUDFWLRQ��

3URSRVLWLRQ �� ,I 7 LV D & ���FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU VXFK WKDW

NHU7 v NHU7 e� WKHQ LW LV QRW LQ 7 +1 �

3URRI� 6LQFH 7'7  '7
� 7 >��� S��@ DQG �UDQ7 �b  + � I�J �IRU 7 � & �� VR WKDW

NHU7 e  I�J�� LW FDQ EH VKRZQ E\ XVLQJ WKH SRODU GHFRPSRVLWLRQ RI 7 e WKDW '7
�

LV FRPSDFW ZKHQHYHU '7 LV� 0RUHRYHU� 7 e � & �� LPSOLHV �3 �7
e� ? '  "� 7KH

K\SRWKHVLV NHU7 v NHU7 e LPSOLHV WKDW HLWKHU 7 LV LQMHFWLYH RU � LV D QRUPDO HLJHQ�
YDOXH RI 7 �ZKLFK FDQQRW RFFXU RQFH 7 � & ���� DQG KHQFH ' �v�3 �7 �� 7KXV� WKH IDFW
WKDW 7 e LV D & �c�FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU LPSOLHV� E\ 3URSRVLWLRQ
�� WKDW ��7 e� v #'� DQG VR ��7 � v #'� 7KHUHIRUH� 7 LV XQLWDU\ E\ 3URSRVLWLRQ �
ZKHQHYHU 7 � 7 +1 � ZKLFK FRQWUDGLFWV WKH K\SRWKHVLV WKDW 7 � & ���

,I 7 LV D & ���FRQWUDFWLRQ ZLWK FRPSDFW GHIHFW RSHUDWRU� WKHQ 7 LV D VHPL�)UHGKROP
RSHUDWRU ZLWK D pQLWH�GLPHQVLRQDO NHUQHO� 7KH RSHUDWRU 7 PD\ RU PD\ QRW KDYH
)UHGKROP LQGH[ �� ,I� KRZHYHU LQG7  �� WKHQ 7 LV D FRPSDFW SHUWXUEDWLRQ RI D
XQLWDU\ RSHUDWRU� ZKLFK LPSOLHV WKDW LWV HVVHQWLDO VSHFWUXP �H�7 � LV D VXEVHW RI #'�
,W IROORZV WKDW ��7 � ? '  �3 �7 � ? '�
3URSRVLWLRQ ��� /HW 7 EH D & ���FRQWUDFWLRQ ZLWK D FRPSDFW GHIHFW RSHUDWRU VXFK

WKDW LQG7  �� ,I 7 � 7 +1 DQG QRUPDO VXEVSDFHV RI 7 UHGXFH 7 � WKHQ 7 LV D

GLDJRQDO RSHUDWRU� WKH HLJHQYDOXHV RI 7 DUH RI pQLWH PXOWLSOLFLW\� DQG �3 �7 � KDV QR
DFFXPXODWLRQ SRLQW LQ '�
3URRI� /HW 7 EH D & ���FRQWUDFWLRQ LQ 7 +1 ZLWK D FRPSDFW GHIHFW RSHUDWRU DQG
ZLWK LQG7  �� 7KHQ ��7 � ? '  �3 �7 � ?'� )RU DQ\ y � �3 �7 � v ' LW IROORZV
WKDW 1 y  NHU�y, b 7 � LV D QRUPDO VXEVSDFH RI 7 � +HQFH 1 y UHGXFHV 7 � DQG VR
GR WKH VXEVSDFHV +�  

/
y � �� �7 � 1 y DQG +�  +k+�� 6LQFH ��7 M+ � � v #'� LW

IROORZV WKDW WKH & ���FRQWUDFWLRQ 7 M+ � LV XQLWDU\� WKXV DFWLQJ RQ +�  I�J� +HQFH 7
LV D GLDJRQDO RSHUDWRU� 6LQFH WKH GHIHFW RSHUDWRU '7 LV FRPSDFW� WKH HLJHQYDOXHV RI
7 DUH RI pQLWH PXOWLSOLFLW\ DQG �3 �7 � KDV QR DFFXPXODWLRQ SRLQW LQ '�
5HPDUN �� 7KHUH H[LVW & ���FRQWUDFWLRQV 7 LQ 7 +1 VXFK WKDW '7 LV FRPSDFW EXW
LQG7 � �� )RU H[DPSOH� FRQVLGHU D XQLODWHUDO ZHLJKWHG VKLIW 7  VKLIW�I�NJ�N  ��

RQ C�� ZLWK LQFUHDVLQJ ZHLJKWV �N  
N

N � � � 7KHQ � � �N � ��
4

N �N  �� LQG7 � �
DQG '7 EHORQJV WR WKH 6FKDWWHQ S�FODVV IRU DOO � � S � �� )XUWKHUPRUH� 7 LV D & ���
FRQWUDFWLRQ� ZKLFK EHLQJ K\SRQRUPDO LV LQ 7 +1 � ,I� KRZHYHU� WKH GHIHFW RSHUDWRU
'7 RI D & ���FRQWUDFWLRQ LQ 7 +1 LV RI +LOEHUW^6FKPLGW FODVV �L�H�� RI 6FKDWWHQ ��
FODVV�� WKHQ LQG7  � ZKHQHYHU QRUPDO VXEVSDFHV RI 7 DUH UHGXFLQJ� DV ZH VKDOO VHH
LQ WKH QH[W VHFWLRQ�
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�� 7 +1 & RQW U DF W LRQV Z LW K +LO EHU W ^ 6F KP LGW 'HI HF W 2SHU DW RU

$Q RSHUDWRU ' � %>+@ LV +LOEHUW^6FKPLGW LI IN'HN�JH � % LV D VXPPDEOH IDPLO\ IRU
DQ\ RUWKRQRUPDO EDVLV % IRU +� 7KLV VXP GRHV QRW GHSHQG RQ WKH FKRLFH RI WKH
RUWKRQRUPDO EDVLV� )RU VLPSOLFLW\ ZH VKDOO DVVXPH IURP QRZ RQ WKDW + LV VHSDUDEOH�
/HW %  IHQJ EH DQ\ RUWKRQRUPDO EDVLV IRU +� 7KXV WKH GHIHFW RSHUDWRU '7 RI
D FRQWUDFWLRQ 7 � %>+@ LV +LOEHUW^6FKPLGW LI

3
Q N'7 HQN� � � RU� HTXLYDOHQWO\� LI3

Q��b N7HQN�� � �� 7KLV LV WKH WUDFH RI '�
7 � WKDW LV� WU�'

�
7 �  

3
QK'

�
7 HQ � HQL  3

Q N'7 HQN� � � �'7 LV +LOEHUW^6FKPLGW LI DQG RQO\ LI '
�
7 LV WUDFH FODVV��

5HFDOO WKDW D & ���FRQWUDFWLRQ 7 LV RI FODVV & � LI WKHUH H[LVWV DQ LQQHU IXQFWLRQ X
VXFK WKDW X�7 �  �� $ FRQWUDFWLRQ 7 LV D ZHDN FRQWUDFWLRQ LI ��7 � � 'b DQG '�

7

LV WUDFH FODVV >��� S����@� (TXLYDOHQWO\� ��7 � � 'b DQG '7 LV +LOEHUW^6FKPLGW�

3URSRVLWLRQ ��� ,I 7 � 7 +1 LV D & �c�FRQWUDFWLRQ ZLWK D +LOEHUW^6FKPLGW GHIHFW

RSHUDWRU '7 VXFK WKDW QRUPDO VXEVSDFHV RI 7 UHGXFH 7 � WKHQ 7 LV D GLDJRQDO & ��

FRQWUDFWLRQ�

3URRI� (YHU\ & �c�FRQWUDFWLRQ 7 KDV D WULDQJXODWLRQ

7  

v
7�� e
2 7��

w
�

ZKHUH 7�� � & �� DQG 7�� � & �� >��� S���@� 7KH K\SRWKHVLV '7 LV +LOEHUW^6FKPLGW
LPSOLHV '7 � � LV +LOEHUW^6FKPLGW� ,Q SDUWLFXODU� '7 � � LV FRPSDFW� 6LQFH 7 � 7 +1
LPSOLHV 7�� � 7 +1 � DQG NHU7�� v NHU7 e

�� �EHFDXVH QRUPDO VXEVSDFHV RI 7 DUH UH�
GXFLQJ�� LW IROORZV IURP DQ DSSOLFDWLRQ RI 3URSRVLWLRQ � WKDW 7�� DFWV RQ WKH ]HUR
VSDFH I�J� +HQFH 7  7�� LV D & ���FRQWUDFWLRQ ZLWK D +LOEHUW^6FKPLGW GHIHFW RSHU�
DWRU� DQG VR D & ��FRQWUDFWLRQ >��@� 7KH QRUPDO VXEVSDFH+�  NHU7 UHGXFHV 7 � 3XW
+�  +k+�� 6LQFH 7 LV D & ��FRQWUDFWLRQ� ZH LQIHU WKDW +� LV pQLWH�GLPHQVLRQDO
DQG WKDW 7 M+ � LV LQYHUWLEOH� ,W IROORZV WKDW 7 LV )UHGKROP ZLWK LQG7  �� DQG VR
3URSRVLWLRQ �� DSSOLHV�

:H QH[W SURYH RXU PDLQ UHVXOW� ZKLFK VD\V WKDW D 7 +1 FRQWUDFWLRQ 7 ZLWK
+LOEHUW^6FKPLGW GHIHFW RSHUDWRU� VXFK WKDW QRUPDO VXEVSDFHV RI 7 UHGXFH 7 � LV WKH
GLUHFW VXP RI D XQLWDU\� D QRUPDO & ��FRQWUDFWLRQ DQG D & ���FRQWUDFWLRQ�

7KHRUHP �� /HW 7 � 7 +1 EH D FRQWUDFWLRQ VXFK WKDW '7 LV +LOEHUW^6FKPLGW� ,I

QRUPDO VXEVSDFHV RI 7 UHGXFH 7 � WKHQ

7  7X j 7Q j 7���

ZKHUH 7X LV XQLWDU\� 7Q LV D QRUPDO & ��FRQWUDFWLRQ DQG 7�� LV D & ���FRQWUDFWLRQ

ZLWK QR LQYHUWLEOH SDUWV�

3URRI� 6LQFH 7 LV FRQWUDFWLRQ� LW KDV D WULDQJXODWLRQ �FI� >��� S���@�

7  

v
7�c e
2 7�c

w
�

ZKHUH 7�c � & �c DQG 7�c � & �c� ,I '7 LV +LOEHUW^6FKPLGW� WKHQ VR LV '7 � c � DQG KHQFH
7�c LV D QRUPDO �LQGHHG� GLDJRQDO� & ��FRQWUDFWLRQ E\ 3URSRVLWLRQ ��� 6LQFH QRUPDO
VXEVSDFHV RI 7 DUH UHGXFLQJ� ZH JHW 7  7�c j 7�c� 7KHUHIRUH� E\ 3URSRVLWLRQ ��

7  7�c j 7X j 7���
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ZKHUH 7X LV XQLWDU\ DQG 7�� LV D & ���FRQWUDFWLRQ ZLWK QR LQYHUWLEOH SDUWV DFFRUGLQJ
WR 3URSRVLWLRQ ��

5HFDOO WKDW DQ RSHUDWRU 7 � %>+@ LV VDLG WR KDYH WKH ELFRPPXWDQW SURSHUW\ LI
I7J��  $OJ7 � ZKHUH I7J�� GHQRWHV WKH GRXEOH FRPPXWDQW RI 7 DQG $OJ7 GHQRWHV
WKH ZHDNO\ FORVHG DOJHEUD JHQHUDWHG E\ 7 DQG WKH LGHQWLW\� $Q RSHUDWRU 7 LV VDLG WR
EH UHqH[LYH LI $OJ7  $OJ /DW7 � ZKHUH /DW7 GHQRWHV WKH ODWWLFH RI DOO 7 �LQYDULDQW
VXEVSDFHV DQG $OJ /DW7 LV WKH DOJHEUD RI DOO RSHUDWRUV 6 IRU ZKLFK /DW7 v /DW6�
7KH SURRI RI WKH IROORZLQJ OHPPD FDQ EH IRXQG LQ >��� 7KHRUHP �@ DQG >��� 7KHRUHP
�@ _ DOVR VHH >��@ IRU VRPH HDUOLHU UHVXOWV� $V XVXDO� ?FQX� LV D VKRUW IRU ?FRPSOHWHO\
QRQXQLWDU\��

3URSRVLWLRQ ��� �D� $ FQX & �c�FRQWUDFWLRQ ZLWK D +LOEHUW^6FKPLGW GHIHFW RSHUDWRU

LV UHqH[LYH� �E� ,I D FRQWUDFWLRQ LV GHQVHO\ LQWHUWZLQHG WR D XQLODWHUDO VKLIW� WKHQ LW

KDV WKH ELFRPPXWDQW SURSHUW\�

1RWH WKDW LWHP �E� VD\V� LI D FRQWUDFWLRQ 7 LV VXFK WKDW :7  6: IRU VRPH RS�

HUDWRU : ZLWK GHQVH UDQJH DQG VRPH XQLODWHUDO VKLIW 6� WKHQ 7 KDV WKH ELFRPPXWDQW

SURSHUW\� &RPELQLQJ 7KHRUHP � ZLWK 3URSRVLWLRQ �� RQH KDV WKH IROORZLQJ FRUROODU\�

&RUROODU\ �� /HW 7 � 7 +1 EH D FRQWUDFWLRQ VXFK WKDW '7 LV +LOEHUW^6FKPLGW DQG

QRUPDO VXEVSDFHV RI 7 DUH UHGXFLQJ�

�D� ,I 7 KDV QR QRUPDO GLUHFW VXPPDQG� WKHQ 7 LV UHqH[LYH�

�E� ,I GLP�NHU�y, b 7 e�� � � IRU HYHU\ y � + ~ ' ZLWK
3

y � +��b MyM�  ��

WKHQ 7 KDV WKH ELFRPPXWDQW SURSHUW\�

3URRI� �D� %\ 7KHRUHP �� WKH K\SRWKHVHV RQ 7 LPSO\ WKDW 7 � &��� +HQFH 7 LV UH�
qH[LYH E\ 3URSRVLWLRQ ���D�� 7R SURYH �E� ZH DUJXH DV IROORZV� ,I ZH GHQRWH WKH FQX
SDUW RI 7 E\ 7F� WKHQ 7F KDV +LOEHUW^6FKPLGW GHIHFW RSHUDWRU DQG �E\ 7KHRUHP ��
7F  7Q j 7��� ZKHUH 7Q LV D QRUPDO & ��FRQWUDFWLRQ DQG 7�� LV D & ���FRQWUDFWLRQ�
2EVHUYH WKDW RXU K\SRWKHVLV RQ + LPSOLHV WKDW WKH WHUP 7�� FDQ QRW EH PLVVLQJ�
6LQFH 7Q LV D & ��FRQWUDFWLRQ� LW IROORZV WKDW

3
y� �� �7

�
� ���b MyM� � �� DQG KHQFH

NHU�y, b 7 e
��� � I�J KROGV IRU VRPH y � '� :H LQIHU E\ 3URSRVLWLRQ � WKDW �3 �7 e

���
DFWXDOO\ pOOV '� 7KXV 7�� FDQ EH GHQVHO\ LQWHUWZLQHG WR D XQLODWHUDO VKLIW 6 �VHH
>��� S���@�� ZKLFK LPSOLHV WKDW 7 FDQ EH DOVR GHQVHO\ LQWHUWZLQHG WR 6� $SSO\LQJ
3URSRVLWLRQ ���E� ZH FRQFOXGH WKDW 7 KDV WKH ELFRPPXWDQW SURSHUW\�

5HPDUN �� &RQVLGHU WKH WULDQJXODWLRQ

7  

�
%%%#

7�� e e e e
2 7�� e e e
2 2 7�� e e
2 2 2 H7�� e
2 2 2 2 7��

�
&&&$

RI D FRQWUDFWLRQ 7 � ZKHUH 7LM � & LM DQG H7�� � & ��� ,I 7 � 7 +1 LV VXFK WKDW '7 LV

FRPSDFW DQG QRUPDO VXEVSDFHV RI 7 UHGXFH 7 � DQG LI ERWK 7�� DQG H7�� DUH LQMHFWLYH

ZLWK LQG7��  LQG H7��  �� WKHQ LW IROORZV IURP WKH UHVXOWV RI 6HFWLRQ � WKDW

7  7�� j 7�� j'�

ZKHUH 7�� LV XQLWDU\� 7�� KDV QR LQYHUWLEOH SDUWV DQG '  7�� j H7�� LV WKH GLDJRQDO
RSHUDWRU RI 3URSRVLWLRQ ��� ,I WKH FDQRQLFDO LVRPHWU\ DVVRFLDWHG ZLWK 7�� LV QRW
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UHGXFWLYH� WKHQ 7 LV UHqH[LYH >�� &RUROODU\ �@� ,V WKH FDQRQLFDO LVRPHWU\ DVVRFLDWHG
ZLWK 7�� QRQUHGXFWLYH XQGHU WKH K\SRWKHVLV WKDW '7 � � LV FRPSDFW"

$V D pQDO UHPDUN� UHFDOO WKDW HYHU\ FRQWUDFWLRQ 7 KDV D XQLTXH �RUWKRJRQDO� GLUHFW
VXP GHFRPSRVLWLRQ 7  7X j 7F� ZKHUH 7X LV XQLWDU\ DQG 7F LV D FQX FRQWUDFWLRQ
�LW LV FOHDU WKDW HLWKHU RI WKH VXPPDQGV PD\ EH PLVVLQJ�� 7KLV LV WKH ZHOO�NQRZQ
1DJ\^)RLD|V^/DQJHU GHFRPSRVLWLRQ IRU FRQWUDFWLRQV >��� S��@� &RPSOHWHO\ QRQXQL�
WDU\ GLUHFW VXPPDQGV RI FODVV & c� KDYH EHHQ FKDUDFWHUL]HG LQ >�@ DV IROORZV� /HW
+ DQG . EH +LOEHUW VSDFHV� $Q RSHUDWRU 7 LQ %>+@ LV VDLG WR VDWLVI\ WKH 3)�
SURSHUW\� VKRUW IRU 3XWQDP^)XJOHGH FRPPXWDWLYLW\ SURSHUW\� LI 7;  ;9 e IRU
VRPH ERXQGHG OLQHDU WUDQVIRUPDWLRQ ; � . � + DQG VRPH LVRPHWU\ 9 LQ %>. @� LP�
SOLHV 7 e;  ;9� 7KH FQX GLUHFW VXPPDQG RI D FRQWUDFWLRQ 7 � %>+@ LV RI FODVV
& c� LI DQG RQO\ LI 7 VDWLVpHV WKH 3)�SURSHUW\ �>�� /HPPD �@ _ VHH DOVR >��@��

,W LV FOHDU IURP 7KHRUHP � WKDW 7 +1 FRQWUDFWLRQV 7 ZLWK +LOEHUW^6FKPLGW GHIHFW
RSHUDWRU� VXFK WKDW QRUPDO VXEVSDFHV RI 7 UHGXFH 7 � KDYH & c� FQX GLUHFW VXPPDQGV�
&RPELQLQJ WKLV ZLWK WKH UHVXOWV IURP >�@� ZH KDYH WKH IROORZLQJ �3XWQDP^)XJOHGH
W\SH� FRPPXWDWLYLW\ UHVXOW�

&RUROODU\ �� /HW 7 EH D 7 +1 FRQWUDFWLRQ ZLWK D +LOEHUW^6FKPLGW GHIHFW RSHUDWRU

VXFK WKDW QRUPDO VXEVSDFHV RI 7 UHGXFH 7 � ,I 7;  ;9 e IRU VRPH ; � %>+@ DQG
VRPH LVRPHWU\ 9� WKHQ 7 e;  ;9� DQG 7 M�UDQ ;� � DQG 9 M�NHU;�

� DUH XQLWDULO\

HTXLYDOHQW XQLWDULHV�

$F N QRZ O HGJP HQW

7KH pQDO YHUVLRQ RI WKLV SDSHU RZHV D ORW WR WKH UHIHUHHV� ,Q SDUWLFXODU� WKH UHVXOWV
LQ 5HPDUN �� 3URSRVLWLRQ �� 6HFWLRQ � DQG WKH SUREOHP SRVHG LQ 5HPDUN � DUH D
FRQVHTXHQFH RI WKHLU VXJJHVWLRQV� ,W LV RXU SOHDVXUH WR WKDQN WKHP�

5HI HU HQF HV

�� & � $ S RVWRO� 2SHU DW RU V TXDVLVLPLODU W R D Q RU PDO RSHU DW RU � 3 U RF� $ P HU � 0DWK � 6 RF�� �� �������
���^����

�� + � % HU FRY LFL DQ G /� .wHU FK \ � 4XDVLVLPLODU LW \ DQ G SU RSHU W LHV RI W KH FRPPXW DQ W RI &�� �

FRQ W U DFW LRQ V� $ FWD 6 FL� 0DWK � �6 ]HJHG �� �� ������� ��^���
�� + � % HU FRY LFL DQ G /� .wHU FK \ � 2Q W KH VSHFW U XP RI &�� � FRQ W U DFW LRQ V� 3 U RF� $ P HU � 0DWK � 6 RF��

�� ������� ���^����

�� % �3 � 'X JJDO� 2Q FKDU DFW HU LVLQ J FRQ W U DFW LRQ V Z LW K &�� SXU H SDU W � ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU
7 K HRU \ � �� ������� ���^����

�� % �3 � 'X JJDO DQ G 6 �9 � 'MRU G MHY LwF� * HQ HU DOL] HG : H\ O
V W KHRU HP IRU D FODVV RI RSHU DW RU V VDW �

LVI\ LQ J D Q RU P FRQ GLW LRQ � 0DWK � 3 U RF� 5R\ DO ,U LVK $ FDG �� ��� ������� ��^�� �FRU U LJHQ G X P
VX E P LWWHG ��

�� + � *� + HX VHU � )XQ FW LRQ DO $ Q DO\ VLV� : LOH\ � & K LFK HVWHU � �����
�� /� .wHU FK \ � 2Q LQ YDU LDQ W VXEVSDFH ODW W LFHV RI &�� � FRQ W U DFW LRQ V� $ FWD 6 FL� 0DWK � �6 ]HJHG �� ��

������� ���^����
�� /� .wHU FK \ � 2Q W KH VSHFW U D RI FRQ W U DFW LRQ V EHORQ JLQ J W R VSHFLDO FODVVHV� - � )X Q FW� $ Q DO�� ��

������� ���^����
�� /� .wHU FK \ � ,Q MHFW LRQ RI XQ LODW HU DO VKLIW V LQ W R FRQ W U DFW LRQ V Z LW K Q RQ � YDQ LVKLQ J XQ LW DU \ DV\ PS�

W RW HV� $ FWD 6 FL� 0DWK � �6 ]HJHG �� �� ������� ���^����
��� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ � % LU N �

K �DX VHU � % RVWRQ � �����
��� & �6 � .X E U X VO\ � + LOEHU W 6 SDFH 2SHU DW RU V� % LU N K �DX VHU � % RVWRQ � �����
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��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� & RQ W U DFW LRQ V Z LW K &c� GLU HFW VXPPDQ GV� $ G Y � 0DWK � 6 FL�
$ S S O�� �� ������� ���^����

��� % � 6 ]��1 DJ\ DQ G & � )RLD|V� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH� 1 RU WK �+ ROODQ G �

$ P VWHU G DP � �����
��� .� 7 DN DK DVK L� &�c � FRQ W U DFW LRQ V Z LW K + LOEHU W 6̂ FKPLGW GHIHFW RSHU DW RU V� - � 2S HU DWRU 7 K HRU \ �

�� ������� ���^����
��� .� 7 DN DK DVK L� & RQ W U DFW LRQ V Z LW K W KH ELFRPPXW DQ W SU RSHU W \ � 3 U RF� $ P HU � 0DWK � 6 RF�� ��

������� ��^���
��� .� 7 DN DK DVK L DQ G 0� 8 FK L\ DP D� ( YHU \ &�� FRQ W U DFW LRQ Z LW K + LOEHU W 6̂ FKPLGW GHIHFW RSHU DW RU

LV RI FODVV &�� - � 2S HU DWRU 7 K HRU \ � �� ������� ���^����
��� 3 �< � : X � 5 HqH[LYLW \ DQ G GRXEOH FRPPXW DQ W SU RSHU W \ IRU K\ SRQ RU PDO FRQ W U DFW LRQ V� 5HY �

5RX P DLQ H 0DWK � 3 X U HV $ S S O�� �� ������� ���^����

� 5HGZ RRG * U RYH� 1RU W KI LHO GV $YHQXH� (DO LQJ� /RQGRQ : � � 6=� (QJO DQG� 8�. �

( � PDLO DGGU HVV� ESGXJJDO#\DKRR�FR�XN

& ,0 $7 � $SGR� 3RVW DO � � � � & �3� � � � � � * XDQDMDXW R� * 7 2� 0 H[LF R

( � PDLO DGGU HVV� VODYGM#FLPDW�P[

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


