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$EVW U DF W � : H LQ WU RG X FH WK H Q RWLRQ V RI HOHP HQ WDU \ U HG X FLQ J VX E VS DFHV DQ G HOH�
P HQ WDU \ LU U HG X FLE OH�LQ Y DU LDQ W VX E VS DFHV_JHQ HU DWHG IU RP Z DQ G HU LQ J Y HFWRU V_
RI D VK LIW RS HU DWRU RI FRX Q WDE O\ LQ p Q LWH P X OWLS OLFLW\ � G Hp Q HG RQ D VHS DU DE OH
+ LOE HU W VS DFH + � 1 HFHVVDU \ DQ G VX r FLHQ W FRQ G LWLRQ V IRU D VHW RI VK LIW Z DQ �
G HU LQ J Y HFWRU V WR VS DQ D Z DQ G HU LQ J VX E VS DFH DU H RE WDLQ HG � 7 K HVH OHDG WR
FK DU DFWHU L]DWLRQ V RI VK LIW U HG X FLQ J VX E VS DFHV DQ G VK LIW LU U HG X FLE OH�LQ Y DU LDQ W
VX E VS DFHV� DV Z HOO DV D Q HZ G HFRP S RVLWLRQ RI + LQ WR RU WK RJRQ DO VX P RI HOH�
P HQ WDU \ U HG X FLQ J VX E VS DFHV� $ S S OLFDWLRQ V RI HOHP HQ WDU \ U HG X FLQ J VX E VS DFHV
WR : DY HOHW ( [ S DQ VLRQ � DQ G RI HOHP HQ WDU \ LU U HG X FLE OH�LQ Y DU LDQ W VX E VS DFHV WR
: DY HOHW 0X OWLU HVROX WLRQ $ Q DO\ VLV Z LOO E H G LVFX VVHG �

�� ,QW U RGXF W LRQ

/HW 8 � + � + EH D OLQHDU ERXQGHG RSHUDWRU RQ D VHSDUDEOH +LOEHUW VSDFH +_
ZLWK LQQHU SURGXFW Kc � cL DQG QRUP N c N� $ FORVHG VXEVSDFH : RI + LV FDOOHG ZDQ�

GHULQJ VXEVSDFH IRU 8 � RU VLPSO\� 8�ZDQGHULQJ � LI >�� ��@�

: " 8P: � P ! �������

,I WKH RSHUDWRU 8 LV XQLWDU\� WKHQ ����� LV HTXLYDOHQW WR�

8P: " 8P
�

: � � P�P� � = ZKHQHYHU P � P�������

6LPLODUO\� Z � + LV D 8�ZDQGHULQJ YHFWRU LI LW VSDQV D 8 �ZDQGHULQJ VXEVSDFH >��@�
:H QRZ UHFDOO WKH ?:DQGHULQJ 6XEVSDFH� GHpQLWLRQ RI +LOEHUW VSDFH VKLIW RSHU�

DWRUV >�� ��@� 1RWH� E\ D ?VKLIW� ZH PHDQ D ?ELODWHUDO VKLIW��

'HpQLWLRQ �� $ VKLIW 8 � + � + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH LV D ZDQ�
GHULQJ VXEVSDFH : VXFK WKDW + DGPLWV WKH ?ZDQGHULQJ VXEVSDFH GHFRPSRVLWLRQ�

+  
0

P� =
8P: ������

7KH ZDQGHULQJ VXEVSDFH : LV WKHQ FDOOHG JHQHUDWLQJ DQG LWV GLPHQVLRQ LV WKH PXO�

WLSOLFLW\ RI 8 �

,Q WKH IROORZLQJ ZH ZLOO EH GHDOLQJ ZLWK VKLIWV RI FRXQWDEO\ LQpQLWH PXOWLSOLFLW\�
:KDW LV LQWHUHVWLQJ LV WKH IDFW WKDW WKH PXWXDOO\ RUWKRJRQDO VXEVSDFHV I8P: JP� =
DUH QHLWKHU 8 �LQYDULDQW QRU 8e�LQYDULDQW� 0RUHRYHU� WKH\ GR QRW HYHQ LQFOXGH DQ\
8 �LQYDULDQW RU 8e�LQYDULDQW VXEVSDFH� +HQFH� WKH\ FDQ VHUYH DV EXLOGLQJ EORFNV IRU

' DW H� 6 HS WHP E HU �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � ��& ��� ��$ ���
. H\ Z RU GV DQ G SKU DVHV� : DY HOHW� VFDOH DQ G WLP H�VK LIW G HWDLOV� VK LIW�Z DQ G HU LQ J VX E VS DFH G H�

FRP S RVLWLRQ � VK LIW U HG X FLQ J VX E VS DFHV G HFRP S RVLWLRQ �
)LU VW DX WK RU 
V Z RU N VX S S RU WHG LQ S DU W E \ % U D]LOLDQ 1 DWLRQ DO 5HVHDU FK & RX Q FLO �& 1 3 T ��

�
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VKLIW UHGXFLQJ VXEVSDFHV� DV ZHOO DV IRU VKLIW LUUHGXFLEOH�LQYDULDQW VXEVSDFHV� $OVR�
LW LV ZRUWK QRWLQJ WKDW D VKLIW ZDQGHULQJ VXEVSDFH FDQQRW EH UHGXFLQJ� ZKLOH D VKLIW
UHGXFLQJ VXEVSDFH FDQQRW EH ZDQGHULQJ�
$Q LQYDULDQW VXEVSDFH FDQ EH XQLTXHO\ GHFRPSRVHG LQWR GLUHFW VXP RI DQ LUUH�

GXFLEOH LQYDULDQW VXEVSDFH DQG D UHGXFLQJ VXEVSDFH >�@� ,Q WKLV SDSHU ZH SUHVHQW DQ
?HOHPHQWDU\� FKDUDFWHUL]DWLRQ RI VKLIW UHGXFLQJ VXEVSDFHV� DV ZHOO DV WKDW RI VKLIW
LUUHGXFLEOH�LQYDULDQW VXEVSDFHV� 2XU FKDUDFWHUL]DWLRQV DUH HOHPHQWDU\ LQ WKH VHQVH
WKDW WKH\ QHLWKHU UHO\ RQ WKH IXQFWLRQDO FDOFXOXV RI QRUPDO RSHUDWRUV >�@� QRU RQ WKH
IXQFWLRQDO UHSUHVHQWDWLRQ RI VKLIWV >�@� EXW DUH EDVHG RQ VKLIW ZDQGHULQJ YHFWRUV�
/HW 8 � + � + EH D VKLIW� DQG OHW : EH D 8 �ZDQGHULQJ VXEVSDFH� ,W LV HDV\ WR

VHH WKDW WKH VXEVSDFH

0LU � 
�
B

P �

8P : ������

LV 8 �LUUHGXFLEOH�LQYDULDQW >�@� 0RUH LV WUXH� +DOPRV >�@ KDV VKRZQ WKDW� LI 0 LV D
8 �LUUHGXFLEOH�LQYDULDQW VXEVSDFH� WKHQ WKHUH LV D 8 �ZDQGHULQJ VXEVSDFH : ZKLFK
LV VXFK WKDW 0  

:�
P � 8

P: � 6LPLODU UHVXOW FDQ EH VWDWHG IRU 8e�LUUHGXFLEOH�
LQYDULDQW VXEVSDFHV� 2XU FKDUDFWHUL]DWLRQ RI VKLIW LUUHGXFLEOH�LQYDULDQW VXEVSDFHV
EHJLQV ZLWK +DOPRV
 UHVXOWV� :H WKHQ VKRZ WKDW D 8 �LUUHGXFLEOH�LQYDULDQW VXEVSDFH
FDQ EH UHSUHVHQWHG E\ HOHPHQWDU\ LUUHGXFLEOH�LQYDULDQW VXEVSDFHV_JHQHUDWHG IURP
8 �ZDQGHULQJ YHFWRUV�
/HW I�QJQ� = ~ + EH DQ RUWKRQRUPDO VHW DQG GHpQH

: � VSDQI�QJQ� =  
B

Q� =
�Q������

,W LV HDV\ WR VHH WKDW LI : LV 8 �ZDQGHULQJ� WKHQ VR DUH WKH YHFWRUV I�QJQ� =� 7KH
FRQYHUVH LV QRW WUXH� ,W WXUQV RXW WKDW D VXrFLHQW FRQGLWLRQ IRU WKH RUWKRQRU�
PDO 8 �ZDQGHULQJ YHFWRUV I�QJQ� = WR VSDQ D 8 �ZDQGHULQJ VXEVSDFH : LV WKDW WKH
HOHPHQWDU\ 8 �UHGXFLQJ VXEVSDFHV EH RUWKRJRQDO� 7KLV LV VKRZQ LQ 7KHRUHP �� 7KH�
RUHP � JLYHV D GHFRPSRVLWLRQ RI VKLIW UHGXFLQJ VXEVSDFH LQWR DQ RUWKRJRQDO VXP
RI HOHPHQWDU\ UHGXFLQJ VXEVSDFHV� ,Q DGGLWLRQ WR WKH IDPLOLDU ZDQGHULQJ VXEVSDFH
GHFRPSRVLWLRQ ����� RI +� ZH VKRZ WKDW + FDQ DOVR EH GHFRPSRVHG LQWR DQ RUWKRJR�
QDO VXP RI HOHPHQWDU\ UHGXFLQJ VXEVSDFHV� 7KHVH DUH GHYHORSHG LQ 6HFWLRQ �� ZKLOH
DSSOLFDWLRQ RI VKLIW HOHPHQWDU\ UHGXFLQJ VXEVSDFHV WR :DYHOHW ([SDQVLRQ LV WDNHQ
XS LQ 6HFWLRQ �� 6HFWLRQ � GLVFXVVHV UHSUHVHQWDWLRQ RI VKLIW LUUHGXFLEOH�LQYDULDQW
VXEVSDFHV LQ WHUPV RI HOHPHQWDU\ LUUHGXFLEOH�LQYDULDQW VXEVSDFHV� )LQDOO\� 6HFWLRQ
� FRQQHFWV VKLIW HOHPHQWDU\ LUUHGXFLEOH�LQYDULDQW VXEVSDFHV WR VKLIW RXWJRLQJ DQG LQ�
FRPLQJ VXEVSDFHV� DV ZHOO DV WR :DYHOHW 0XOWLUHVROXWLRQ $QDO\VLV �05$�� :H WKHQ
VKRZ D GHFRPSRVLWLRQ RI WKH :DYHOHW 05$ 7LPH 2SHUDWRU >�@ LQWR ?HOHPHQWDU\�
7LPH 2SHUDWRUV�
:H FORVH WKH SDSHU ZLWK D GLVFXVVLRQ RQ DGYDQWDJHV RI ?UHSUHVHQWDWLRQ�IUHH�

+LOEHUW VSDFH VKLIW RSHUDWRUV ZKLFK LV WKH ?LFRQ� RI RXU SDSHU�

�� 6KLI W (O HP HQW DU \ 5HGXF LQJ 6XEVSDF HV

/HW 8 � + � + EH D VKLIW RI FRXQWDEO\ LQpQLWH PXOWLSOLFLW\� :H EHJLQ ZLWK WKH
IROORZLQJ OHPPD�

/HPPD �� /HW : EH DV GHpQHG E\ ������
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�L� ,I

: P � 8P:  8P
B

Q� =
�Q� P � =������

WKHQ

: P  
B

Q� =
8P�Q� P � =������

�LL� 0RUHRYHU� LI : LV D 8�ZDQGHULQJ VXEVSDFH� WKHQ

8P�Q " 8P
�

�Q
� � ZKHQHYHU P � P�� � Q� Q� � =������

,Q SDUWLFXODU�

8P�Q " 8P
�

�Q� ZKHQHYHU P � P�� � Q � =������

�L�H�� �Q� IRU Q � =� DUH 8�ZDQGHULQJ YHFWRUV��

3URRI� �L� 5HFDOO WKDW

8PVSDQI�QJQ� =  VSDQI8P�QJQ � =� P � =������

DQG

8P VSDQI�QJQ� = v 8PVSDQI�QJQ� =�����

VLQFH 8P LV FRQWLQXRXV �>�@� 3UREOHP ������ 0RUHRYHU�

8PVSDQI�QJQ� =  8PVSDQI�QJQ� =�����

EHFDXVH 8bP LV FRQWLQXRXV_LQYHUVH LPDJH RI FORVHG VHWV DUH FORVHG� 7KHUHIRUH� E\
����� DQG ������

8PVSDQI�QJQ� = v 8PVSDQI�QJQ� = v 8PVSDQI�QJQ� =  8PVSDQI�QJQ� =�

+HQFH

8PVSDQI�QJQ� =  8PVSDQI�QJQ� =������

,W WKHQ IROORZV IURP WKLV DQG IURP ����� WKDW

8PVSDQI�QJQ� =  8PVSDQI�QJQ� =  VSDQI8P�QJQ� =�

7KXV ����� LV SURYHQ�

�LL� :H KDYH

8P�Q � 8P: � � P�Q � =
E\ ������ 7KHUHIRUH� IRU DUELWUDU\ P� Q DQG P��

8P�Q " 8P
�

: � ZKHQHYHU P � P��

E\ �����_VLQFH : LV 8 �ZDQGHULQJ� +HQFH

8P�Q " 8P
�

�Q
� � � Q� � =�

E\ ������ ,Q SDUWLFXODU�

8P�Q " 8P
�

�Q� ZKHQHYHU P � P�� � Q � =�

�L�H�� �Q DUH 8 �ZDQGHULQJ YHFWRUV�� 7KLV pQLVKHV WKH SURRI�
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/HPPD �� 'HpQH WKH HOHPHQWDU\ UHGXFLQJ VXEVSDFHV

+Q � 
B

P� =
8P�Q� Q � =������

,I

+Q " +Q
� ZKHQHYHU Q � Q��

WKHQ

8P�Q " 8P
�

�Q
� � ZKHQHYHU Q � Q�� � P�P� � =�

3URRI� :H KDYH E\ DVVXPSWLRQ DQG E\ GHpQLWLRQ RI +Q�
B

N � =
8N�Q "

B

N � =
8N�Q

� � ZKHQHYHU Q � Q��

%XW� IRU HDFK P DQG Q�

8P�Q �
B

N � =
8N�Q�

6LPLODUO\� IRU HDFK P� DQG Q��

8P
�

�Q
� �

B

N � =
8N�Q

� �

,W WKHQ IROORZV WKDW

8P�Q " 8P
�

�Q
� � ZKHQHYHU Q � Q�� � P�P� � =�

DQG WKH /HPPD LV SURYHQ�

:H DUH QRZ UHDG\ WR SURYH WKH IROORZLQJ WKHRUHP�

7KHRUHP �� /HW 8 � + � + EH D VKLIW RI FRXQWDEO\ LQpQLWH PXOWLSOLFLW\� DQG

I�QJQ� = EH DQ RUWKRQRUPDO VHW LQ +� /HW : EH VSDQQHG E\ I�QJQ� =� DQG +Q�

Q � =� EH VSDQQHG E\ I8P�QJP� =�

�L� ,I : LV D 8�ZDQGHULQJ VXEVSDFH WKHQ �Q� Q � =� DUH 8�ZDQGHULQJ YHFWRUV�

0RUHRYHU� WKH HOHPHQWDU\ UHGXFLQJ VXEVSDFHV +Q� Q � =� DUH PXWXDOO\ RUWKRJ�

RQDO�

�LL� ,I �Q� Q � =� DUH 8�ZDQGHULQJ YHFWRUV� DQG +Q� Q � =� DUH PXWXDOO\ RUWKRJ�

RQDO� WKHQ : LV D 8�ZDQGHULQJ VXEVSDFH�

3URRI� 7KH pUVW SDUW RI SDUW �L� LV DOUHDG\ FRYHUHG E\ /HPPD ��LL�� ZKLOH RUWKRJR�
QDOLW\ RI WKH VXEVSDFHV +Q� Q � =� IROORZV UHDGLO\ IURP ������

8P�Q " 8P
�

�Q
� � ZKHQHYHU P � P�� � Q� Q� � =�

DQG VLQFH IRU P  P� ZH DOUHDG\ KDYH �Q " �Q
� � ZKHQHYHU Q � Q��

)RU SDUW �LL� ZH pUVW QRWH WKDW� LW IROORZV IURP /HPPD � DQG IURP WKH DVVXPSWLRQ
WKDW �Q DUH 8 �ZDQGHULQJ YHFWRUV�

8P�Q " 8P
�

�Q
� � � Q� Q� � =� ZKHQHYHU P � P��

7KHUHIRUH�

8P�Q "
B

N � =
8P

�

�N� � Q � =� ZKHQHYHU P � P��

+HQFH�
B

N � =
8P�N "

B

N � =
8P

�

�N� ZKHQHYHU P � P��

RU
8P: " 8P

�

: � ZKHQHYHU P � P��
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L�H�� : LV 8 �ZDQGHULQJ� 7KLV FRPSOHWHV WKH SURRI RI 7KHRUHP ��

$ FRQVHTXHQFH RI 7KHRUHP � LV�

7KHRUHP �� /HW 0UH EH WKH FORVHG 8�UHGXFLQJ VXEVSDFH

0UH � 
B

P� =
8P: �������

ZKHUH WKH 8�ZDQGHULQJ VXEVSDFH : LV VSDQQHG E\ DQ RUWKRQRUPDO VHW I�QJQ� =�
7KHQ

0UH  
0

Q� =
+Q�������

ZKHUH +Q� Q � =� DUH WKH HOHPHQWDU\ UHGXFLQJ VXEVSDFHV VSDQQHG E\ I8P�QJP� =�
Q � =�

3URRI� )LUVW� UHFDOO WKDW0UH LQ IDFW UHGXFHV 8 VLQFH LW LV FOHDUO\ LQYDULDQW IRU HYHU\
SRZHU RI 8 � DQG VLQFH 8e  8b�� WKXV LW LV LQYDULDQW IRU 8 DQG 8e� DQG KHQFH
UHGXFHV 8 � 1RZ ZH KDYH

0UH  
B

P� =
8P:  

B

P� =
: P  

B

P� =

B

Q� =
8P�Q������

E\ /HPPD ��L�� VHH ������ 1H[W UHFDOO WKDW� VLQFH +Q "+P IRU Q � P �7KHRUHP ���

B

Q� =

B

P� =
8P�Q  

t

�
;

Q b�

B

P� =
8P�Q

u

| 
�
0

Q b�

B

P� =
8P�Q  

�
0

Q b�
+Q�������

ZKHUH | PHDQV XQLWDULO\ HTXLYDOHQW� 6LPLODUO\� VLQFH : Q " : P IRU Q � P� E\ ������
����� DQG ������ LW DOVR IROORZV WKDW

B

P� =

B

Q� =
8P�Q  

t

�
;

P b�

B

Q� =
8P�Q

u

| 
�
0

P b�

B

Q� =
8P�Q  

�
0

P b�
: P�������

%XW 8 LV D XQLWDU\ RSHUDWRU VR WKDW I8P�QJP�Q� = LV DQ RUWKRQRUPDO EDVLV IRU WKH
+LOEHUW VSDFH

:

P�Q� = 8
P�Q DFFRUGLQJ WR /HPPD ��LL� DQG /HPPD �� 7KXV� E\

XQFRQGLWLRQDO FRQYHUJHQFH RI WKH )RXULHU 6HULHV�
B

P� =

B

Q� =
8P�Q  

B

P�Q� =
8P�Q  

B

Q� =

B

P� =
8P�Q�������

7KHUHIRUH�
0

P� =
: P

| 0UH
| 

0

Q� =
+Q�

7KLV pQLVKHV WKH SURRI RI WKH WKHRUHP E\ ZULWLQJ  IRU | � DV XVXDO�
7KH QH[W SURSRVLWLRQ IROORZV DW RQFH IURP 7KHRUHPV � DQG ��

3URSRVLWLRQ �� �L� ,I WKH 8�ZDQGHULQJ VXEVSDFH : RI 7KHRUHP ��L� LV DOVR JHQ�

HUDWLQJ WKHQ� LQ DGGLWLRQ WR WKH 8�ZDQGHULQJ VXEVSDFH GHFRPSRVLWLRQ�

+  
0

P� =
8P: �������

DQG + DOVR DGPLWV WKH HOHPHQWDU\ UHGXFLQJ VXEVSDFHV GHFRPSRVLWLRQ�

+  
0

Q� =
+Q�������
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+HQFH� WKH RSHUDWRU 8 DGPLWV WKH GHFRPSRVLWLRQ

8  
�
0

Q b�
8Q�������

ZKHUH HDFK 8Q � 8 M+Q LV D VKLIW RI PXOWLSOLFLW\ � DQG ZKRVH JHQHUDWLQJ�ZDQGHULQJ

VXEVSDFH LV VSDQI�QJ  
:

�Q�

�LL� ,I� LQ DGGLWLRQ WR WKH FRQGLWLRQV RI 7KHRUHP ��LL�� WKH VXEVSDFHV +Q� Q � =�
VSDQ +� WKHQ WKH 8�ZDQGHULQJ VXEVSDFH : LV JHQHUDWLQJ�

3URRI� ,I : LV 8 �ZDQGHULQJ DQG JHQHUDWLQJ WKHQ WKH VXEVSDFH 0UH LV DOO RI +�
7KHUHIRUH ������ IROORZV UHDGLO\ IURP 7KHRUHP �� ZKLOH ������ LV VHOI�HYLGHQW� )RU
3URSRVLWLRQ ��LL� ZH pUVW QRWH WKDW� E\ 7KHRUHP ��LL�� : LV DOUHDG\ 8 �ZDQGHULQJ�
,W UHPDLQV WR VKRZ WKDW LW LV JHQHUDWLQJ� 6XSSRVH +Q� Q � = VSDQ +� DQG UHFDOO
WKDW +Q " +P IRU Q � P� 7KHQ

+  
0

Q� =
+Q  

0

Q� =

B

P� =
8P�Q

| 
B

Q�P� =
8P�Q�������

7KHUHIRUH� DV LQ WKH SURRI RI 7KHRUHP ��

+  
0

P� =
8P: �������

L�H�� : LV D 8 �JHQHUDWLQJ�ZDQGHULQJ VXEVSDFH� ZKLFK FRPSOHWHV WKH SURRI�

5HFDOO WKDW D XQLWDU\ RSHUDWRU LV D GLUHFW VXP RI LQpQLWHO\ PDQ\ XQLWDU\ RSHUDWRUV
>��@� ZKLFK KDSSHQV LQ SDUWLFXODU IRU D �ELODWHUDO� VKLIW RI LQpQLWH PXOWLSOLFLW\� 1RWH
WKDW WKLV ZHOO�NQRZQ UHVXOW �VHH H�J�� >��@� S���� LV DOVR HYLGHQW IURP ������� DV VXP�
PDUL]HG EHORZ�

&RUROODU\ �� $ VKLIW RI FRXQWDEO\ LQpQLWH PXOWLSOLFLW\ LV D GLUHFW VXP RI LQpQLWHO\

PDQ\ VKLIWV RI PXOWLSOLFLW\ ��

,W LV SODLQ IURP ������ WKDW� HDFK K � + FDQ EH ZULWWHQ DV�

K  
�
;

P b�
8PZP�������

ZKHUH

ZP � : DQG
�
;

P b�
NZPN�  NKN��������

7KHUHIRUH�

8K  
�
;

P b�
8P� �ZP  

�
;

P
�
 b�

8P
�

ZP
� b��������

/HW j� + � C��b���� : � EH WKH PDS GHpQHG E\
jK  IZPJP� =�������

7KHQ LW LV SODLQ WKDW j LV XQLWDU\� DQG WKH VKLIW 8 JRHV LQWR WKH ULJKW VKLIW 6U RQ
C��b���� : ��

6UIZPJP� =  IZPb�JP� =�������
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7KH VKLIW DFWLRQ RI 8 RQ +� XQGHU WKH GHFRPSRVLWLRQ ������� LV WUDQVSDUHQW VLQFH

K  
�
;

Q b�
KQ� �K � +�������

ZKHUH

KQ � +Q DQG
�
;

Q b�
NKQN�  NKN��������

7KHUHIRUH�

8K  
�
;

Q b�
8KQ�������

7KHQ� VLQFH HDFK +Q LV UHGXFLQJ� WKH DFWLRQ RI 8 WDNHV SODFH RQ +Q� 1RZ OHW XV
H[SDQG KQ LQ WHUPV RI WKH RUWKRQRUPDO EDVLV I8P�QJP� = RI +Q� :H KDYH

KQ  
�
;

P b�
KKQ� 8

P�QL8P�Q � +Q�������

+HQFH�

8KQ  
�
;

P b�
KKQ� 8

P�QL8P� ��Q  
�
;

P
�
 b�

KKQ� 8
P
�
b��QL8P

�

�Q�������

7KXV 8 M+Q � 8Q JRHV LQWR WKH ULJKW VKLIW 6Q� RI PXOWLSOLFLW\ �� GHpQHG E\

6QIKKQ� 8
P�QLJP� =  IKKQ� 8

Pb��QLJP� =� Q � =�������

&RQVHTXHQWO\� 8 JRHV LQWR WKH VKLIW 6 ZKLFK LV GLUHFW VXP RI LQpQLWHO\ PDQ\ VKLIWV
6Q RI PXOWLSOLFLW\ �_RQ WKH +LOEHUW VSDFH C

�
b

b����
:

IKKQ� 8
P�QLJP� =

c

� Q � =�

6 � 
�
0

Q b�
6Q�������

�� 6KLI W (O HP HQW DU \ 5HGXF LQJ 6XEVSDF HV LQ : DYHO HW ([SDQVLRQ

:H QRZ WXUQ WR DSSOLFDWLRQ RI HOHPHQWDU\ VKLIW UHGXFLQJ VXEVSDFHV +Q� Q � =�
WR :DYHOHW ([SDQVLRQ�
/HW ' GHQRWH WKH GLODWLRQ�E\�� RSHUDWRU GHpQHG RQ WKH IXQFWLRQ VSDFH / ��5� E\

'I  J� J�c�  
S
� I���c��� I�c� � / ��5�������

,W LV SODLQ WKDW ' LV XQLWDU\� 0RUHRYHU� LW LV D VKLIW RI FRXQWDEO\ LQpQLWH PXOWLSOLFLW\�
/HW ��c� � / ��5� DQG GHpQH WKH IXQFWLRQV

�Q�c� � ���c�b Q�  7Q��c�� Q � =������

ZKHUH 7 LV WKH WUDQVODWLRQ�E\�� RSHUDWRU RQ / ��5� GHpQHG E\

7I  J� J�c�  I��c�b ��������

DQG LW LV DOVR D VKLIW RI FRXQWDEO\ LQpQLWH PXOWLSOLFLW\� 1RZ OHW �P�Q�c� EH ?JHQHU�
DWHG� IURP �Q�c� E\

�P�Q�c� � 'P�Q�c�  
S
�
P
�Q��

P�c��  
S
�
P
���P�c�b Q�������

IRU P�Q � =� :H UHFDOO WKH IROORZLQJ GHpQLWLRQ IURP >�@�
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'HpQLWLRQ �� ,I WKH IXQFWLRQV �P�Q�c�� P�Q � =� DUH RUWKRQRUPDO DQG VSDQ WKH
IXQFWLRQ VSDFH / ��5�� WKHQ ��c� LV FDOOHG DQ RUWKRQRUPDO ZDYHOHW RU� VLPSO\ D
ZDYHOHW� DQG �P�Q�c� DUH FDOOHG ZDYHOHW IXQFWLRQV_JHQHUDWHG IURP ��c��

,W IROORZV HDVLO\ IURP WKH DERYH WKDW�

/HPPD �� /HW ��c� � / ��5� EH D 7 �ZDQGHULQJ YHFWRU�

7Q��c� " 7Q
�

��c�� ZKHQHYHU Q � Q�� Q� Q� � =�

7KHQ ��c� LV D ZDYHOHW LI DQG RQO\ LI WKH RUWKRQRUPDO IXQFWLRQV �Q�c�� Q � =� GHpQHG
E\ ������ VSDQ D JHQHUDWLQJ '�ZDQGHULQJ VXEVSDFH

: ��� � 
B

Q� =
�Q�c�  

B

Q� =
7Q��c�������

,W IROORZV DW RQFH IURP WKLV /HPPD WKDW� IRU D JLYHQ ZDYHOHW ��c� WKHUH FRUUH�
VSRQGV D '�ZDQGHULQJ VXEVSDFH GHFRPSRVLWLRQ RI WKH IXQFWLRQ VSDFH / ��5��

/ ��5�  
0

P� =
'P: ���  

0

P� =
: P���������

ZKHUH

: P��� � 'P: ���� P � =������

7KHUHIRUH� DQ\ I�c� � / ��5� DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ

I�c�  
;

P� =
'PZP�c�������

ZKHUH

ZP � : ��� DQG
;

P� =
NZPN�  NIN�������

/HW 3 : � ��� EH WKH RUWKRJRQDO SURMHFWLRQV RQWR WKH VXEVSDFHV : P���� WKHQ LW
IROORZV IURP ����� WKDW

3 : � ���

b

I�c�
c

 'PZP�c�� P � =�������

VLQFH� E\ GHpQLWLRQ� 'PZP � : P���� 7KHUHIRUH� VLQFH ' LV XQLWDU\�

ZP�c�  'eP3 : � ���

b

I�c�
c

� P � =�������

)URP ZKLFK LW IROORZV WKDW

KZP�c�� �Q�c�L  
n

'eP3 : � ���

b

I�c�
c

� �Q�c�
o

 
n

I�c�� 3 : � ���

b

'P�Q�c�
co

�

7KHUHIRUH�

KZP�c�� �QL  KI�c�� �P�Q�c�L� P� Q � =�������

VLQFH 'P�Q � �P�Q�c�� DOUHDG\ OLYHV LQ : P���� 1RZ� VLQFH WKH RUWKRQRUPDO VHW
I�Q�c�JQ� = VSDQV : ���� ZH DOVR KDYH

ZP�c�  
;

Q� =
KZP�c�� �Q�c�L�Q�c�� P � =�������

7KHUHIRUH� E\ �������

ZP�c�  
;

Q� =
KI�c�� �P�Q�c�L�Q�c�� P � =�������



6 +,) 7 5(' 8&,1* 6 8%6 3$&(6 *(1(5$7(' %< :$1' (5,1* 9(&72 56 �

7KLV FDQ EH UHZULWWHQ DV

ZP�c�  
;

Q� =
K'ePI�c�� �Q�c�L�Q�c�� P � =�������

ZKLFK LPSOLHV WKDW

ZP�c�  3 : ���

b

'ePI�c�
c

� P � =�������

7KHUHIRUH� E\ �������

3 : � ���

b

I�c�
c

 'PZP�c�  'P3 : ���

b

'ePI�c�
c

� P � =�������

RU

3 : � ���I�c�  
;

Q� =
KI�c�� �P�Q�c�L�P�Q�c�  'P3 : ���

b

'ePI�c�
c

� P � =�������

,Q :DYHOHW 7KHRU\ >�@� WKH VXEVSDFH : P��� LV FDOOHG ?VFDOH��
P�WLPH�VKLIW GHWDLO

VXEVSDFH�� ZKLOH 3 : � ���

b

I�c�
c

LV ?VFDOH��P�WLPH�VKLIW GHWDLO YDULDWLRQV RI I�c���
7KH IXQFWLRQ 'PI�c�

b

 
S
�
P
I��P�c�

c

LV UHIHUUHG WR DV I �c� DW V F DOH �P� ZKLOH

'ePI�c�
b

 �S
�
� I� �

� � �c��
c

LV I �c� DW U H V ROX WLRQ ��P� :H FRQFOXGH IURP �������

3URSRVLWLRQ �� /HW ��c� � / ��5� EH D ZDYHOHW� 7KHQ WKH SURMHFWLRQV 3 : � ��� DQG

3 : ��� DUH XQLWDULO\ HTXLYDOHQW� ZLWK 'P DFWLQJ DV WKH HTXLYDOHQFH RSHUDWRU�

3 : � ���  'P3 : ��� '
eP� P � =�

)URP ZKLFK LW IROORZV WKDW

3 : ����� ���  '3 : � ��� '
e� P � =�

,Q RWKHU ZRUGV� WKH VFDOH��P� ��WLPH�VKLIW GHWDLO YDULDWLRQV RI I�c� LV HTXDO WR WKH

VFDOH��P�WLPH�VKLIW GHWDLO YDULDWLRQV DW VFDOH � RI I�c�_DW UHVROXWLRQ �b��

:H KDYH IURP ������ DQG �������

I�c�  
;

P� =

;

Q� =
KI� �P�QL�P�Q�c��������

7KLV LV WKH ?XVXDO� ZDYHOHW H[SDQVLRQ RYHU DOO VFDOHV RI WLPH�VKLIW GHWDLO YDULDWLRQV
RI I�c� � / ��5��
:H QRZ WXUQ WR DQRWKHU W\SH RI H[SDQVLRQ ZKLFK LV D FRQVHTXHQFH RI WKH ?HO�

HPHQWDU\ '�UHGXFLQJ VXEVSDFHV GHFRPSRVLWLRQ� RI WKH IXQFWLRQ VSDFH / ��5�� /HW
��c� � / ��5� EH D ZDYHOHW� WKHQ ZH KDYH� E\ 3URSRVLWLRQ ��

/ ��5�  
0

Q� =
+Q  

0

Q� =

B

P� =
'P�Q�c��������

+HQFH� I�c� � / ��5� QRZ DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ�

I�c�  
;

Q� =
KQ�c��������

ZKHUH

KQ � +Q DQG
;

Q� =
NKQN�  NIN��������

DQG

KQ�c�  3+ �

b

I�c�
c

� Q � =�������
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+HUH 3+ � LV WKH RUWKRJRQDO SURMHFWLRQ RQWR +Q� 7KHUHIRUH� VLQFH WKH RUWKRQRUPDO
VHW I'P�Q�c�JP� = VSDQV +Q�

KQ�c�  
;

P� =
KKQ� '

P�QL'P�Q�c�������

RU� IURP �������

KQ�c�  
;

P� =
K3+ � �I��'

P�QL'P�Q�c��������

7KHUHIRUH� DV EHIRUH�

KQ�c�  
;

P� =
KI� 3+ � �'

P�Q�L'P�Q�c��������

&RQVHTXHQWO\�

KQ�c�  3+ �

b

I�c�
c

 
;

P� =
KI� �P�QL�P�Q�c�� Q � =�������

:H FDOO WKH VXEVSDFH +Q WKH Q�WLPH�VKLIW�VFDOH GHWDLO VXEVSDFH� ZKLOH 3+ �

b

I�c�
c

LV
WKH Q�WLPH�VKLIW�VFDOH GHWDLO YDULDWLRQV RI I�c�� 1RZ� OHW XV UHZULWH ������ DV

KQ�c�  3+ �

b

I�c�
c

 
;

P� =
3� ���	�

b

I�c�
c

������

 
;

P� =
KI�'P�QL'P�Q�c�������

 
;

P� =
'PK'ePI� �QL�Q�c�� Q � =�������

%XW

K'ePI� �QL�Q�c�  3� �

b

'ePI�c�
c

�������

7KHUHIRUH ������ FDQ EH UHZULWWHQ DV

3+ �

b

I�c�
c

 
;

P� =
'P3� � '

eP
b

I�c�
c

�������

,W WKHQ IROORZV IURP ������ DQG ������ WKDW

3� �
���

b

I�c�
c

 'P3� � '
eP

b

I�c�
c

� P� Q � =� � I � / ��5��������

:H KDYH WKHUHIRUH SURYHG WKH IROORZLQJ SURSRVLWLRQ�

3URSRVLWLRQ �� /HW ��c� � / ��5� EH D ZDYHOHW� 7KHQ WKH SURMHFWLRQV 3� ���	� DQG

3� � ��� DUH XQLWDULO\ HTXLYDOHQW� ZLWK 'P DFWLQJ DV WKH HTXLYDOHQFH RSHUDWRU�

3� �
���  'P3� � ��� '
eP� P � =�

ZKHUH ���Q�c� � ���c�b Q�  �Q�c�� 7KHUHIRUH�

3� ��������  '3� �
��� '
e� P � =�

,Q RWKHU ZRUGV� WKH VFDOH��P� ��WLPH�VKLIW�Q GHWDLO YDULDWLRQ RI I�c� LV HTXDO WR WKH

VFDOH��P�WLPH�VKLIW�Q GHWDLO YDULDWLRQ DW VFDOH � RI I�c�_DW UHVROXWLRQ �b��

7KLV SURSRVLWLRQ LV DQ DQDORJ RI 3URSRVLWLRQ �� :H ZLOO KDYH PRUH WR VD\ DERXW
WKH SURMHFWLRQV 3: � ��� DQG 3� �
��� LQ 6HFWLRQ ��

,W IROORZV IURP ������ DQG ������ WKDW

I�c�  
;

Q� =

;

P� =
KI� �P�QL�P�Q�c��������
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7KLV VKRZV WKDW� ZLWK UHVSHFW WR D ZDYHOHW ��c�� D IXQFWLRQ I�c� � / ��5� LV VXP�
PDWLRQ RI DOO LWV WLPH�VKLIW�Q�VFDOH GHWDLO YDULDWLRQV� DV ZHOO DV ZKDW ZH KDYH VHHQ
DERYH� VXPPDWLRQ RI DOO LWV VFDOH��P�WLPH�VKLIW GHWDLO YDULDWLRQV�
1RZ� IRU HDFK P � = DQG HDFK Q � =�

: P��� ?+Q���  I�P�QJ�������

7KHQ� VLQFH WKH RUWKRJRQDO FRPSOHPHQWV RI I�P�QJ LQ : P��� DQG LQ +Q���� UH�
VSHFWLYHO\� DUH RUWKRJRQDO� ZH KDYH

3� �
��� I�c�  3: � ���3+ � ���I�c�  3+ � ���3: � ���I�c��������

7KLV LPSOLHV WKDW� IRU I�c� � / ��5�� LWV ?GHWDLO�YDULDWLRQV DW VFDOH��P DQG WLPH�
VKLIW�Q� FDQ EH REWDLQHG LQ WZR ZD\V� (LWKHU E\ SURMHFWLQJ LWV ?WLPH�VKLIW�Q GHWDLO�
YDULDWLRQV� RQWR WKH ?VFDOH��P�WLPH�VKLIW GHWDLO VXEVSDFH�� RU E\ SURMHFWLQJ LWV
?VFDOH��P�WLPH�VKLIW GHWDLO YDULDWLRQV� RQWR WKH ?WLPH�VKLIW�Q�VFDOH GHWDLO VXEVSDFH��
7KHVH H[SODLQ WKH H[LVWHQFH RI WKH WZR ZDYHOHW H[SDQVLRQV ������ DQG �������
3UHOLPLQDU\ UHVXOWV RI WKLV VHFWLRQ ZHUH UHSRUWHG LQ >�@�

�� 6KLI W (O HP HQW DU \ ,U U HGXF LEO H�,QYDU LDQW 6XEVSDF HV

:H QRZ WXUQ WR VKLIW LUUHGXFLEOH�LQYDULDQW VXEVSDFHV� :H EHJLQ E\ UHFDOOLQJ
+DOPRV
 UHVXOWV >�@� WRJHWKHU ZLWK WKHLU ?DGMRLQW� YHUVLRQ�

3URSRVLWLRQ �� /HW : EH D 8�ZDQGHULQJ VXEVSDFH� WKHQ WKH VXEVSDFH 0LU �UH�
VSHFWLYHO\� 0e LU� GHpQHG E\

0LU � 
�
B

P �

8P :
t

UHVSHFWLYHO\� 0e LU � 
b�
B

P b�
8P:

u

�����

LV 8�UHVSHFWLYHO\� 8e��LUUHGXFLEOH�LQYDULDQW� &RQYHUVHO\� LI 0 �UHVSHFWLYHO\� 0e� LV
8�UHVSHFWLYHO\� 8e��LUUHGXFLEOH�LQYDULDQW� WKHQ WKHUH H[LVWV D 8�ZDQGHULQJ VXEVSDFH

: VR WKDW 0  
: �

P � 8
P: �UHVSHFWLYHO\� 0e � 

:b�
P b� 8P: ��

/HW0LU EH 8 �LUUHGXFLEOH�LQYDULDQW DQG OHW : EH WKH FRUUHVSRQGLQJ 8 �ZDQGHULQJ
VXEVSDFH� 6XSSRVH : LV VSDQQHG E\ DQ RUWKRQRUPDO VHW I�QJQ � =� 7KHQ�

0LU  
�
B

P �

8P :  
�
B

P �

B

Q� =
8P�Q������

7KHUHIRUH� DV LQ WKH SURRI RI 7KHRUHP �� ZH KDYH

0LU  
�
B

P �

B

Q� =
8P�Q  

B

Q� =

�
B

P �

8P�Q������

'HpQH WKH VXEVSDFHV

+����Q � 
�
B

P �

8P�Q� Q � =������

+HUH WKH VXEVFULSW ��� PHDQV WKDW WKH LQWHJHU P RQ WKH ULJKW KDQG VLGH UDQJHV IURP
� RQZDUG� ,W LV HYLGHQW WKDW WKH VXEVSDFHV I+����QJQ� = DUH 8 � LUUHGXFLEOH�LQYDULDQW�
0RUHRYHU� WKH\ DUH DOVR PXWXDOO\ RUWKRJRQDO� +����Q " +����Q

� � ZKHQHYHU Q � Q��
7KHUHIRUH� DV LQ WKH SURRI RI 7KHRUHP ��

0LU  
0

Q� =
+����Q������
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,Q H[DFWO\ WKH VDPH ZD\ ZH REWDLQ IRU WKH 8e�LUUHGXFLEOH�LQYDULDQW VXEVSDFH0e LU�

0e LU  
0

Q� =
+�b��

Q ������

ZKHUH

+�b��
Q � 

b�
B

P b�
8P�Q� Q � =������

DQG WKH VXSHUVFULSW �b�� LQGLFDWHV WKDW WKH XSSHU ERXQG RI P LV b�� 0RUHRYHU� WKH
8e�LUUHGXFLEOH�LQYDULDQW VXEVSDFHV I+�b��

Q JQ� = DUH DOVR PXWXDOO\ RUWKRJRQDO�
+DOPRV
 UHVXOWV FDQ QRZ EH UHVWDWHG DV�

7KHRUHP �� $ 8�UHVSHFWLYHO\� 8e��LUUHGXFLEOH�LQYDULDQW VXEVSDFH 0LU �UHVSHFWLYH�
O\� 0e LU� DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ

0LU  
0

Q� =
+����Q�

t

UHVSHFWLYHO\� 0e LU  
0

Q � =
+�b��

Q

u

�

ZKHUH

+����Q � 
�
B

P �

8P�Q

t

UHVSHFWLYHO\� +�b��
Q � 

b�
B

P b�
8P�Q

u

� Q � =�

DUH RUWKRJRQDO HOHPHQWDU\ 8�UHVSHFWLYHO\� 8e��LUUHGXFLEOH�LQYDULDQW VXEVSDFHV� DQG
I�QJQ� = LV DQ RUWKRQRUPDO EDVLV RI WKH 8�ZDQGHULQJ VXEVSDFH : �

6HTXHQFHV RI 8 DQG 8e�LUUHGXFLEOH�LQYDULDQW VXEVSDFHV FDQ EH JHQHUDWHG IURP
0LU DQG0e LU� UHVSHFWLYHO\� 6XFK VHTXHQFHV SOD\ D NH\ UROH LQ :DYHOHW 0XOWLUHVR�
OXWLRQ $QDO\VLV DV ZLOO EH VHHQ LQ WKH QH[W VHFWLRQ�

�� 6KLI W (O HP HQW DU \ ,U U HGXF LEO H�,QYDU LDQW 6XEVSDF HV LQ : DYHO HW
0 XO W LU HVRO XW LRQ $QDO \VLV�0 5$�

:H EHJLQ E\ UHFDOOLQJ WKH ?,QFRPLQJ�2XWJRLQJ 6XEVSDFHV� GHpQLWLRQ RI VKLIWV�
VHH IRU LQVWDQFH >�@ DQG WKH UHIHUHQFHV WKHUHLQ�

'HpQLWLRQ �� $ VKLIW 8 � + � + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH LV DQ RXWJR�
LQJ �UHVSHFWLYHO\� LQFRPLQJ� VXEVSDFH 9 R �UHVSHFWLYHO\� 9 L� VDWLVI\LQJ WKH IROORZLQJ
FRQGLWLRQV�

�L�R 8 9 R ~ 9 R �UHVSHFWLYHO\� �L�L 8e9 L ~ 9 L��
�LL�

7�
P b� 8P9 R�L  I�J�

�LLL�
6�

P b� 8P9 R�L  +�

ZKHUH� LQ �LL� DQG �LLL�� 9 R�L FDQ EH HLWKHU 9 R RU 9 L�

:H PXVW QRWH WKDW 'HpQLWLRQ � ZDV� RULJLQDOO\� WKH /D[�3KLOOLSV GHpQLWLRQ RI
DQ RXWJRLQJ VXEVSDFH �UHVSHFWLYHO\� LQFRPLQJ VXEVSDFH� IRU D XQLWDU\ RSHUDWRU 8

>�@� +RZHYHU� VLQFH 8 LV DFWXDOO\ D VKLIW� 'HpQLWLRQ � FDQ VLPXOWDQHRXVO\ VHUYH DV
WKDW RI D +LOEHUW VSDFH VKLIW RSHUDWRU >�@� 7KXV� LW LV DSSURSULDWH WR UHIHU WR LW DV
?,QFRPLQJ�2XWJRLQJ 'HpQLWLRQ� RI VKLIWV�
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:H QRZ UHFDOO VRPH EDVLF IDFWV UHODWLQJ LQFRPLQJ� RXWJRLQJ� DQG ZDQGHULQJ VXE�
VSDFHV RI VKLIWV�

3URSRVLWLRQ �� /HW 8 � + � + EH D VKLIW� DQG OHW 9 R �UHVSHFWLYHO\� 9 L� EH 8�

RXWJRLQJ �UHVSHFWLYHO\� 8�LQFRPLQJ�� 7KHQ >�@�

9 R � 
�
0

P �

8P:
t

UHVSHFWLYHO\� 9 L � 
b�
0

P b�
8P:

u

�

ZKHUH WKH VXEVSDFH

: � 9 R k 8 9 R�
t

UHVSHFWLYHO\� : � 9 L k 8e9 L
u

LV 8�JHQHUDWLQJ�ZDQGHULQJ� 0RUHRYHU� 9 R �UHVSHFWLYHO\� 9 L� LV DOVR 8�LUUHGXFLEOH�

LQYDULDQW �UHVSHFWLYHO\� 8e�LUUHGXFLEOH�LQYDULDQW� >�@�

$Q HDV\ FRQVHTXHQFH RI WKH DERYH LV�

/HPPD �� /HW 8 � + � + EH D VKLIW DQG 9� EH D FORVHG VXEVSDFH RI +� /HW

I9SJS� = EH WKH VXEVSDFHV JHQHUDWHG IURP 9� E\

9S� �  89S�
b

UHVSHFWLYHO\� 9S� �  8e9S

c

� S � =�
7KHQ I9SJS� = VDWLVpHV WKH IROORZLQJ SURSHUWLHV�

�L� 9S� � ~ 9S� S � =�
�LL�

7 �
S b� 9S  I�J�

�LLL�
6�

S b� 9S  +�

LI DQG RQO\ LI 9� LV 8�RXWJRLQJ �UHVSHFWLYHO\� 8�LQFRPLQJ�� 6LPLODUO\� LI FRQGLWLRQ

�L� LV UHSODFHG E\

�L
� 9S ~ 9S� �� S � =�
WKHQ I9SJS� = VDWLVpHV �L
�� �LL�� �LLL� LI DQG RQO\ LI 9� LV 8�LQFRPLQJ �UHVSHFWLYHO\�
8�RXWJRLQJ��

,W IROORZV IURP WKLV /HPPD WKDW 'HpQLWLRQ � FDQ EH UHVWDWHG LQ WHUPV RI WKH
VHTXHQFHV RI VXEVSDFHV I8P9 RJP� = RU I8P9 LJP� = DV IROORZV�

'HpQLWLRQ �� $ VKLIW 8 � + � + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH LV DQ RXWJR�
LQJ �UHVSHFWLYHO\� LQFRPLQJ� VXEVSDFH 9 R �UHVSHFWLYHO\� 9 L� VDWLVI\LQJ WKH IROORZLQJ
FRQGLWLRQV�

�L�R 8P� � 9 R ~ 8P9 R �UHVSHFWLYHO\� �L�L 8eP9 L ~ 8eP� �9 L��
�LL�

7�
P b� 8P9 R�L  I�J�

�LLL�
6�

P b� 8P9 R�L  +�
ZKHUH� LQ �LL� DQG �LLL�� 9 R�L FDQ EH HLWKHU 9 R RU 9 L�

7KH :DQGHULQJ 6XEVSDFH 'HpQLWLRQ RI VKLIWV �L�H�� 'HpQLWLRQ �� FDQ EH UHVWDWHG�
LQ WKH VSLULW RI 'HpQLWLRQ � DV IROORZV�

'HpQLWLRQ �� $ VKLIW 8 � + � + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH LV D JHQHU�
DWLQJ ZDQGHULQJ VXEVSDFH : VDWLVI\LQJ WKH IROORZLQJ FRQGLWLRQV�

�L�Z 8P: " 8Q: � P� Q � =�
�LL�

7�
P b� 8P :  I�J�

�LLL�
6�

P b� 8P:  +�
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5HPDUN �� &RPSDULQJ 'HpQLWLRQV � DQG � ZH VHH WKDW WKH VXEVSDFHV I8P9 RJP� =
RU I8P9 LJP� =� DQG I8P: JP� = GLoHU RQO\ LQ SURSHUWLHV �L�

R�L DQG �L�Z� 7KHVH
WZR SURSHUWLHV VKRZ WKH GLoHUHQFH EHWZHHQ RXWJRLQJ VXEVSDFH 9 R RU LQFRPLQJ VXE�
VSDFH 9 L� DQG WKH JHQHUDWLQJ ZDQGHULQJ VXEVSDFH : � (TXLYDOHQFH EHWZHHQ WKH WZR
GHpQLWLRQV DUH HYLGHQW IURP 3URSRVLWLRQ ��

7R SURFHHG� ZH QRZ UHFDOO WKH GHpQLWLRQ RI :DYHOHW 0XOWLUHVROXWLRQ $QDO\VLV
�05$� >�@� ZKLFK SOD\V DQ LPSRUWDQW UROH LQ :DYHOHW 7KHRU\�

'HpQLWLRQ �� $ VHTXHQFH RI ?DSSUR[LPDWLRQ VXEVSDFHV� I9 P���JP� = RI WKH IXQF�
WLRQ VSDFH / ��5� LV D :DYHOHW 05$� ZLWK VFDOLQJ IXQFWLRQ ��c�� LI WKH IROORZLQJ
FRQGLWLRQV KROG�

�R� I���c�b Q�JQ� = LV DQ RUWKRQRUPDO EDVLV RI WKH VXEVSDFH 9 �����
�L� 9 P��� ~ 9 P� ����� P � = �RU� 9 P� ���� ~ 9 P���� P � =��
�LL�

7 �
P b� 9 P���  I�J�

�LLL�
6�

P b� 9 P���  / ��5��
�LY� Y�c� � 9 P��� �� Y���c�� � 9 P� ����� P � =

�RU� Y�c� � 9 P��� �� Y��� �c�� � 9 P� ����� P � =��

5HPDUN �� 'HpQLWLRQ ��L���LLL� FDQ DOVR EH H[SUHVVHG LQ WHUPV RI WKH SURMHFWLRQV
3P IURP / ��5� RQWR WKH VXEVSDFHV 9 P���� 7KLV ZDV SRLQWHG RXW E\ $QWRQLRX DQG
*XVWDIVRQ >�@� :H ZLOO KDYH PRUH WR VD\ DERXW WKLV ODWHU_LQ FRQQHFWLRQ ZLWK WKH
7LPH 2SHUDWRU RI :DYHOHW 05$�

:H PXVW QRWH WKDW 'HpQLWLRQ ��R� LV ?SDUWLFXODU� WR ZDYHOHWV DQG KDV QRWKLQJ WR
GR ZLWK WKH VKLIW RSHUDWRU '� ,W ZDV LQWURGXFHG DV D PHFKDQLVP IRU FRQVWUXFWLQJ
D ZDYHOHW ��c� IURP D JLYHQ VFDOLQJ IXQFWLRQ ��c�� $OVR� 'HpQLWLRQ ��LY� FDQ EH
H[SUHVVHG LQ WHUPV RI ' DQG 'e DV IROORZV�

9 P� ����  ' 9 P��� �RU� 9 P� ����  'e 9 P����� P � =������

7KHUHIRUH� LI 9 P� ����  ' 9 P���� WKHQ 'HpQLWLRQ ��L� EHFRPHV

'e 9 P��� ~ 9 P��� �RU� ' 9 P��� ~ 9 P����� P � =������

L�H�� 9 P��� LV '
e�LQYDULDQW �RU� '�LQYDULDQW�� 6LPLODUO\� LI 9 P� ����  'e 9 P����

WKHQ 'HpQLWLRQ ��L� EHFRPHV

' 9 P��� ~ 9 P��� �RU� 'e 9 P� ���� ~ 9 P� ������ P � =������

L�H�� 9 P��� LV '�LQYDULDQW �RU� '
e�LQYDULDQW��

:H WKHUHIRUH FRQFOXGH IURP 'HpQLWLRQ � DQG /HPPD ��

3URSRVLWLRQ �� $ :DYHOHW 05$_ZLWK VFDOLQJ IXQFWLRQ ��c�_LV D VHTXHQFH RI

GHFUHDVLQJO\�QHVWHG �UHVSHFWLYHO\� LQFUHDVLQJO\�QHVWHG� VXEVSDFHV I9 P���JP� = RI

/ ��5�� L�H��
9 P��� ~ 9 P� ���� �UHVSHFWLYHO\� 9 P� ���� ~ 9 P����� P � =�

JHQHUDWHG� HLWKHU IURP�

�L� D '�LQFRPLQJ VXEVSDFH 9 L��� E\

9 ���� � 9 L���� 9 S���  'P 9 L��� �� 9 P� ����  ' 9 P���� P � =������

�UHVSHFWLYHO\� E\ 9 P���  'eP 9 L��� �� 9 P� ����  'e 9 P���� P � =��
RU IURP�
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�LL� D '�RXWJRLQJ VXEVSDFH 9 R��� E\

9 ���� � 9 R���� 9 P���  'eP 9 R��� �� 9 P� ����  'e 9 P���� P � =������

�UHVSHFWLYHO\� E\ 9 P���  'P 9 R
� ��� �� 9 P� ����  ' 9 P���� P � =��

ZKHUH 9 L��� RU 9 R��� DUH VSDQQHG E\ WKH RUWKRQRUPDO EDVLV I���c�b Q�JQ� =�

:H VKDOO UHIHU WR D :DYHOHW 05$ JHQHUDWHG IURP DQ LQFRPLQJ VXEVSDFH �UH�
VSHFWLYHO\� DQ RXWJRLQJ VXEVSDFH� DV DQ ,QFRPLQJ :DYHOHW 05$ �UHVSHFWLYHO\� DQ
2XWJRLQJ :DYHOHW 05$�� )URP QRZ RQ� ZLWKRXW ODFN RI JHQHUDOLW\� ZH RQO\ FRQVLGHU
,QFRPLQJ :DYHOHW 05$�

$VVXPSWLRQ �� /HW I9 P���JP� = EH DQ ,QFRPLQJ :DYHOHW 05$_ZLWK LQFRPLQJ

VXEVSDFH 9 L��� JHQHUDWHG IURP D VFDOLQJ IXQFWLRQ ��c�_VDWLVI\LQJ�

9 ���� � 9 L���  
B

Q� =
���c�b Q�������

9 P� ����  ' 9 P���  'P� � 9 ����� P � =������

DQG

9 P��� ~ 9 P� ����� P � =������

:H KDYH� E\ 3URSRVLWLRQV ��

9 ���� � 9 L����

7KHQ� E\ 3URSRVLWLRQ ��

9 ���� � 9 L���  
b�
0

S b�
'S: ���������

ZKHUH� DV EHIRUH� WKH '�JHQHUDWLQJ�ZDQGHULQJ VXEVSDFH : ��� LV VSDQQHG E\ WKH
RUWKRQRUPDO ZDYHOHW IXQFWLRQV I�Q�c� � ���c�bQ�JQ� =_JHQHUDWHG IURP D ZDYHOHW
��c��

: ��� � 
B

Q� =
���c�b Q��������

,W WKHQ IROORZV WKDW

9 P���  'P 9 L���  
Pb�
0

S b�
'S : ����������

5HPDUN �� :HPXVW QRWH WKDW HTXDWLRQ �����_ZLWKRXW WKH IXQFWLRQV ��c� DQG ��c�_
LV WKH ?XVXDO� UHSUHVHQWDWLRQ RI DQ LQFRPLQJ VXEVSDFH IRU D VKLIW RSHUDWRU ZKLFK� LQ
RXU FDVH� LV WKH GLODWLRQ�E\�� RSHUDWRU '� +RZHYHU� ZLWK WKH VKLIW RSHUDWRU ' DQG
RQO\ ZKHQ ��c� LV DQ RUWKRQRUPDO ZDYHOHW� WKHQ : LV FKDUDFWHUL]HG E\ ������� $V
D FRQVHTXHQFH� LQ ����� WKH LQFRPLQJ VXEVSDFH 9 � LV QRZ ?GHSHQGLQJ� RQ ��c� DQG
LV UHSUHVHQWHG E\ WKH RUWKRJRQDO VXEVSDFHV I'S : ���Jb� �Sxb�� +RZHYHU� ZLWK
HTXDWLRQ ������ RU 'HpQLWLRQ ��R�� WKH VXEVSDFH 9 � LV DOVR UHTXLUHG WR EH VSDQQHG
E\ WKH RUWKRQRUPDO VHW I���c� b Q�JQ� =� 7KXV� LQ :DYHOHW 7KHRU\� WKH LQFRPLQJ
�RU� RXWJRLQJ� VXEVSDFH 9 � GHSHQGV RQ ERWK D ZDYHOHW ��c� DQG D VFDOLQJ IXQFWLRQ
��c�� 7KLV LV WKH NH\ LGHD ZKLFK UHVXOWHG LQ D SURFHGXUH IRU FRQVWUXFWLQJ D ZDYHOHW
��c� IURP D JLYHQ VFDOLQJ IXQFWLRQ ��c� >�@�
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:H QRZ REWDLQ DQ DOWHUQDWH UHSUHVHQWDWLRQ IRU WKH DSSUR[LPDWLRQ VXEVSDFHV
I9 P���JP� =� )LUVW� E\ /HPPD ��L�� ����� FDQ EH UHZULWWHQ DV

9 ����  9 L���  
b�
0

S b�

B

Q� =
'S���c�b Q��������

7KHQ� VLQFH 9 L��� LV 'e�LUUHGXFLEOH�LQYDULDQW� LW IROORZV IURP 7KHRUHP � WKDW

9 ����  9 L���  
0

Q� =
+�b��

Q ����������

ZKHUH� DV EHIRUH�

+�b��
Q ��� � 

b�
B

S b�
'S���c�b Q�� Q � =�������

1H[W� ZH KDYH IURP ������

9 P���  'P 9 ����  
0

Q� =
'P+�b��

Q ���� P � =�������

%XW� E\ �������

'P+�b��
Q ���  

b�
B

S b�
'P� S���c�b Q�  

Pb�
B

{  b�
'{���c�b Q�� P� Q � =�������

/HW XV GHpQH WKH 'e�LUUHGXFLEOH�LQYDULDQW VXEVSDFHV

+�Pb��
Q ��� � 'P+�b��

Q ���  
Pb�
B

S b�
'S���c�b Q�� P� Q � =�������

7KHQ LW IROORZV IURP WKLV� ������� DQG ������ WKDW

9 P���  
0

Q� =
+�Pb��

Q ���� P � =�������

1RZ LW LV SODLQ WKDW� IRU HDFK p[HG Q� WKH VXEVSDFHV I+�P�
Q ���JP� = DUH DOVR QHVWHG�

+�P�
Q ��� ~ +�P� ��

Q ���� P � =�������

0RUHRYHU� E\ ������ WKH\ DUH VXEVSDFHV RI WKH HOHPHQWDU\ UHGXFLQJ VXEVSDFH +Q�

+Q � 
B

S� =
'S���c�b Q�� Q � =�������

ZKLFK ZH KDYH UHIHUUHG WR DV D Q�WLPH�VKLIW�VFDOH GHWDLO VXEVSDFH� 7KHUHIRUH WKH

VXEVSDFH +�P�
Q ��� FDQ EH FDOOHG D Q�WLPH�VKLIW�VFDOH��PGHWDLO VXEVSDFH� ,W LV HDV\

WR VHH WKDW� IRU HDFK p[HG Q� WKH VXEVSDFHV I+�P�
Q JP� =_RI +Q_ DOVR LQKHULW WKH

:DYHOHW 05$ SURSHUWLHV RI WKH RULJLQDO :DYHOHW 05$ I9 P���JP� = RQ / ��5��
:H VXPPDUL]H WKH DERYH LQ WKH QH[W SURSRVLWLRQ�

3URSRVLWLRQ �� /HW I9 P���JP� = EH DQ ,QFRPLQJ :DYHOHW 05$ VDWLVI\LQJ $V�

VXPSWLRQ �� 7KHQ WKH DSSUR[LPDWLRQ VXEVSDFHV I9 P���JP� = DGPLW WKH RUWKRJRQDO

GHFRPSRVLWLRQ

9 P��� � 
B

Q� =
'P���c�b Q��  

0

Q� =
+�Pb��

Q ���� P � =�������
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ZKHUH WKH HOHPHQWDU\ 'e�LUUHGXFLEOH�LQYDULDQW VXEVSDFHV I+�P�
Q ���JP� =� DUH GH�

pQHG E\ ������

+�P�
Q ���  

P
B

S b�
'S���c�b Q�� P� Q � =�������

0RUHRYHU� IRU HDFK p[HG Q� WKH VXEVSDFHV I+�P�
Q JP� = IRUP DQ ?HOHPHQWDU\� :DYH�

OHW 05$ RQ WKH HOHPHQWDU\ UHGXFLQJ VXEVSDFH +Q�

:H FORVH WKH SDSHU ZLWK D GHFRPSRVLWLRQ RI WKH 7LPH 2SHUDWRU RI :DYHOHW 05$�
)LUVW� UHFDOO WKDW 'HpQLWLRQ � LV HTXLYDOHQW WR >�@�

'HpQLWLRQ �� /HW I9 P���JP� = EH FORVHG VXEVSDFHV RI WKH IXQFWLRQ VSDFH / ��5��
DQG OHW 3P EH WKH SURMHFWLRQV RQWR 9 P���� 7KHQ I9 P���JP� = LV D :DYHOHW 05$�
ZLWK VFDOLQJ IXQFWLRQ ��c�� LI WKH IROORZLQJ FRQGLWLRQV KROG�

�R� I���c�b Q�JQ� = LV DQ RUWKRQRUPDO EDVLV RI WKH VXEVSDFH 9 �����
�L
� 3P � 3P� ��

�LL
� 3b�  OLPP� b� 3P  ��
�LLL
� 3� �  OLPP� � � 3P  ,�
�LY
� 3P� �  '3P'e�

�,Q �L
� � PHDQV LQFOXVLRQ RI UDQJHV� LQ �LL
� DQG �LLL
� ZH KDYH VWURQJ FRQYHUJHQFH��

$QWRQLRX DQG *XVWDIVRQ >�@ KDYH VKRZQ WKDW WKLV 'HpQLWLRQ QRW RQO\ GHpQHG D
:DYHOHW 05$� EXW LW DOVR DOORZHG WKHP WR GHpQH WKH 7LPH 2SHUDWRU RI :DYHOHW
05$� DV WKH VHOI�DGMRLQW RSHUDWRU 7 ZLWK GHQVH GRPDLQ '�7 ��

7 � 
;

P� =
P�3P� � b 3Q��������

:H KDYH VHHQ LQ 3URSRVLWLRQV � DQG � WKDW WKH SURMHFWLRQV 3 : � ��� DQG 3� �
���

DOVR KDYH SURSHUW\ �LY
� RI 'HpQLWLRQ ��

3: ���� ���  '3 : � ���'
e� P � =�������

DQG

3� ������	�  '3� �
��� '
e� P � =�������

7KHVH VXJJHVW WKDW 3: � ��� DQG 3� �
��� VKRXOG� VRPHKRZ� EH ?UHODWHG� WR WKH 7LPH
2SHUDWRU 7 � ,QGHHG� VLQFH

3P� � b 3P  3 : � ����������

DQG VLQFH HDFK VXEVSDFH : P��� LV VSDQQHG E\ WKH RUWKRQRUPDO VHW I�P�Q�c�JQ� =�
LW IROORZV IURP ������ WKDW >�@�

7 I�c�  
;

P� =
P3 : � ���

b

I�c�
c

� I�c� � / ��5��������

 
;

P� =
P

;

Q � =
KI�c�� �P�Q�c�L�P�Q�c��������

 
;

P� =
P

;

Q � =
3� �
���

b

I�c�
c

�������

(TXDWLRQV ������ DQG ������ SURYLGH FRQQHFWLRQV WR WKH 7LPH 2SHUDWRU 7 RI WKH
SURMHFWLRQV 3: � ��� DQG 3� �
��� � 0RUH LV WUXH� $V LQ WKH SURRI RI 7KHRUHP �� WKH
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ULJKW KDQG VLGH RI ������ FDQ EH UHZULWWHQ DV

7 I�c�  
;

Q� =

;

P� =
P KI�c�� �P�Q�c�L�P�Q�c�� I�c� � / ��5��������

RU�

7 I�c�  
0

Q� =
7QI�c��������

ZKHUH 7Q DUH GHpQHG E\

7QI�c� � 
;

P� =
P KI�c�� �P�Q�c�L�P�Q�c�  

;

P� =
P3� �
��� I�c��������

:H WKHUHIRUH FRQFOXGH WKDW�

3URSRVLWLRQ �� 7KH 7LPH 2SHUDWRU 7 RI :DYHOHW 05$ DGPLWV WKH GHFRPSRVLWLRQ

7  
0

Q� =
7Q�������

ZKHUH 7Q_FDOOHG ?HOHPHQWDU\� 7LPH 2SHUDWRUV_DUH GHpQHG RQ +Q E\

7Q � 
;

P� =
P3� �
��� � Q � =�������

&RQVHTXHQWO\� HDFK ZDYHOHW IXQFWLRQ �P�Q�c� LV DJH�HLJHQYHFWRU >�@ RI 7Q�

:H QRWH WKDW WKH 7LPH 2SHUDWRU 7Q DJUHHV ZLWK WKH IDFW WKDW� IURP 3URSRVLWLRQ
�� WKH VXEVSDFHV I+�P�

Q JP� = IRUP D :DYHOHW 05$ RQ +Q�
:H UHIHU WR >�@ DQG >�@ IRU IXUWKHU UHVXOWV RQ 7LPH 2SHUDWRU RI :DYHOHWV� DQG

FRQQHFWLRQV EHWZHHQ :DYHOHW 7KHRU\ DQG :DQGHULQJ 6XEVSDFH 7KHRU\� DQG RWKHU
SDUWV RI 0DWKHPDWLFV�
)LQDOO\� ZH PXVW QRWH WKDW RXU DSSURDFK WR VKLIWV LV ?QRQ�FRQYHQWLRQDO�� LQ WKH

VHQVH WKDW� LQVWHDG RI GHDOLQJ ZLWK VSHFLpF VKLIW UHSUHVHQWDWLRQ RQ C��b���� : �
VXFK DV WKDW RI ������

6UIZPJP� =  IZPb�JP� =�

ZH GHDO ZLWK WKH VKLIW 8 RQ + pUVW� YLD LWV ZDQGHULQJ VXEVSDFHV : Q� WKHQ YLD
LWV HOHPHQWDU\ UHGXFLQJ VXEVSDFHV +Q� $Q DGYDQWDJH RI WKLV ?UHSUHVHQWDWLRQ�IUHH�
DSSURDFK� RI FRXUVH� LV WKH IDFW WKDW ZH FDQ JHW EDFN WR 6U� YLD WKH YHFWRUV 8

P�Q�
ZKLFK DUH DFWXDOO\ ?DJH HLJHQYHFWRUV� RI WKH DVVRFLDWHG 7LPH 2SHUDWRU 7 � 2XU NH\
UHVXOWV �7KHRUHP � DQG 3URSRVLWLRQ �� DUH FOHDUO\ FRQVHTXHQFH RI WKH UHSUHVHQWDWLRQ�
IUHH DSSURDFK� 7KHVH UHVXOWV FDQQRW EH GHULYHG IURP WKH UHSUHVHQWDWLRQ ������� HYHQ
WKRXJK 6U LV UHODWHG WR 8 YLD WKH XQLWDU\ RSHUDWRU j GHpQHG E\ ������� 7KLV LV GXH
WR WKH IDFW WKDW WKH FRQYHQWLRQDO DSSURDFK GRHV QRW DOORZ RQH WR FRQQHFW VKLIWV ZLWK
7LPH 2SHUDWRU RU ZLWK:DYHOHWV� VLQFH LW KDV QRWKLQJ WR GR ZLWK WKH DJH HLJHQYHFWRUV
8P�Q ZKLFK� LQ WKH FDVH RI ZDYHOHWV� DUH SUHFLVHO\ WKH ZDYHOHW IXQFWLRQV �P�Q�c��

$FNQRZOHGJPHQW� :H ZLVK WR WKDQN 3URIHVVRU .� *XVWDIVRQ DQG WKH UHIHUHHV
IRU WKHLU LQWHUHVWLQJ FRPPHQWV DQG VXJJHVWLRQV�
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5HI HU HQF HV

�� ,� $ Q WRQ LRX DQ G .� *X VWDIVRQ � : DYHOHW V DQ G VW RFKDVW LF SU RFHVVHV� 0DWK � & RP S X W� 6 LP X ODWLRQ
�� ������� ��^����

�� ,�( � $ Q WRQ LRX DQ G .�( � *X VWDIVRQ � 7 KH W LPH RSHU DW RU RI Z DYHOHW V� ,Q WHJU DE LOLW\ DQ G & K DRV LQ
'LVFU HWH 6 \ VWHP V� % U X VVHOV� ���� �& K DRV 6 ROLWRQ V )U DFWDOV ��� ����� ���^�����

�� 5� % HDOV� 7 RSLFV LQ 2SHU DW RU 7 KHRU \ �7 K H 8 Q LY HU VLW\ RI & K LFDJR 3 U HVV� & K LFDJR� ������
�� 3 �5� + DOP RV� 6 KLIW V RQ + LOEHU W VSDFHV� - � 5HLQ H $ Q JHZ � 0DWK � ��� ������� ���^����
�� & �6 � .X E U X VO\ � ( OHPHQ W V RI 2SHU DW RU 7 KHRU \ �% LU N K �DX VHU � % RVWRQ � ������
�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � ' XDO� VKLIW GHFRPSRVLW LRQ RI + LOEHU W VSDFH� 6 HP LJU RX S RI 2S HU �

DWRU V� 7 K HRU \ DQ G $ S S OLFDWLRQ V� 5LR G H - DQ HLU R� ���� �2S WLP L]DWLRQ 6 RIWZ DU H� /RV $ Q JHOHV�
����� ���^�����

�� 3 �'� /D[ DQ G 5�6 � 3 K LOOLS V� 6 FDW W HU LQ J 7 KHRU \ �$ FDG HP LF 3 U HVV� 1 HZ < RU N � ������
�� 1 � /HY DQ DQ G & �6 � .X E U X VO\ � $ Z DYHOHW ?W LPH� VKLIW � GHW DLO� GHFRPSRVLW LRQ � 0DWK � & RP S X W�

6 LP X ODWLRQ �� ������� ������
�� 6 � 0DOODW� $ : DYHOHW 7 RXU RI 6 LJQ DO 3 U RFHVVLQ J �$ FDG HP LF 3 U HVV� 6 DQ 'LHJR� ������
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