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$EVW U DF W � ,W LV VK RZ Q WK DW LI D S DU DQ RU P DO FRQ WU DFWLRQ 7 K DV Q R Q RQ WU LY LDO
LQ Y DU LDQ W VX E VS DFH� WK HQ LW LV D S U RS HU FRQ WU DFWLRQ � 0RU HRY HU � WK H Q RQ Q HJDWLY H
RS HU DWRU 4  7 �e7 � b �7 e7 � , DOVR LV D S U RS HU FRQ WU DFWLRQ � ,I D T X DVLK \ �
S RQ RU P DO FRQ WU DFWLRQ K DV Q R Q RQ WU LY LDO LQ Y DU LDQ W VX E VS DFH WK HQ � LQ DG G LWLRQ �
LWV G HIHFW RS HU DWRU ' LV D S U RS HU FRQ WU DFWLRQ DQ G LWV VHOI�FRP P X WDWRU LV D WU DFH�
FODVV VWU LFW FRQ WU DFWLRQ � )X U WK HU P RU H� LI RQ H RI 4 RU ' LV FRP S DFW� WK HQ VR LV
WK H RWK HU � DQ G 4 DQ G ' DU H VWU LFW FRQ WU DFWLRQ V�

�� ,QW U RGXF W LRQ

%\ DQ RSHUDWRU ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI D QRQ]HUR FRPSOH[
+LOEHUW VSDFH+ LQWR LWVHOI� /HW %>+@ GHQRWH WKH DOJHEUD RI DOO RSHUDWRUV RQ+� )RU DQ

DUELWUDU\ RSHUDWRU 7 LQ %>+@ VHW� DV XVXDO� M7 M  �7 e7 �
�

� DQG >7 e� 7 @  7 e7b7 7 e  
M7 M� b M7 eM� �WKH VHOI�FRPPXWDWRU RI 7 � VR WKDW 7 e>7 e� 7 @7  M7 �M� b M7 M�� DQG
FRQVLGHU WKH IROORZLQJ VWDQGDUG GHpQLWLRQV� 7 LV K\SRQRUPDO LI >7 e� 7 @ LV QRQQHJDWLYH
�L�H�� M7 eM� x M7 M�� HTXLYDOHQWO\� N7 e[N x N7[N IRU HYHU\ [ LQ +�� TXDVLK\SRQRUPDO
LI 7 e>7 e� 7 @7 LV QRQQHJDWLYH �L�H�� M7 M� x M7 �M��� SDUDQRUPDO LI N7[N� x N7 �[NN[N
IRU HYHU\ [ LQ +� DQG QRUPDORLG LI U�7 �  N7N �ZKHUH U�7 � GHQRWHV WKH VSHFWUDO
UDGLXV RI 7 �� 7KHVH FODVVHV DUH UHODWHG E\ SURSHU LQFOXVLRQ�

+\SRQRUPDO ~ 4XDVLK\SRQRUPDO ~ 3DUDQRUPDO ~ 1RUPDORLG�

$ FRQWUDFWLRQ LV DQ RSHUDWRU 7 VXFK WKDW N7N x � �L�H�� N7[N x N[N IRU HYHU\ [
LQ +� HTXLYDOHQWO\� 7 e7 x ,�� $ SURSHU FRQWUDFWLRQ LV DQ RSHUDWRU 7 VXFK WKDW
N7[N � N[N IRU HYHU\ QRQ]HUR [ LQ + �HTXLYDOHQWO\� 7 e7 � ,�� $ VWULFW FRQWUDFWLRQ
LV DQ RSHUDWRU 7 VXFK WKDW N7N � � �L�H�� VXS�� [�N7[N N[N� � � RU� HTXLYDOHQWO\�
7 e7 � ,� ZKLFK PHDQV WKDW 7 e7 x q, IRU VRPH q � ��� ���� $JDLQ� WKHVH DUH UHODWHG
E\ SURSHU LQFOXVLRQ�

6WULFW &RQWUDFWLRQ ~ 3URSHU &RQWUDFWLRQ ~ &RQWUDFWLRQ�

$Q RSHUDWRU 7 RQ + LV XQLIRUPO\ VWDEOH LI WKH SRZHU VHTXHQFH I7QJQy� FRQYHUJHV
XQLIRUPO\ WR WKH QXOO RSHUDWRU �L�H�� N7QN � ��� ,W LV VWURQJO\ VWDEOH LI I7QJQy�

FRQYHUJHV VWURQJO\ WR WKH QXOO RSHUDWRU �L�H�� N7Q[N � � IRU HYHU\ [ LQ+_QRWDWLRQ�
7Q Vb� 2�� 7 LV XQLIRUPO\ VWDEOH LI DQG RQO\ LI U�7 � � �� ,W LV FOHDU WKDW XQLIRUP
VWDELOLW\ LPSOLHV VWURQJ VWDELOLW\� ,I 7 LV D VWURQJO\ VWDEOH FRQWUDFWLRQ� WKHQ LW LV
XVXDO WR VD\ WKDW 7 LV D & �c�FRQWUDFWLRQ� ,I 7

e LV D VWURQJO\ VWDEOH FRQWUDFWLRQ
WKHQ 7 LV D & c��FRQWUDFWLRQ� 2Q WKH RWKHU H[WUHPH� LI D FRQWUDFWLRQ 7 LV VXFK WKDW

' DW H� 0DU FK ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��% ���
. H\ Z RU GV DQ G SKU DVHV� 3 DU DQ RU P DO RS HU DWRU V� LQ Y DU LDQ W VX E VS DFHV� S U RS HU FRQ WU DFWLRQ V�
6 X S S RU WHG LQ S DU W E \ & 1 3 T �

�
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N7Q[N� � IRU HYHU\ QRQ]HUR YHFWRU [ LQ +� WKHQ LW LV VDLG WR EH D & �c�FRQWUDFWLRQ�
'XDOO\� LI D FRQWUDFWLRQ 7 LV VXFK WKDW N7 eQ[N� � IRU HYHU\ QRQ]HUR YHFWRU [ LQ +�
WKHQ LW LV D & c��FRQWUDFWLRQ� 7KHVH DUH WKH 1DJ\�)RLD|V FODVVHV RI FRQWUDFWLRQV �VHH
>��@� S���@�� $OO FRPELQDWLRQV DUH SRVVLEOH OHDGLQJ WR FODVVHV & ��� & ��� & �� DQG & ���
,Q SDUWLFXODU� 7 DQG 7 e DUH ERWK VWURQJO\ VWDEOH FRQWUDFWLRQV LI DQG RQO\ LI 7 LV D
& ���FRQWUDFWLRQ� 8QLIRUPO\ VWDEOH FRQWUDFWLRQV DUH RI FODVV & ���

,W ZDV UHFHQWO\ SURYHG LQ >�@ WKDW LI D K\SRQRUPDO FRQWUDFWLRQ 7 KDV QR QRQWULYLDO

LQYDULDQW VXEVSDFH� WKHQ 7 LV D SURSHU FRQWUDFWLRQ DQG LWV VHOI�FRPPXWDWRU >7 e� 7 @
LV D VWULFW FRQWUDFWLRQ� 7KLV ZDV H[WHQGHG LQ >�@ WR WKH FODVV

8  
j

7 � %>+@ � 2 x M7 �M b M7 M�
k

�

ZKLFK SURSHUO\ LQFOXGHV WKH FODVV RI TXDVLK\SRQRUPDO RSHUDWRUV DQG LV SURSHUO\
LQFOXGHG LQ WKH FODVV RI SDUDQRUPDO RSHUDWRUV� DV IROORZV� LI D FRQWUDFWLRQ 7 LQ

8 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ ERWK 7 DQG WKH QRQQHJDWLYH RSHUDWRU

M7 �M b M7 M� DUH SURSHU FRQWUDFWLRQV� ,Q WKLV SDSHU ZH H[WHQG WKRVH UHVXOWV WR WKH
FODVV RI SDUDQRUPDO RSHUDWRUV� ,W LV SURYHG WKDW LI D SDUDQRUPDO FRQWUDFWLRQ 7 KDV
QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ 7 VWLOO LV D SURSHU FRQWUDFWLRQ DQG VR LV WKH
QRQQHJDWLYH RSHUDWRU M7 �M� b �M7 M� � ,�

�� $Q ,QYDU LDQW 6XEVSDF H 7 KHRU HP I RU 3DU DQRU P DO & RQW U DF W LRQV

3DUDQRUPDO FRQVWLWXWH D FODVV RI RSHUDWRUV WKDW KDV EHHQ PXFK LQYHVWLJDWHG LQ FXU�
UHQW OLWHUDWXUH RYHU WKH SDVW WKUHH GHFDGHV� 7KH\ VKDUH VRPH LPSRUWDQW SURSHUWLHV
LQKHULWHG IURP K\SRQRUPDO RSHUDWRUV� EHVLGHV EHLQJ QRUPDORLG� /HW XV VLQJOH RXW D
IHZ RI WKHVH SURSHUWLHV� ,I 7 LV D SDUDQRUPDO RSHUDWRU� WKHQ WKH IROORZLQJ KROGV�

�� 1RQ]HUR HLJHQYDOXHV RI 7 DUH QRUPDO HLJHQYDOXHV �L�H�� LI NHU�y, b 7 � � I�J
IRU VRPH y � �� WKHQ NHU�y, b 7 � v NHU�y, b 7 e�� >�@� >�@�

�� ,I WKH VSHFWUXP RI 7 LV FRXQWDEOH� WKHQ 7 LV QRUPDO �LQ SDUWLFXODU� FRPSDFW
SDUDQRUPDO RSHUDWRUV DUH QRUPDO� >��@�

�� 7 VDWLVpHV :H\O
V 7KHRUHP �VR WKDW ����7 �  ���7 �� ZKHUH ����7 � DQG ���7 �
GHQRWH WKH VHWV RI LVRODWHG SRLQWV RI WKH VSHFWUXP RI 7 WKDW DUH HLJHQYDOXHV RI
7 RI pQLWH DOJHEUDLF DQG JHRPHWULF PXOWLSOLFLWLHV� UHVSHFWLYHO\� >�@�

�� ,I 7 LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ� WKHQ 7 LV RI FODVV & c� �L�H�� HYHU\
FRPSOHWHO\ QRQXQLWDU\ FRSDUDQRUPDO FRQWUDFWLRQ LV VWURQJO\ VWDEOH� >��@�

�� ,I 7 LV DQ LQMHFWLYH SXUH FRQWUDFWLRQ DQG WKH GHIHFW RSHUDWRU ��b 7 e7 �
�

� LV RI
+LOEHUW�6FKPLGW FODVV %� >+@� WKHQ 7 LV D & ���FRQWUDFWLRQ >�@� >�@�

�� 7 LV QRW VXSHUF\FOLF >�@�

+HUH LV DQ DOWHUQDWLYH GHpQLWLRQ RI SDUDQRUPDO RSHUDWRUV� 7DNH DQ\ 7 LQ %>+@ DQG�
IRU HDFK y ! �� VHW

4y  M7 �M� b �yM7 M� � y�,

LQ %>+@� $Q RSHUDWRU 7 LV SDUDQRUPDO LI DQG RQO\ LI 4y LV QRQQHJDWLYH IRU DOO y ! �
�FI� >�@� DOVR VHH >��@�� :H VKDOO VD\ WKDW DQ RSHUDWRU 7 LV RI FODVV 4y LI 4y LV
QRQQHJDWLYH� WKDW LV� IRU HDFK y ! � VHW

4y  
j

7 � %>+@ � 2 x M7 �M� b �yM7 M� � y�,
k

�

7KXV 7 LV SDUDQRUPDO LI DQG RQO\ LI 7 �
7

y!�4y VR WKDW HYHU\ SDUDQRUPDO RSHUDWRU
LV RI FODVV 4�� 3XW 4  4� IRU VKRUW�
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/HPPD �� ,I 7 LV D FRQWUDFWLRQ RI FODVV 4�� WKHQ WKH QRQQHJDWLYH RSHUDWRU 4  
M7 �M�b�M7 M��, LV D FRQWUDFWLRQ ZKRVH SRZHU VHTXHQFH I4QJQy� FRQYHUJHV VWURQJO\

WR DQ RUWKRJRQDO SURMHFWLRQ 3 � DQG 73  2�

3URRI� 7DNH DQ\ [ LQ + DQG DQ\ QRQQHJDWLYH LQWHJHU Q� ,I 7 � 4�� WKHQ 2 x 4� /HW
5  4

�
� EH WKH XQLTXH QRQQHJDWLYH VTXDUH URRW RI 4� 5HFDOO WKDW NM7 M[N  N7[N

IRU HYHU\ [ � +� IRU DOO 7 LQ %>+@� ,I� LQ DGGLWLRQ� 7 LV D FRQWUDFWLRQ� WKHQ

K4Q� �[ �[L  N5Q� �[N�  K45Q[ �5Q[L  NM7 �M5Q[N� b �NM7 M5Q[N� � N5Q[N�

x N5Q[N� b N75Q[N� x N5Q[N�  K4Q[ �[L�

7KXV 5 �DQG VR 4� LV D FRQWUDFWLRQ �VHW Q  ��� DQG I4QJQy� LV D GHFUHDVLQJ
VHTXHQFH RI QRQQHJDWLYH FRQWUDFWLRQV� 6LQFH D ERXQGHG PRQRWRQH VHTXHQFH RI VHOI�
DGMRLQW RSHUDWRUV FRQYHUJHV VWURQJO\� WKH ZHDN OLPLW RI DQ\ ZHDNO\ FRQYHUJHQW SRZHU
VHTXHQFH LV LGHPSRWHQW� DQG VLQFH WKH VHW RI DOO QRQQHJDWLYH RSHUDWRUV LV ZHDNO\
�WKXV VWURQJO\� FORVHG� LW IROORZV WKDW I4QJQy� FRQYHUJHV VWURQJO\ WR DQ RUWKRJRQDO
SURMHFWLRQ �L�H�� WR D QRQQHJDWLYH LGHPSRWHQW�� VD\� 3 � 0RUHRYHU�

P
;

Q �

N75Q[N� x
P
;

Q �

t

N5Q[N� b N5Q� �[N�
u

 N[N� b N5P� �[N� x N[N�

IRU DOO QRQQHJDWLYH LQWHJHUVP DQG HYHU\ [ LQ+� 7KHUHIRUH� N75Q[N � � DV Q � ��
DQG KHQFH

73[  7 OLP
Q

4Q[  OLP
Q

75�Q[  ��

IRU HYHU\ [ � +� VR WKDW 73  2� e

5HPDUN �� 7DNH DQ DUELWUDU\ y LQ ��� ��� ,I 7 LV D FRQWUDFWLRQ RI FODVV 4y� WKHQ

4y  M7 �M� b �yM7 M� � y�, LV D VWULFW FRQWUDFWLRQ�

,QGHHG� WDNH DQ\ [ � + DQG OHW 5y EH WKH XQLTXH QRQQHJDWLYH VTXDUH URRW RI 4y�
6LQFH 7 � 4y LV D FRQWUDFWLRQ� LW IROORZV WKDW

N5Q� �
y [N�  N7 �5Q

y[N
� b �yN75Q

y[N
� � y�N5Q

y[N
�

x ��b �y�N75Q
y[N

� � y�N5Q
y[N

��

,I y OLHV LQ ��� �
�
@� WKHQ N5Q� �

y [N� x ��b�y�N5Q
y[N

��y�N5Q
y[N

�  ��by��N5Q
y[N

� VR

WKDW N5Q� �
y N x ��by�N5Q

yN� ,I y OLHV LQ �
�
�
� ��� WKHQ N5Q� �

y [N� x y�N5Q
y[N

� VR WKDW

N5Q� �
y N x yN5Q

yN� ,Q ERWK FDVHV N5
Q
yN � �� WKDW LV� 5y LV XQLIRUPO\ VWDEOH� 7KXV

N4Q
yN � � RU� HTXLYDOHQWO\� U�4y� � �� 6LQFH 4y LV QRQQHJDWLYH� N4yN  U�4y��

1RWH� ,I 7  2� WKHQ 4y  y�, LV SRZHU XQERXQGHG IRU HYHU\ y ! ��

7KHRUHP �� ,I D SDUDQRUPDO FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH�

WKHQ LW LV D SURSHU FRQWUDFWLRQ DQG WKH QRQQHJDWLYH RSHUDWRU 4  M7 �M� b �M7 M� � ,
LV D VWURQJO\ VWDEOH FRQWUDFWLRQ�

3URRI� �L� 7DNH DQ\ 7 � %>+@ DQG VHW 0  I[ � + � N7[N  N7NN[NJ� ,W LV ZHOO
NQRZQ �VHH H�J� >�@� WKDW N7[N  N7NN[N LI DQG RQO\ LI M7 M�[  N7N�[� 7KXV
0  NHU�N7N�, b M7 M��� ZKLFK LV D FORVHG OLQHDU PDQLIROG RI +� VR WKDW 0 LV D
VXEVSDFH RI +� 7DNH DQ DUELWUDU\ [ LQ 0� ,I 7 LV D SDUDQRUPDO RSHUDWRU �L�H�� LI
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N7[N� x N7 �[NN[N IRU HYHU\ [ � +�� WKHQ

N7NN7[NN[N  N7[N� x N7 �[NN[N x N7NN7[NN[N�

DQG KHQFH N7 �7[�N  N7NN7[N VR WKDW 7[ OLHV LQ0� 7KHUHIRUH� LI 7 LV SDUDQRUPDO�
WKHQ 0 LV DQ LQYDULDQW VXEVSDFH IRU 7 � 1RZ VXSSRVH WKH SDUDQRUPDO RSHUDWRU 7
LV D FRQWUDFWLRQ� N7[N x N[N IRU HYHU\ [ � +� ,I 7 LV D VWULFW FRQWUDFWLRQ� WKHQ LW
LV WULYLDOO\ D SURSHU FRQWUDFWLRQ� ,I 7 LV D QRQVWULFW FRQWUDFWLRQ� WKHQ N7N  � DQG�
FRQVHTXHQWO\� 0  I[ � + � N7[N  N[NJ� ,I� LQ DGGLWLRQ� 7 KDV QR QRQWULYLDO
LQYDULDQW VXEVSDFH� WKHQ WKH LQYDULDQW VXEVSDFH 0 LV WULYLDO� HLWKHU 0  I�J RU
0  +� EXW LI 0  +� WKHQ 7 LV DQ LVRPHWU\� DQG LVRPHWULHV KDYH QRQWULYLDO
LQYDULDQW VXEVSDFHV� 7KXV 0  I�J VR WKDW N7[N � N[N IRU HYHU\ QRQ]HUR [ LQ +�
WKDW LV� 7 LV D SURSHU FRQWUDFWLRQ�

�LL� /HW 7 � 2 EH D SDUDQRUPDO FRQWUDFWLRQ� $FFRUGLQJ WR /HPPD � WKH QRQQHJDWLYH
RSHUDWRU 4 LV D FRQWUDFWLRQ� 4Q Vb� 3 � DQG 73  2 VR WKDW 3 7 e  2 �UHFDOO� 3 LV
VHOI�DGMRLQW�� ,I 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ 7 e KDV QR QRQWULYLDO
LQYDULDQW VXEVSDFH DV ZHOO� 6LQFH NHU3 LV D QRQ]HUR LQYDULDQW VXEVSDFH IRU 7 e

ZKHQHYHU 3 7 e  2 DQG 7 � 2� LW IROORZV WKDW NHU3  +� +HQFH 3  2� DQG
WKHUHIRUH 4Q Vb� 2� e

�� 3U RSHU & RQW U DF W LRQV DQG 6W U RQJO \ 6W DEO H & RQW U DF W LRQV

,Q JHQHUDO� SURSHU FRQWUDFWLRQV DQG VWURQJO\ VWDEOH FRQWUDFWLRQV DUH QRW UHODWHG�
,W LV WUXH WKDW D FRPSDFW SURSHU FRQWUDFWLRQ LV RI FODVV & �� �UHDVRQ� WKH FRQFHSWV
RI SURSHU DQG VWULFW FRQWUDFWLRQ FRLQFLGH IRU FRPSDFW RSHUDWRUV >�@� DQG D VWULFW
FRQWUDFWLRQ LV� RI FRXUVH� XQLIRUPO\ VWDEOH� EXW WKHUH H[LVW FRPSDFW FRQWUDFWLRQV RI
FODVV & �� WKDW DUH QRW SURSHU �IRU LQVWDQFH� XQLIRUPO\ VWDEOH FRPSDFW QRQSURSHU

FRQWUDFWLRQV _ VDPSOH�
b

� �

� �

c

LV D QLOSRWHQW QRQSURSHU FRQWUDFWLRQ RQ &��� 2Q WKH

RWKHU KDQG� WKHUH H[LVW �QRQFRPSDFW� SURSHU FRQWUDFWLRQV RI FODVV & �� �H[DPSOH�
WKH ELODWHUDO ZHLJKWHG VKLIW 7  VKLIW�I�b �MNM� ��b�JN � =� RQ C� LV D SURSHU FRQ�
WUDFWLRQ RI FODVV & �� >�@�� +RZHYHU� DV ZH VKDOO VHH QH[W� HYHU\ SDUDQRUPDO VWURQJO\
VWDEOH RSHUDWRU LV D SURSHU FRQWUDFWLRQ� DQG HYHU\ TXDVLQRUPDO SURSHU FRQWUDFWLRQ
LV RI FODVV & ��� �$Q RSHUDWRU 7 LV TXDVLQRUPDO LI LW FRPPXWHV ZLWK 7 e7 � QRUPDO
RSHUDWRUV DUH TXDVLQRUPDO� DQG TXDVLQRUPDO RSHUDWRUV DUH K\SRQRUPDO�� $OWKRXJK
WKH\ KDYH D VWUDLJKWIRUZDUG DSSOLFDWLRQ WR 7KHRUHP �� WKH UHVXOWV EHORZ VHHP WR
EH LPSRUWDQW LQ WKHLU RZQ ULJKW�

/HPPD �� 7DNH DQ\ 7 LQ %>+@ DQG FRQVLGHU WKH IROORZLQJ DVVHUWLRQV�

�D� 7 LV VWURQJO\ VWDEOH�

�E� 7 LV D SURSHU FRQWUDFWLRQ�

�F� 7 LV D & ���FRQWUDFWLRQ�

,I 7 LV SDUDQRUPDO� WKHQ �D� LPSOLHV �E� DQG �F�� ,I 7 LV TXDVLQRUPDO� WKHQ WKHVH

DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

3URRI� �L� 7DNH DQ DUELWUDU\ [ LQ +� ,W ZDV VKRZQ LQ >��@ �DOVR VHH >�@� S���� WKDW
N7[NQ x N7Q[NN[NQb� IRU HYHU\ Q y � ZKHQHYHU 7 LV K\SRQRUPDO E\ XVLQJ RQO\
WKH IDFW WKDW K\SRQRUPDO RSHUDWRUV DUH SDUDQRUPDO� 7KXV� LI 7 LV SDUDQRUPDO� WKHQ

N7[NQ

N[NQ
x

N7Q[N

N[N
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IRU HYHU\ QRQ]HUR YHFWRU [ LQ + DQG HYHU\ SRVLWLYH LQWHJHU Q� 7KHUHIRUH �D� LPSOLHV
�E� ZKHQHYHU 7 LV SDUDQRUPDO� 0RUHRYHU� HYHU\ VWURQJO\ VWDEOH RSHUDWRU LV FRP�
SOHWHO\ QRQXQLWDU\� DQG FRPSOHWHO\ QRQXQLWDU\ SDUDQRUPDO FRQWUDFWLRQV DUH RI FODVV
& c� >��@� 7KXV� LI 7 LV D VWURQJO\ VWDEOH SDUDQRUPDO RSHUDWRU� WKHQ 7 LV D �SURSHU�
FRQWUDFWLRQ RI FODVV & ��� DQG KHQFH �D� DOVR LPSOLHV �F� ZKHQHYHU 7 LV SDUDQRUPDO�

�LL� ,I 7 LV D TXDVLQRUPDO FRQWUDFWLRQ� WKHQ WKH VWURQJ OLPLWV RI I7 eQ7QJQy� DQG
I7Q7 eQJQy� DUH SURMHFWLRQV >��@� ,I 7 LV D FRQWUDFWLRQ DQG LI WKH VWURQJ OLPLWV RI
I7 eQ7QJQy� DQG I7Q7 eQJQy� DUH SURMHFWLRQV� WKHQ

7  % j 6 � j 6� j 8�

ZKHUH % LV D & ���FRQWUDFWLRQ� 6� LV D XQLODWHUDO VKLIW� 6 � LV D EDFNZDUG XQLODWHUDO
VKLIW� DQG 8 LV XQLWDU\� ZKHUH DQ\ RI WKH DERYH GLUHFW VXPPDQGV PD\ EH PLVVLQJ
>��@ �DOVR VHH >�@� S����� ,I� LQ DGGLWLRQ� 7 LV D SURSHU FRQWUDFWLRQ� WKHQ DQ\ GLUHFW
VXPPDQG RI LW LV DJDLQ D SURSHU FRQWUDFWLRQ� DQG KHQFH 7  % �UHDVRQ� 6 � � 6 �

e

DQG 8 DUH LVRPHWULHV� WKXV QRQSURSHU FRQWUDFWLRQV� DQG SURSHU FRQWUDFWLYHQHVV LV
e�LQYDULDQW >�@�� +HQFH �E� LPSOLHV �F� ZKHQHYHU 7 LV TXDVLQRUPDO� 7DXWRORJLFDOO\�
�F� LPSOLHV �D� IRU HYHU\ RSHUDWRU DQG� VLQFH TXDVLQRUPDO RSHUDWRUV DUH SDUDQRUPDO�
�D� LPSOLHV �E� IRU TXDVLQRUPDO RSHUDWRUV DFFRUGLQJ WR SDUW �L�� e

5HPDUN �� /HPPD � VD\V WKDW �E� LPSOLHV �F�� DQG KHQFH �E� LPSOLHV �D�� IRU D
TXDVLQRUPDO RSHUDWRU� +RZHYHU� �E� GRHV QRW LPSO\ �D�� DQG KHQFH �E� GRHV QRW
LPSO\ �F�� HYHQ IRU D K\SRQRUPDO RSHUDWRU� ,Q IDFW� WKH XQLODWHUDO ZHLJKWHG VKLIW

7  VKLIW�I�N � ��
�

� �N � ��b��N � ��
�

� JNy�� RQ C�� LV D K\SRQRUPDO SURSHU FRQWUDF�
WLRQ EXW QRW VWURQJO\ VWDEOH� LW LV D & ���FRQWUDFWLRQ �WKH SRVLWLYH LQFUHDVLQJ ZHLJKW

VHTXHQFH FRQYHUJHV WR � DQG N7Q[N � N$
�

� [N IRU HYHU\ [ LQ C�� � ZKHUH WKH RSHUDWRU
$ LV D SRVLWLYH GLDJRQDO RQ C�� � QDPHO\� $  GLDJ�I�N � ���N � ��

b�JNy�� _ FI� >��@
RU >�@ SS��������

6LQFH QRQQHJDWLYH RSHUDWRUV DUH SDUDQRUPDO� /HPPD � \LHOGV WKH IROORZLQJ FRURO�
ODU\ RI 7KHRUHP ��

&RUROODU\ �� ,I D SDUDQRUPDO FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH�

WKHQ ERWK 7 DQG 4  M7 �M� b �M7 M� � , DUH SURSHU FRQWUDFWLRQV�

�� 4XDVLK\SRQRU P DO & RQW U DF W LRQV

,I WKH K\SRWKHVLV RI SDUDQRUPDOLW\ LV UHSODFHG ZLWK WKH VWURQJHU K\SRWKHVLV RI TXDVL�
K\SRQRUPDOLW\ LQ &RUROODU\ �� WKHQ WKH GHIHFW RSHUDWRU DOVR LV D SURSHU FRQWUDFWLRQ�
7KLV ZLOO EH VKRZQ LQ &RUROODU\ � EHORZ DIWHU UHFDOOLQJ WKH IROORZLQJ UHODWLRQVKLS
EHWZHHQ WKH GHIHFW RSHUDWRU DQG WKH VHOI�FRPPXWDWRU� 7DNH DQ\ RSHUDWRU 7 LQ %>+@�
6HW 4  M7 �M� b �M7 M� � ,  7 �e7 � b �7 e7 � , DQG '  , b M7 M�  , b 7 e7 �
7KXV 7 e'7  M7 M� b M7 �M�� DQG KHQFH

4  ' b 7 e'7�

&OHDUO\� 7 LV D FRQWUDFWLRQ �D SURSHU FRQWUDFWLRQ� LI DQG RQO\ LI ' LV QRQQHJDWLYH

�SRVLWLYH�� ,I 7 LV D FRQWUDFWLRQ� WKHQ '
�

� LV WKH GHIHFW RSHUDWRU RI 7 � &RQVLGHU WKH
VHOI�FRPPXWDWRU RI 7 � YL]� >7 e� 7 @  7 e7 b 7 7 e� 6LQFH 7 e>7 e� 7 @7  M7 �M� b M7 M��
LW IROORZV WKDW

4  7 e>7 e� 7 @7 �'��
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7KHVH DUH VHOI�DGMRLQW RSHUDWRUV LQ %>+@ IRU HYHU\ 7 � 5HFDOO� LI ' LV RI 6FKDWWHQ
FODVV %S>+@ IRU VRPH S y �� WKHQ 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH �VHH H�J� >��@�
S������ 'RHV 7 KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH LI ' LV MXVW FRPSDFW"

&RUROODU\ �� ,I D TXDVLK\SRQRUPDO FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW

VXEVSDFH� WKHQ 7 � 4 DQG ' DUH SURSHU FRQWUDFWLRQV� >7 e� 7 @ LV D VWULFW FRQWUDFWLRQ

RI WUDFH FODVV %� >+@� DQG M7 �M b M7 M� LV D VWULFW FRQWUDFWLRQ RI +LOEHUW�6FKPLGW FODVV

%� >+@� 0RUHRYHU� LI RQH RI 4 RU ' LV FRPSDFW� WKHQ VR LV WKH RWKHU� DQG 4 DQG '
DUH VWULFW FRQWUDFWLRQV WRR�

3URRI� �L� ,I DQ RSHUDWRU KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW LV TXDVL�
LQYHUWLEOH �RU D TXDVLDrQLW\� WKDW LV� LQMHFWLYH ZLWK D GHQVH UDQJH� EHFDXVH NHU�7 �
DQG UDQ�7 �b DUH LQYDULDQW VXEVSDFHV IRU 7 � 7KHUHIRUH� LI 7 LV TXDVLK\SRQRUPDO
�2 x 7 e>7 e� 7 @7 � DQG KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH �7 LV TXDVLLQYHUWLEOH��
WKHQ 7 LV K\SRQRUPDO �2 x >7 e� 7 @�� 7KXV� LI D TXDVLK\SRQRUPDO FRQWUDFWLRQ 7 KDV
QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ >7 e� 7 @ LV WUDFH�FODVV �E\ WKH %HUJHU�6KDZ
7KHRUHP� VHH H�J� >�@� S����� DQG LV D VWULFW FRQWUDFWLRQ >�@� 0RUHRYHU� M7 �M b M7 M�

�ZKLFK LV QRQQHJDWLYH ZKHQHYHU 7 LV TXDVLK\SRQRUPDO� LV D +LOEHUW�6FKPLGW VWULFW
FRQWUDFWLRQ >�@ �L�H�� �M7 �M b M7 M��� LV D WUDFH�FODVV VWULFW FRQWUDFWLRQ��

�LL� 5HFDOO WKDW LI $ DQG % DUH RSHUDWRUV RQ + VXFK WKDW

$e$ x %�

WKHQ N$[N�  K$e$[ �[L x K%[ �[L x N%[NN[N IRU HYHU\ [ � +� DQG WKHUHIRUH
$ LV D SURSHU FRQWUDFWLRQ ZKHQHYHU % LV D SURSHU FRQWUDFWLRQ� DQG $ LV FRPSDFW

ZKHQHYHU % LV FRPSDFW�

,I 7 LV D TXDVLK\SRQRUPDO FRQWUDFWLRQ ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ
ERWK 7 DQG 4 DUH SURSHU FRQWUDFWLRQV �E\ &RUROODU\ � RQFH 7 LV SDUDQRUPDO�� 6LQFH
2 x 7 e>7 e� 7 @7 �7 LV TXDVLK\SRQRUPDO� DQG 'e'  '� �' LV VHOI�DGMRLQW��

'e'  4b 7 e>7 e� 7 @7 x 4�

+HQFH ' LV D SURSHU FRQWUDFWLRQ EHFDXVH 4 LV D SURSHU FRQWUDFWLRQ� DQG ' LV
FRPSDFW ZKHQHYHU 4 LV FRPSDFW� 6LQFH 4  ' b 7 e'7 � LW IROORZV DW RQFH WKDW 4
LV FRPSDFW ZKHQHYHU ' LV FRPSDFW� 6XSSRVH 4 �RU� HTXLYDOHQWO\� '� LV FRPSDFW VR
WKDW 4 DQG ' DUH FRPSDFW SURSHU FRQWUDFWLRQV� %XW WKH FRQFHSWV RI SURSHU DQG
VWULFW FRQWUDFWLRQ FRLQFLGH IRU FRPSDFW RSHUDWRUV >�@� 7KHUHIRUH� 4 DQG ' DUH VWULFW
FRQWUDFWLRQV� e

5HI HU HQF HV

�� 7 � $ Q G AR� 2SHU DW RU V Z LW K D Q RU P FRQ GLW LRQ � $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
�� 3 �6 � % RX U G RQ � 2U ELW V RI K\ SRQ RU PDO RSHU DW RU V� 0LFK LJDQ 0DWK � - � �� ������� ���^����
�� 1 �1 � & K RX U DVLD DQ G 3 �% � 5DP DQ X MDQ � 3 DU DQ RU PDO RSHU DW RU V RQ %DQ DFK VSDFHV� % X OO� $ X VWU DO�
0DWK � 6 RF� �� ������� ���^����

�� - �% � & RQ Z D\ � 7 KH 7 KHRU \ RI 6 XEQ RU PDO 2SHU DW RU V �0DWK HP DWLFDO 6 X U Y H\ V DQ G 0RQ RJU DS K V
9 RO� ��� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� ������

�� % �3 � 'X JJDO� 5 RRW V RI FRQ W U DFW LRQ V Z LW K + LOEHU W � 6 FKPLGW GHIHFW RSHU DW RU DQ G &c� FRPSOHW HO\

Q RQ � XQ LW DU \ SDU W � & RP P HQ W� 0DWK �� $ Q Q � 6 RF� 0DWK � 3 RORQ DH� �� ������� ��^����
�� % �3 � 'X JJDO� 2Q FKDU DFW HU LVLQ J FRQ W U DFW LRQ V Z LW K &�� SXU H SDU W � ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU
7 K HRU \ �� ������� ���^����

�� % �3 � 'X JJDO� ,�+ � - HRQ DQ G & �6 � .X E U X VO\ � & RQ W U DFW LRQ V VDW LVI\ LQ J W KH DEVROXW H YDOXH SU RSHU W \

M$M� x M$�M� ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU 7 K HRU \ � WR DS S HDU �
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�� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ �% LU N �
K �DX VHU � % RVWRQ � ������

�� & �6 � .X E U X VO\ DQ G 1 � /HY DQ � 3 U RSHU FRQ W U DFW LRQ V DQ G LQ YDU LDQ W VXEVSDFHV� ,Q WHU Q DW� - � 0DWK �

0DWK � 6 FL� �� ������� ���^����
��� & �6 � .X E U X VO\ DQ G 3 �& �0� 9 LHLU D� 6 W U RQ J VW DELOLW \ IRU FRK\ SRQ RU PDO RSHU DW RU V� - � 2S HU DWRU

7 K HRU \ �� ������� ���^����
��� & �6 � .X E U X VO\ � 3 �& �0� 9 LHLU D DQ G '�2� 3 LQ WR� $ GHFRPSRVLW LRQ IRU D FODVV RI FRQ W U DFW LRQ V�

$ G Y � 0DWK � 6 FL� $ S S O� � ������� ���^����
��� .� 2N X E R� 7 KH XQ LW DU \ SDU W RI SDU DQ RU PDO RSHU DW RU V� + RN N DLG R 0DWK � - � � ������� ���^����
��� & � 4LX � 3 DU DQ RU PDO RSHU DW RU V Z LW K FRXQ W DEOH VSHFW U XP DU H Q RU PDO RSHU DW RU V� - � 0DWK � 5HV�

( [ S RVLWLRQ � ������� ���^����
��� + � 5DG MDY L DQ G 3 � 5RVHQ WK DO� ,Q YDU LDQ W 6 XEVSDFHV �6 S U LQ JHU � 1 HZ < RU N � ������
��� 7 � 6 DLWAR� + \ SRQ RU PDO RSHU DW RU V DQ G U HODW HG W RSLFV� /HFWX U HV RQ 2S HU DWRU $ OJHE U DV �/HFWX U H

1 RWHV LQ 0DWK HP DWLFV 9 RO� ���� 6 S U LQ JHU � % HU OLQ � ������ ���^����
��� % � 6 ]��1 DJ\ DQ G & � )RLD|V� + DU PRQ LF $ Q DO\ VLV RI 2SHU DW RU V RQ + LOEHU W 6 SDFH �1 RU WK �+ ROODQ G �

$ P VWHU G DP � ������

-RXUQDO RI WKH .RUHDQ 0DWKHPDWLFDO 6RFLHW\ ������ ��� ���

(55$780

9ROXPH ��� 1XPEHU � ������ LQ WKH DUWLFOH ?3DUDQRUPDO &RQWUDFWLRQV DQG ,QYDULDQW
6XEVSDFHV� E\ %�3� 'XJJDO� &�6� .XEUXVO\ DQG 1� /HYDQ� SS� ��������

7KH VWDWHPHQW WR REVHUYDWLRQ ��� RQ SDJH ��� VKRXOG UHDG�

�� (LJHQVSDFHV FRUUHVSRQGLQJ WR GLVWLQFW QRQ]HUR HLJHQYDOXHV RI 7 DUH PXWXDOO\
RUWKRJRQDO >�@� ,I D SDUDQRUPDO RSHUDWRU 7 VDWLVpHV WKH LQHTXDOLW\ 7 e�Q7 �Q b
�y�7 e7 �Q � y�, y 2 IRU DOO UHDO y ! � IRU VRPH LQWHJHU Q ! �� WKHQ WKH
HLJHQYDOXHV RI 7 DUH QRUPDO HLJHQYDOXHV �L�H�� LI NHU�y, b 7 � � I�J IRU VRPH
y � �� WKHQ NHU�y, b 7 � v NHU�y, b 7 e�� >�@�

8QLW HG $U DE (P LU DW HV 8QLYHU VLW \� 3�2� %R[ � � � � � � $O $LQ� $U DE (P LU DW HV

( � PDLO DGGU HVV� ESGXJJDO#XDHX�DF�DH

& DW KRO LF 8QLYHU VLW \ RI 5LR GH -DQHLU R� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU

8QLYHU VLW \ RI & DO LI RU QLD LQ /RV $QJHO HV� /RV $QJHO HV� & $ � � � � � �� � � � � 86$

( � PDLO DGGU HVV� OHYDQ#HH�XFOD�HGX


