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$EVW U DF W � /HW %�+� G HQ RWH WK H DOJHE U D RI RS HU DWRU V RQ D FRP S OH[ + LOE HU W
VS DFH +� DQ G OHW 8 G HQ RWH WK H FODVV RI RS HU DWRU V $ � %�+� Z K LFK VDWLVI\
WK H DE VROX WH Y DOX H FRQ G LWLRQ M$M� x M$�M� ,W LV S U RY HG WK DW LI $ � 8 LV D
FRQ WU DFWLRQ � WK HQ HLWK HU $ K DV D Q RQ WU LY LDO LQ Y DU LDQ W VX E VS DFH RU $ LV D S U RS HU
FRQ WU DFWLRQ DQ G WK H Q RQ Q HJDWLY H RS HU DWRU '  M$�MbM$M� LV VWU RQ JO\ VWDE OH� $
3 X WQ DP �)X JOHG H W\ S H FRP P X WDWLY LW\ WK HRU HP LV S U RY HG IRU FRQ WU DFWLRQ V $ LQ
8 � DQ G LW LV VK RZ Q WK DW LI Q RU P DO VX E VS DFHV RI $ � 8 DU H U HG X FLQ J� WK HQ HY HU \
FRP S DFW RS HU DWRU LQ WK H LQ WHU VHFWLRQ RI WK H Z HDN FORVX U H RI WK H U DQ JH RI WK H
G HU LY DWLRQ r$�;�  $; b;$ Z LWK WK H FRP P X WDQ W RI $e LV T X DVLQ LOS RWHQ W�

�� ,QW U RGXF W LRQ

/HW + EH DQ LQpQLWH�GLPHQVLRQDO FRPSOH[ +LOEHUW VSDFH� DQG OHW %�+� GHQRWH WKH
DOJHEUD RI DOO RSHUDWRUV RQ + �L�H�� RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI + LQWR

LWVHOI�� )RU DQ\ RSHUDWRU $ LQ %�+� VHW� DV XVXDO� M$M  �$e$�
�

� DQG >$e� $@  
$e$b$$e  M$M� b M$eM� �WKH VHOI�FRPPXWDWRU RI $�� DQG FRQVLGHU WKH IROORZLQJ
VWDQGDUG GHpQLWLRQV� $ LV K\SRQRUPDO LI M$eM� x M$M� �L�H�� LI >$e� $@ LV QRQQHJDWLYH
RU� HTXLYDOHQWO\� LI N$e[N x N$[N IRU HYHU\ [ LQ +�� S�K\SRQRUPDO �IRU VRPH
� � S x �� LI M$eM�S x M$M�S� TXDVLK\SRQRUPDO LI � x $e>$e� $@$� DQG SDUDQRUPDO
LI N$[N� x N$�[N N[N IRU HYHU\ [ LQ +� /HW 8 GHQRWH WKH FODVV RI RSHUDWRUV
$ VDWLVI\LQJ WKH DEVROXWH YDOXH FRQGLWLRQ M$M� x M$�M� DQG OHW +���� +�S�� 4���
DQG . GHQRWH� UHVSHFWLYHO\� WKH FODVVHV FRQVLVWLQJ RI K\SRQRUPDO� S�K\SRQRUPDO�
TXDVLK\SRQRUPDO DQG SDUDQRUPDO RSHUDWRUV� 7KHQ

+��� ~ 4��� ~ 8 ~ .

DQG
+��� ~ +�S� ~ 8 ~ . �

ZKHUH DOO WKH LQFOXVLRQV DUH SURSHU >�@� 7KH FODVV 8 KDV UHFHQWO\ EHHQ VWXGLHG LQ D
QXPEHU RI SDSHUV �VHH >��@� >��@� >��@ IRU IXUWKHU UHIHUHQFHV�� 7KLV QRWH FRQWLQXHV
WKLV VWXG\� FRQFHQWUDWLQJ PDLQO\ RQ FRQWUDFWLRQV LQ 8 � ,W LV SURYHG WKDW LI $ LV D
FRQWUDFWLRQ �L�H�� LI N$N x �� ZKLFK PHDQV WKDW N$[N x N[N IRU HYHU\ [ LQ +� LQ 8 �
WKHQ HLWKHU $ KDV D QRQWULYLDO LQYDULDQW VXEVSDFH RU $ LV D SURSHU FRQWUDFWLRQ �L�H��
N$[N � N[N IRU HYHU\ QRQ]HUR [ LQ+� DQG WKH QRQQHJDWLYH RSHUDWRU'  M$�MbM$M�

LV VWURQJO\ VWDEOH �L�H�� 'Q Vb� �� WKH SRZHU VHTXHQFH I'QJ FRQYHUJHV VWURQJO\ WR
��� $ 3XWQDP�)XJOHGH W\SH FRPPXWDWLYLW\ WKHRUHP LV SURYHG IRU FRQWUDFWLRQV
$ LQ 8 � :H DOVR SURYH WKDW LI QRUPDO VXEVSDFHV RI $ � 8 DUH UHGXFLQJ� WKHQ

' DW H� 1 RY HP E HU ��� �����
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��% ��� ��% ��� 6 HFRQ G DU \ ��$ ��� ��$ ���
. H\ Z RU GV DQ G SKU DVHV� 2S HU DWRU V VDWLVI\ LQ J M$M� x M$�M� FRQ WU DFWLRQ � LQ Y DU LDQ W VX E VS DFH�

FRP P X WDWLY LW\ WK HRU HP � G HU LY DWLRQ U DQ JH�
7 K H VHFRQ G DX WK RU 
V Z RU N Z DV VX S S RU WHG E \ .RU HD 5HVHDU FK )RX Q G DWLRQ *U DQ W �.5)������

����'������ WK H WK LU G DX WK RU 
V E \ % U D]LOLDQ 1 DWLRQ DO 5HVHDU FK & RX Q FLO �& 1 3 T ��

�
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HYHU\ FRPSDFW RSHUDWRU LQ WKH LQWHUVHFWLRQ RI WKH ZHDN FORVXUH RI WKH UDQJH RI WKH
GHULYDWLRQ r$�;�  $; b;$ ZLWK WKH FRPPXWDQW RI $e LV TXDVLQLOSRWHQW�

,Q WKH IROORZLQJ ZH VKDOO GHQRWH WKH VSHFWUXP� WKH SRLQW VSHFWUXP� WKH DS�
SUR[LPDWH SRLQW VSHFWUXP DQG WKH VSHFWUDO UDGLXV RI $ � %�+� E\ ��$�� �S�$��
�DS�$� DQG U�$�� UHVSHFWLYHO\� 7KH MRLQW SRLQW VSHFWUXP RI $� �MS�$�� LV WKH VHW
Iy � �S�$� � �$by�[  ��� �$by�e[  �J� :H VKDOO GHQRWH WKH VHW RI LVRODWHG
SRLQWV RI ��$� ZKLFK DUH HLJHQYDOXHV RI $ � %�+� RI pQLWH DOJHEUDLF PXOWLSOLFLW\
�UHVSHFWLYHO\� pQLWH JHRPHWULF PXOWLSOLFLW\� E\ ����$� �UHVSHFWLYHO\� ���$��� $ FRQ�
WUDFWLRQ $ LV VDLG WR EH FRPSOHWHO\ QRQXQLWDU\ LI WKHUH H[LVWV QR QRQ]HUR UHGXFLQJ
VXEVSDFH 0 IRU $ VXFK WKDW $M0 LV XQLWDU\� DQG DQ RSHUDWRU $ LV VDLG WR EH SXUH
�L�H�� FRPSOHWHO\ QRQQRUPDO� LI WKHUH H[LVWV QR QRQ]HUR UHGXFLQJ VXEVSDFH 0 IRU $
VXFK WKDW $M0 LV QRUPDO� $ FRQWUDFWLRQ $ LV RI FODVV &�c LI OLPQ� � N$Q[N  � IRU
HYHU\ [ LQ + �L�H�� LI $Q Vb� �� ZKLFK PHDQV WKDW $ LV D VWURQJO\ VWDEOH FRQWUDFWLRQ��
DQG LW LV VDLG WR EH RI FODVV &�c LI OLPQ� � N$Q[N ! � �HTXLYDOHQWO\� LI $Q[� �� IRU
HYHU\ QRQ]HUR [ LQ +� &ODVVHV &c� DQG &c� DUH GHpQHG E\ FRQVLGHULQJ $e LQVWHDG
RI $� DQG ZH GHpQH WKH FODVVHV &op �IRU o� p  �� �� E\ &op  &oc ? &cp � $ &���
FRQWUDFWLRQ $ LV VDLG WR EH RI FODVV &� LI WKHUH H[LVWV DQ LQQHU IXQFWLRQ X VXFK WKDW
X�$�  �� �6HH >�@ DQG >��@ IRU PRUH DERXW WKHVH FODVVHV��

�� $Q ,QYDU LDQW 6XEVSDF H 7 KHRU HP

7KH RSHUDWRUV $ � 8 EHLQJ SDUDQRUPDO� D QXPEHU RI WKH SURSHUWLHV RI $ � 8 IROORZ
IURP WKRVH RI SDUDQRUPDO RSHUDWRUV� 7KXV JLYHQ $ � 8 �

�� $ LV QRUPDORLG �L�H�� U�$�  N$N� DQG WKH QRQ]HUR HLJHQYDOXHV RI $ DUH QRUPDO
HLJHQYDOXHV �L�H�� LI � � y � �S�$� DQG [ � + LV D YHFWRU VXFK WKDW $[  y[�

WKHQ $e[  y[� >�� �@�
�� ,I ��$� LV FRXQWDEOH �LQ SDUWLFXODU� LI $ LV FRPSDFW�� WKHQ $ LV QRUPDO >��@�
�� $ VDWLVpHV :H\O
V WKHRUHP �VR WKDW ����$�  ���$�� >�@�
�� ,I $ LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ� WKHQ $ LV RI FODVV &c� � )XUWKHU�
PRUH� LI $ LV DQ LQMHFWLYH SXUH FRQWUDFWLRQ DQG WKH GHIHFW RSHUDWRU ��b$e$�

�

�

LV RI +LOEHUW�6FKPLGW FODVV & �� WKHQ $ LV RI FODVV &�� >�� �@�
�� $ FDQ QRW EH VXSHUF\FOLF >�@�

7KHUH DUH� KRZHYHU� SURSHUWLHV WKDW RSHUDWRUV $ � 8 KDYH� ZKLFK WKH\ VKDUH ZLWK
K\SRQRUPDO RSHUDWRUV DQG ZKLFK DUH QRW VKDUHG E\ SDUDQRUPDO RSHUDWRUV� �7KXV�
ZKHUHDV WKH WHQVRU SURGXFW $n% RI RSHUDWRUV RI $�% � 8 LV DJDLQ LQ 8 >��@� WKH
WHQVRU SURGXFW RI SDUDQRUPDO RSHUDWRUV LV QRW QHFHVVDULO\ D SDUDQRUPDO RSHUDWRU
>��@�� 5HFDOO WKDW D FRQWUDFWLRQ $ LV VDLG WR EH D SURSHU FRQWUDFWLRQ LI N$[N � N[N
IRU HYHU\ QRQ]HUR [ LQ +� $ VWULFW FRQWUDFWLRQ �L�H�� D FRQWUDFWLRQ $ VXFK WKDW
N$N � �� LV D SURSHU FRQWUDFWLRQ� EXW D SURSHU FRQWUDFWLRQ LV QRW QHFHVVDULO\ D VWULFW
FRQWUDFWLRQ �DOWKRXJK WKH FRQFHSWV RI VWULFW DQG SURSHU FRQWUDFWLRQ FRLQFLGH IRU
FRPSDFW RSHUDWRUV�� ,W ZDV UHFHQWO\ SURYHG LQ >��@ WKDW LI D K\SRQRUPDO FRQWUDFWLRQ

$ KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ �D� $ LV D SURSHU FRQWUDFWLRQ DQG �E�
LWV VHOI�FRPPXWDWRU >$e� $@ LV D VWULFW FRQWUDFWLRQ� :H VWDUW E\ H[WHQGLQJ LWHP �D��
DQG JLYLQJ D FRXQWHUSDUW RI LWHP �E�� WR FRQWUDFWLRQV $ LQ 8 � EXW pUVW ZH QHHG WKH
IROORZLQJ DX[LOLDU\ UHVXOW�

3URSRVLWLRQ ���� ,I $ LV D FRQWUDFWLRQ LQ 8 � WKHQ WKH QRQQHJDWLYH RSHUDWRU '  
M$�M b M$M� LV D FRQWUDFWLRQ ZKRVH SRZHU VHTXHQFH I'QJ FRQYHUJHV VWURQJO\ WR D

SURMHFWLRQ 3 � DQG $3  ��
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3URRI� 7DNH DQ\ [ LQ + DQG DQ\ QRQQHJDWLYH LQWHJHU Q� ,I $ � 8 � WKHQ � x '� /HW
5  '

�

� EH WKH XQLTXH QRQQHJDWLYH VTXDUH URRW RI '� 5HFDOO WKDW N M$M
�

� N�  N$N
DQG N M$M[N  N$[N IRU HYHU\ [ � +� IRU DOO $ LQ %�+�� ,I� LQ DGGLWLRQ� $ LV D

FRQWUDFWLRQ �VR WKDW N M$�M
�

� N�  N$�N x ��� WKHQ

K'Q� �[ �[L  N5Q� �[N�  K'5Q[ �5Q[L  N M$�M
�

�

5Q[N� b N M$M5Q[N�

x N5Q[N� b N$5Q[N� x N5Q[N�  K'Q[ �[L�

7KXV 5 �DQG VR '� LV D FRQWUDFWLRQ �VHW Q  ��� DQG I'QJ LV D GHFUHDVLQJ VHTXHQFH
RI QRQQHJDWLYH FRQWUDFWLRQV� +HQFH I'QJ FRQYHUJHV VWURQJO\ WR D SURMHFWLRQ �L�H��
WR D VHOI�DGMRLQW LGHPSRWHQW�� VD\� 3 � 0RUHRYHU�

P
;

Q �

N$5Q[N� x
P
;

Q �

t

N5Q[MM� b N5Q� �[N�
u

 N[N� b N5P� �[N� x N[N�

IRU DOO QRQQHJDWLYH LQWHJHUVP DQG HYHU\ [ LQ+� 7KHUHIRUH� N$5Q[N � � DV Q � ��
DQG KHQFH

$3[  $ OLP
Q

'Q[  OLP
Q

$5�Q[  ��

IRU HYHU\ [ � +� VR WKDW $3  ��

7KHRUHP ���� ,I D FRQWUDFWLRQ $ LQ 8 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ

�D� $ LV D SURSHU FRQWUDFWLRQ DQG �E� WKH QRQQHJDWLYH RSHUDWRU '  M$�M b M$M� LV

D VWURQJO\ VWDEOH FRQWUDFWLRQ �VR WKDW ' � &����

3URRI� �D� ,I $ � 8 � WKHQ M$M� x M$�M� %\ WKH 6FKZDU] LQHTXDOLW\�

N$[N�  KM$M�[ �[L x KM$�M[ �[L x N M$�M[N N[N  N$�[N N[N

IRU HYHU\ [ LQ +� 3XW 0  I[ � + � N$[N  N$N N[NJ� ZKLFK LV D VXEVSDFH RI +
�UHDVRQ� 0  NHU�M$M� b N$N��� ZKLFK LV FOHDUO\ D FORVHG OLQHDU PDQLIROG RI +�� ,I
[ OLHV LQ 0 � WKHQ WKH DERYH LQHTXDOLW\ HQVXUHV WKDW

N$N N$[N N[N  N$[N� x N$�[N N[N x N$N N$[N N[N�

DQG KHQFH N$�$[�N  N$N N$[N VR WKDW $[ OLHV LQ0 � 7KDW LV� LI $ � 8 � WKHQ0 LV
DQ LQYDULDQW VXEVSDFH IRU $� 1RZ VXSSRVH $ LQ 8 LV D FRQWUDFWLRQ� ,I $ LV D VWULFW
FRQWUDFWLRQ� WKHQ LW LV WULYLDOO\ D SURSHU FRQWUDFWLRQ� ,I $ LV D QRQVWULFW FRQWUDFWLRQ
�L�H�� LI N$[N x N[N IRU HYHU\ [ � + DQG N$N  �� DQG KDV QR QRQWULYLDO LQYDULDQW
VXEVSDFH� WKHQ 0  I[ � + � N$[N  N[NJ  I�J� �$FWXDOO\� VLQFH $ KDV QR
QRQWULYLDO LQYDULDQW VXEVSDFH� DQG VLQFH0 LV DQ LQYDULDQW VXEVSDFH IRU $� LW IROORZV
WKDW 0 PXVW EH WULYLDO� HLWKHU 0  I�J RU 0  +� EXW LI 0  +� WKHQ $ LV DQ
LVRPHWU\� DQG LVRPHWULHV KDYH QRQWULYLDO LQYDULDQW VXEVSDFHV�� 7KXV $ LV D SURSHU
FRQWUDFWLRQ �L�H�� 0  I�J LPSOLHV N$[N � N[N IRU HYHU\ QRQ]HUR [ � +��

�E� /HW $ EH D FRQWUDFWLRQ LQ 8 � 3URSRVLWLRQ ��� VD\V WKDW ' LV D FRQWUDFWLRQ�
'Q Vb� 3 � DQG $3  � VR WKDW 3$e  � �UHFDOO� 3 LV VHOI�DGMRLQW�� ,I $ KDV QR
QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ $e KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH DV ZHOO�
6LQFH NHU3 LV D QRQ]HUR LQYDULDQW VXEVSDFH IRU $e ZKHQHYHU 3$e  � DQG $ � ��
LW IROORZV WKDW NHU3  +� +HQFH 3  � VR WKDW 'Q Vb� ��
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5HPDUN ���� ,Q JHQHUDO� SURSHU FRQWUDFWLRQV DQG VWURQJO\ VWDEOH FRQWUDFWLRQV DUH
QRW UHODWHG �WKHUH H[LVW &���FRQWUDFWLRQV WKDW DUH QRW SURSHU� DQG WKHUH H[LVW SURSHU
FRQWUDFWLRQV RI FODVV &���� EXW HYHU\ SURSHU FRQWUDFWLRQ LV ZHDNO\ VWDEOH >��@� 6LQFH
ZHDN VWDELOLW\ FRLQFLGHV ZLWK VWURQJ VWDELOLW\ IRU VHOI�DGMRLQW RSHUDWRUV� LW IROORZV
WKDW HYHU\ VHOI�DGMRLQW SURSHU FRQWUDFWLRQ LV VWURQJO\ VWDEOH� DQG KHQFH �VLQFH LW LV
VHOI�DGMRLQW� RI FODVV &��� &OHDUO\� '  M$�M b M$M� LV VHOI�DGMRLQW IRU HYHU\ RSHUDWRU
$ LQ %�+�� ,I ' LV D SURSHU FRQWUDFWLRQ� WKHQ LW LV RI FODVV &��� ,V WKH FRQYHUVH
WUXH" <HV� LW LV� ,I I'QJ FRQYHUJHV VWURQJO\ WR �� WKHQ ' LV D SURSHU FRQWUDFWLRQ�
,QGHHG� LI D VHOI�DGMRLQW RSHUDWRU ' LV VWURQJO\ VWDEOH� WKHQ N'N  U�'� x � VR
WKDW '� LV D QRQQHJDWLYH FRQWUDFWLRQ� DQG VR LV �� b '��� ,I WKH FRQWUDFWLRQ '
LV QRW SURSHU� WKHQ WKHUH H[LVWV D QRQ]HUR [ LQ + VXFK WKDW N'[N�  N[N�� DQG

KHQFH K�� b'��[ �[L  �� 7KXV �� b'��
�

� [  � VR WKDW '�[  [� ZKLFK LPSOLHV
N'�Q[N  N[N � � IRU HYHU\ QRQQHJDWLYH LQWHJHU Q� DQG WKHUHIRUH ' LV QRW VWURQJO\
VWDEOH� D FRQWUDGLFWLRQ� 2XWFRPH� $ VHOI�DGMRLQW RSHUDWRU LV D SURSHU FRQWUDFWLRQ LI

DQG RQO\ LI LW LV D &���FRQWUDFWLRQ� 7KLV \LHOGV WKH IROORZLQJ FRUROODU\ RI WKH DERYH
WKHRUHP�

&RUROODU\ ���� ,I D FRQWUDFWLRQ $ LQ 8 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ

ERWK $ DQG '  M$�M b M$M� DUH SURSHU FRQWUDFWLRQV�

&RUROODU\ ���� ,I D K\SRQRUPDO FRQWUDFWLRQ $ KDV QR QRQWULYLDO LQYDULDQW VXE�

VSDFH� WKHQ '  M$�M b M$M� LV D VWULFW FRQWUDFWLRQ�

3URRI� /HW N N� GHQRWH WKH WUDFH�QRUP� ,I $ LV D K\SRQRUPDO RSHUDWRU ZLWKRXW
D QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ WKH %HUJHU�6KDZ 7KHRUHP HQVXUHV WKDW WKH
VHOI�FRPPXWDWRU >$e� $@ LV D WUDFH�FODVV RSHUDWRU� DQG VR LV

M$�M� b M$M�  $e�$e$b$$e�$  $e>$e� $@$

�WKH WUDFH FODVV LV D WZR�VLGHG LGHDO RI %�+��� 7KLV LPSOLHV WKDW WKH QRQQHJDWLYH
'�  M'M� DOVR LV WUDFH�FODVV� ,QGHHG �FI� >�@� S����� LQHTXDOLW\ �;������

q

q

q

p

p

p
M$�M b M$M�

p

p

p

�
q

q

q

�
x

q

q

q
M$�M� b M$M�

q

q

q

�

DQG WKHUHIRUH�
N'�N� x N$N� N >$e� $@ N�

VR WKDW '� LV WUDFH�FODVV DQG� FRQVHTXHQWO\� FRPSDFW� 7KXV ' LV FRPSDFW �WKH
VTXDUH URRW RI D FRPSDFW RSHUDWRU LV DJDLQ FRPSDFW�� ,I� LQ DGGLWLRQ� $ LV D FRQ�
WUDFWLRQ� WKHQ ' LV VWURQJO\ VWDEOH E\ 7KHRUHP ��� �UHDVRQ� $ OLHV LQ 8 EHFDXVH LW
LV K\SRQRUPDO�� %XW IRU FRPSDFW RSHUDWRUV VWURQJ VWDELOLW\ FRLQFLGHV ZLWK XQLIRUP
VWDELOLW\ �L�H�� LI . LV FRPSDFW� WKHQ N.Q[N � � IRU HYHU\ [ � + LI DQG RQO\ LI
N.QN � ��� DQG XQLIRUP VWDELOLW\ PHDQV VSHFWUDO UDGLXV OHVV WKDQ RQH� 6LQFH ' LV
VHOI�DGMRLQW� LW IROORZV WKDW N'N  U�'� � �� WKDW LV� ' LV D VWULFW FRQWUDFWLRQ�

�� $ & RP P XW DW LYLW \ 7 KHRU HP

5HFDOO IURP >�@ WKDW D FRQWUDFWLRQ $ KDV &c� FRPSOHWHO\ QRQXQLWDU\ SDUW LI DQG RQO\
LI $ VDWLVpHV WKH 3)�SURSHUW\ �L�H�� LI DQG RQO\ LI $;  ;9 e IRU VRPH LVRPHWU\
9 DQG ; � %�+� LPSOLHV $e;  ;9 �� /HW 3 GHQRWH WKH FODVV RI FRQWUDFWLRQV
% ZLWK &c� FRPSOHWHO\ QRQXQLWDU\ SDUW VXFK WKDW �D� % � 3 LPSOLHV WKDW WKH
UHVWULFWLRQ RI % WR DQ LQYDULDQW VXEVSDFH LV DJDLQ LQ 3� �E� �S�%�  �MS�%�� �F�

U�%�  N%N� DQG �G� WKH GHIHFW RSHUDWRU '%  �� b %e%�
�

� � & �� �7ULYLDOO\�
LVRPHWULHV EHORQJ WR WKH FODVV 3�� /HW 8 � GHQRWH WKRVH $ � 8 IRU ZKLFK QRUPDO
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VXEVSDFHV DUH UHGXFLQJ� �$Q LQYDULDQW VXEVSDFH 0 RI $ LV VDLG WR EH D QRUPDO
VXEVSDFH RI $ LI $M0 LV QRUPDO�� /HW r$% � %�+� � %�+�� r$$  r$� GHQRWH WKH
GHULYDWLRQ r$%�;�  $;b;%� 7KH IROORZLQJ WKHRUHP VKRZV WKDW WKH 3)�SURSHUW\
RI FRQWUDFWLRQV $ � 8 KDV D JHQHUDOL]DWLRQ WR FRQWUDFWLRQV $ � 8 ��

7KHRUHP ���� ,I $ LV D FRQWUDFWLRQ LQ 8 � VXFK WKDW r$%�;�  � IRU VRPH %e � 3
DQG ; � %�+�� WKHQ r$ �

%
� �;�  ��

7KH SURRI RI WKH WKHRUHP SURFHHGV WKURXJK VRPH VWHSV� VWDWHG EHORZ DV OHPPDV�
7KH IROORZLQJ OHPPD LV ZHOO NQRZQ IRU WKH FDVH LQ ZKLFK WKH FRQWUDFWLRQ $ LV
VXEQRUPDO RU K\SRQRUPDO�

/HPPD ���� $ &��FRQWUDFWLRQ $ � 8 � LV QRUPDO �ZLWK SXUH SRLQW VSHFWUXP��

3URRI� $V D &��FRQWUDFWLRQ� $ KDV D WULDQJXODWLRQ $  
K $� e
� $�

L

� ZKHUH ��$��  

�S�$�� LV D FRXQWDEOH VHW FRQWDLQHG LQ WKH XQLW GLVF ' DQG ��$��  �D�$�� LV FRQ�
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