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)LQ DOO\ � Z H FRP E LQ H WK HVH Z LWK WK H G X DO�VK LIW G HFRP S RVLWLRQ WR RE WDLQ D ?U H�
p Q HG � G HFRP S RVLWLRQ IRU /�>�� �@�
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:H LQWURGXFH WKH FRQFHSW RI RUWKRJRQDO GHFRPSRVLWLRQ RI D +LOEHUW VSDFH� ZLWK
UHVSHFW WR WZR GLVFUHWH XQLODWHUDO VKLIW VHPLJURXSV GHpQHG RQ WKH VSDFH�
/HW 6 DQG 9 EH XQLODWHUDO VKLIWV GHpQHG RQ D VHSDUDEOH +LOEHUW VSDFH+� :H NQRZ

WKDW+ DGPLWV WKH ZDQGHULQJ VXEVSDFH GHFRPSRVLWLRQV� +  
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,V LW SRVVLEOH WR GHFRPSRVH + LQWR D ?VLPLODU� RUWKRJRQDO GHFRPSRVLWLRQ_
LQYROYLQJ ERWK 6 DQG 9 VLPXOWDQHRXVO\" )RU LQVWDQFH�

+  
�0
N  �

6N NHU �6e� j
�0
N  �

9 N NHU �9 e��

,I VXFK D GHFRPSRVLWLRQ H[LVWV WKHQ ZH UHIHU WR LW DV D ?'XDO�6KLIW 'HFRPSRVLWLRQ�
RI WKH +LOEHUW VSDFH +� ,W LV ZRUWK QRWLFLQJ WKDW ZH FDQ DOZD\V JHW D GHFRPSRVLWLRQ
DV DERYH LI ZH DOORZ WKH VKLIWV 6 DQG 9 WR DFW RQ GLoHUHQW +LOEHUW VSDFHV� ,Q IDFW�
WKH 2UWKRJRQDO 3URMHFWLRQ 7KHRUHP HQVXUHV WKDW +  0j0" IRU DQ\ VXEVSDFH0
RI +� 6LQFH0 DQG0" DUH +LOEHUW VSDFHV� LW LV HQRXJK WR FRQVLGHU WKHLU ZDQGHULQJ
VXEVSDFH GHFRPSRVLWLRQV LQ WHUPV RI D XQLODWHUDO VKLIW 6 RQ0 DQG D XQLODWHUDO VKLIW
9 RQ 0"� UHVSHFWLYHO\� +RZHYHU� RXU ?'XDO�6KLIW 'HFRPSRVLWLRQ� UHTXLUHV WKDW 6
DQG 9 DUH XQLODWHUDO VKLIWV DFWLQJ RQ WKH VDPH +LOEHUW VSDFH +�
:H EHJLQ E\ VKRZLQJ QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU D GXDO�VKLIW GHFRP�

SRVLWLRQ WR H[LVW� 7KHQ ZH GHULYH VXFK D GHFRPSRVLWLRQ IRU WKH IXQFWLRQ VSDFH
/�>�� �@_ZLWK UHVSHFW WR WZR XQLODWHUDO VKLIWV� GHQRWHG E\ 'X DQG '�X� ZKLFK DUH
UHODWHG WR WKH GLODWLRQ�E\�� DQG WKH WUDQVODWLRQ�E\�� ELODWHUDO VKLIWV RQ /��5��
/HW ���� EH DQ RUWKRQRUPDO ZDYHOHW_OLYLQJ LQ /�>�� �@_ZKLFK ?FRPHV� IURP D

VFDOLQJ IXQFWLRQ ���� � /�>�� �@� :H VKRZ WKDW WKH RUWKRQRUPDO ZDYHOHW IXQFWLRQV
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P7Q�����_OLYLQJ LQ /�>�� �@_WRJHWKHU ZLWK WKH VFDOLQJ IXQFWLRQ ����
IRUP DQ RUWKRQRUPDO EDVLV IRU /�>�� �@� 7KLV LV VKRZQ E\ PHDQV RI WKH 0XOWLUHVROX�
WLRQ $QDO\VLV �05$� DVVRFLDWHG ZLWK ���� DQG ����
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$Q H[DPSOH RI WKH DERYH LV WKH FHOHEUDWHG +DDU V\VWHP LQ /�>�� �@� 7KLV V\VWHP
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DQG WKH DVVRFLDWHG +DDU VFDOLQJ IXQFWLRQ �+���  �>���@���� ZKHUH �>���@��� LV WKH
FKDUDFWHULVWLF IXQFWLRQ RI >�� �@�
)LQDOO\� ZH GHULYH IURP WKH +DDU V\VWHP RQ /�>�� �@ VLPLODU V\VWHPV IRU WKH VXE�

VSDFHV /�>�� �
� @ DQG /���� � �@� 7KHVH +DDU V\VWHPV ZLOO WKHQ EH FRPELQHG ZLWK WKH

GXDO�VKLIW GHFRPSRVLWLRQ WR \LHOG D ?UHpQHG� GHFRPSRVLWLRQ IRU WKH IXQFWLRQ VSDFH
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,Q WKH IROORZLQJ ZH ZLOO EH GHDOLQJ ZLWK VHSDUDEOH +LOEHUW VSDFHV� ,QQHU SURGXFW
DQG QRUP DUH GHQRWHG E\ >� � �@ DQG E\ MM � MM� UHVSHFWLYHO\� :H EHJLQ E\ GHULYLQJ DQ
RUWKRJRQDO GHFRPSRVLWLRQ IRU D VHSDUDEOH +LOEHUW VSDFH + RQ ZKLFK WZR LVRPHWULHV�
ZLWK VSHFLDO SURSHUWLHV� DUH GHpQHG�

/HPPD �� /HW 6 DQG 9 EH LVRPHWULHV RQ D +LOEHUW VSDFH +� 7KH IROORZLQJ DVVHU�
WLRQV DUH SDLUZLVH HTXLYDOHQW�
�D� UDQ�6�  NHU�9 e��
�E� UDQ�9 �  NHU�6e��
�F� 66e � 9 9 e  ,�

3URRI� 7KH HTXLYDOHQFH EHWZHHQ �D� DQG �E� IROORZV DW RQFH E\ UHFDOOLQJ WKDW NHU�7 �  

UDQ�7 e�" IRU HYHU\ RSHUDWRU 7 RQ +� DQG IRU HYHU\ OLQHDU PDQLIROG0 RI + �0
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0"� DQG0""  0� DQG WKH IDFW WKDW LVRPHWULHV KDYH D FORVHG UDQJH� 6XSSRVH DQ\
RI WKH HTXLYDOHQW DVVHUWLRQV �D� DQG �E� KROGV WUXH DQG WDNH DQ DUELWUDU\ [  X� Y

LQ +  UDQ�6� � UDQ�6�"  NHU�9 e� � UDQ�9 � VR WKDW X � UDQ�6�  NHU�9 e� DQG
Y  UDQ�9 �  NHU�6e�� 7KXV

�66e � 9 9 e�[  66eX� 66eY � 9 9 eX� 9 9 eY  66e6\ � 9 9 e9 ]  6\ � 9 ]�

IRU VRPH \ DQG ] LQ + VXFK WKDW X  6\ DQG Y  9 ]� 7KHUHIRUH �66e � 9 9 e�[  
X � Y  [� WKDW LV DVVHUWLRQ �F� KROGV WUXH� &RQYHUVHO\� VXSSRVH �F� KROGV WUXH� ,I
X � UDQ�6� VR WKDW X  6\ IRU VRPH \ � +� WKHQ 66eX  66e6\  6\  X� DQG
KHQFH X  66eX � 9 9 eX  X � 9 9 eX� VR WKDW X � NHU�9 9 e�  NHU�9 e�� WKDW LV�
UDQ�6� v NHU�9 e�� 2Q WKH RWKHU KDQG� LI Y � NHU�9 e�� WKHQ Y  �66e � 9 9 e�9  
66eY � UDQ�6� DQG VR NHU�9 e� v UDQ�6�� +HQFH �F� LPSOLHV �D�� 7KLV pQLVKHV WKH
SURRI�

5HFDOO WKDW D XQLODWHUDO VKLIW 6X RQ D +LOEHUW VSDFH + LV DQ LVRPHWU\ ZKLFK LV
VXFK WKDW + DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ >���@
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7KH VXEVSDFH NHU �6e
X� LV FDOOHG WKH JHQHUDWLQJ ZDQGHULQJ VXEVSDFH RI 6X� ZKLOH LWV

GLPHQVLRQ LV WKH PXOWLSOLFLW\ RI WKH XQLODWHUDO VKLIW�
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7KLV VKRZV WKDW WKH UHVWULFWLRQ RI 6X WR LWV UDQJH VSDFH UDQ �6X� LV DOVR D XQLODWHUDO
VKLIW ZKRVH ZDQGHULQJ VXEVSDFH LV 6X NHU �6

e
X��

,W IROORZV IURP /HPPD � DQG IURP ����� WKDW LI WKHUH H[LVWV D VHFRQG XQLODWHUDO
VKLIW 9X �VD\� ZKLFK� WRJHWKHU ZLWK 6X� VDWLVI\ WKH FRQGLWLRQV RI /HPPD �� WKHQ WKH
VSDFH + DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ
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:H VXPPDUL]H WKH DERYH LQ WKH QH[W WKHRUHP�

7KHRUHP �� /HW 6X DQG 9X EH XQLODWHUDO VKLIWV RQ D +LOEHUW VSDFH + VXFK WKDW
UDQ �9X�  NHU �6

e
X�� 7KHQ + DGPLWV WKH ?GXDO�VKLIW� GHFRPSRVLWLRQ
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7R SURFHHG� ZH UHFDOO WKDW D ELODWHUDO VKLIW 8 RQ D +LOEHUW VSDFH + LV D XQLWDU\
RSHUDWRU IRU ZKLFK WKHUH H[LVWV D JHQHUDWLQJ ZDQGHULQJ VXEVSDFH :J VXFK WKDW
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DQG� VLQFH LW LV JHQHUDWLQJ� + DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ >���@
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:H PXVW QRWH WKDW JHQHUDWLQJ ZDQGHULQJ VXEVSDFH RI D ELODWHUDO VKLIW QHHG QRW
EH XQLTXH� $OVR� DQ DOWHUQDWH GHpQLWLRQ RI ELODWHUDO VKLIWV LV >�@�

'HpQLWLRQ �� $ ELODWHUDO VKLIW 8 � + � + LV D XQLWDU\ RSHUDWRU IRU ZKLFK WKHUH
LV D VXEVSDFH 9� VDWLVI\LQJ WKH IROORZLQJ FRQGLWLRQV�
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7KLV 'HpQLWLRQ LV DFWXDOO\ WKH /D[�3KLOOLSV GHpQLWLRQ RI RXWJRLQJ VXEVSDFH �UH�
VSHFWLYHO\� LQFRPLQJ VXEVSDFH� 9� IRU D XQLWDU\ RSHUDWRU 8 >�@�

3URSRVLWLRQ �� /HW 9� EH DQ RXWJRLQJ VXEVSDFH RI D XQLWDU\ RSHUDWRU 8 WKHQ�
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DWLQJ ZDQGHULQJ VXEVSDFH IRU 8� +HQFH� 8 LV D ELODWHUDO VKLIW RSHUDWRU RQ +� >���@�
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0RUHRYHU� 9� LV DQ LUUHGXFLEOH LQYDULDQW VXEVSDFH RI 8 >�@� &RQYHUVHO\� LI DQ LQ�
YDULDQW VXEVSDFH 0 RI D ELODWHUDO VKLIW 8 LV LUUHGXFLEOH� WKHQ WKHUH LV D ZDQGHULQJ
VXEVSDFH : IRU 8 VR WKDW 0  
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$Q HDV\ FRQVHTXHQFH RI WKH DERYH LV�

/HPPD �� /HW 9� EH D FORVHG VXEVSDFH RI + DQG GHpQH 9P � 8P9�� �9P � 
8eP9��� P � =� ZKHUH 8 � + � + LV D XQLWDU\ RSHUDWRU� 7KH VHW I9P� P � =J
VDWLVpHV WKH IROORZLQJ SURSHUWLHV�
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LI DQG RQO\ LI 9� LV DQ RXWJRLQJ �UHVSHFWLYHO\� LQFRPLQJ� VXEVSDFH IRU 8 � 6LPLODUO\�
LI FRQGLWLRQ �L� LV UHSODFHG E\
�L
� 9P ~ 9P� �� P � =�

WKHQ I9P� P � =J VDWLVpHV �L
�� �LL�� �LLL� LI DQG RQO\ LI 9� LV DQ LQFRPLQJ �UHVSHF�
WLYHO\� RXWJRLQJ� VXEVSDFH IRU 8 �

7KH DERYH OHDG XV WR WKH FRQFHSW RI 0XOWLUHVROXWLRQ $QDO\VLV �05$� RI :DYHOHW
7KHRU\ >�@� )RU WKLV ZH EHJLQ E\ GHpQLQJ� RQ /��5�� WKH GLODWLRQ�E\�� RSHUDWRU '
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DQG WKH WUDQVODWLRQ�E\�� RSHUDWRU 7 �
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DQG LWV DGMRLQW
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,W LV HDV\ WR VHH WKDW ERWK ' DQG 7 DUH XQLWDU\ RSHUDWRUV_PRUH SUHFLVHO\� ELODW�
HUDO VKLIWV_RQ /��5��
:H KDYH >�@�

'HpQLWLRQ �� $ VHTXHQFH RI VXEVSDFHV I9P���� P � =J RI WKH IXQFWLRQ VSDFH
/��5� LV D 05$� ZLWK VFDOLQJ IXQFWLRQ ����� LI WKH IROORZLQJ FRQGLWLRQV KROG�
�L� 9P� ���� ~ 9P���� P � =�
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�Y� I�����b Q�� Q � =J LV DQ RUWKRQRUPDO EDVLV RI WKH VXEVSDFH 9�����

,W LV FOHDU WKDW 'HpQLWLRQ ��LY� FDQ EH H[SUHVVHG LQ WHUPV RI 'e DV
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ZKLOH� 'HpQLWLRQ ��Y� LV ?QDWLYH� RQO\ WR 05$ DQG KDV QRWKLQJ WR GR ZLWK WKH IDFW
WKDW ' LV D ELODWHUDO VKLIW�

:H FRQFOXGH IURP /HPPD � DQG 'HpQLWLRQ � WKDW�
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3URSRVLWLRQ �� $ 05$ LV D VHTXHQFH RI GHFUHDVLQJO\�QHVWHG VXEVSDFHV I9P���� P �
=J RI WKH IXQFWLRQ VSDFH /��5�� L�H�� 9P��� ~ 9P� ����� P � =� JHQHUDWHG IURP DQ
LQFRPLQJ VXEVSDFH 9���� IRU WKH ELODWHUDO VKLIW '� L�H�� 9P���  'eP9����� P �
=� ZKHUH 9���� LV� LQ WXUQ� JHQHUDWHG E\ D VFDOLQJ IXQFWLRQ ����� L�H�� 9����  
VSDQ I�����b Q�� Q � =J�

:H QRZ GHULYH D GXDO�VKLIW GHFRPSRVLWLRQ IRU WKH IXQFWLRQ VSDFH /�>�� �@� FRQ�
VLGHUHG DV D VXEVSDFH RI WKH IXQFWLRQ VSDFH /��5�� 7KLV� ZH VKDOO VHH� LQYROYHV WZR
XQLODWHUDO VKLIWV ?GHULYLQJ� IURP WKH ELODWHUDO VKLIW RSHUDWRU ' GHpQHG RQ /��5��
7R VHH KRZ ' EHKDYHV RQ /�>�� �@� ZH FRQVLGHU
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7KLV VKRZV WKDW ' LV DQ LVRPHWU\ VHQGLQJ /�>�� �@ WR /�>�� �� @� +HQFH WKH VXEVSDFH

/�>�� �@ LV '�LQYDULDQW� 7R SURFHHG� OHW XV LGHQWLI\ WKH VXEVSDFH /�>�� �
� @ ZLWK WKH

VXEVSDFH II��� � /�>�� �@ � I���  � D�H� RQ ��� � �@J RI /�>�� �@� 7KHQ WKH SDUW RI '

RQ /�>�� �@� L�H�� 'M/�>�� �@ � 'X � /
�>�� �@ � /�>�� �@ LV DQ LVRPHWU\ ZKRVH UDQJH

VSDFH LV WKH VXEVSDFH /�>�� �
� @ RI /
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:H WKHUHIRUH KDYH�

7KHRUHP �� 7KH RSHUDWRU 'X LV D XQLODWHUDO VKLIW RQ /�>�� �@� ZLWK ZDQGHULQJ
VXEVSDFH /���� � �@� 7KHUHIRUH�
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3URRI� 7KH SURRI IROORZV UHDGLO\ IURP WKH IDFW WKDW WKH SDUW RI D ELODWHUDO VKLIW LV D
XQLODWHUDO VKLIW >�@� DQG VLQFH NHU �'e
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&RUROODU\ �� 'X LV D XQLODWHUDO OHIW VKLIW RQ /�>�� �
� @ ZLWK ZDQGHULQJ VXEVSDFH

/���� �
�
� @� DQG

/�>��
�

�
@  

�0
P �

'P
X /��

�

�
� �@  

�0
P �

'P
X /��

�

�
�
�

�
@�������

3URRI� :H KDYH IURP ������� /�>�� �
� @  

/�

P �'
P� �
X /���� � �@  

/�

P �'
P
X /���� �

�
� @�

7KLV SURYHV WKH &RUROODU\�

1H[W� ZH FRQVWUXFW D VHFRQG XQLODWHUDO VKLIW ZKLFK WRJHWKHU ZLWK 'X ZLOO \LHOG D
GXDO�VKLIW GHFRPSRVLWLRQ IRU /�>�� �@� )RU WKLV ZH GHpQH WKH RSHUDWRU
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,W LV HDV\ WR VHH WKDW

'7 �  7'�������

7KHUHIRUH�

'� � '7  7'7 e�������

L�H�� '� LV 7 �XQLWDULO\ HTXLYDOHQW WR '� 7KHUHIRUH LW LV DOVR D ELODWHUDO VKLIW RQ /��5�
DQG KDV LQpQLWH PXOWLSOLFLW\�
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7KHUHIRUH� DV LQ WKH FDVH RI WKH XQLODWHUDO VKLIW 'X� ZH LGHQWLI\ WKH VXEVSDFH /
���� � �@

ZLWK WKH VXEVSDFH II��� � /�>�� �@ � I���  �� D�H� RQ >�� �
� @J RI /�>�� �@� 7KHQ� WKH

SDUW '�X RI '� RQ /�>�� �@�

'�X � '�M/�>�� �@������

LV DQ LVRPHWU\ RQ /�>�� �@� DQG LWV UDQJH VSDFH LV WKH VXEVSDFH /���� � �@�:H WKHUHIRUH
FRQFOXGH WKDW�

7KHRUHP �� 7KH RSHUDWRU '�X LV D XQLODWHUDO VKLIW RQ /�>�� �@� ZLWK ZDQGHULQJ
VXEVSDFH /�>�� �

� @� 7KHUHIRUH /�>�� �@ DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ
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$V EHIRUH� ZH DOVR KDYH�

&RUROODU\ �� '�X LV D XQLODWHUDO ULJKW VKLIW RQ /���� � �@ ZLWK ZDQGHULQJ VXEVSDFH
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,W WKHQ IROORZV HDVLO\ IURP WKH DERYH WKDW�

7KHRUHP �� :LWK UHVSHFW WR WKH XQLODWHUDO VKLIWV 'X DQG '�X� WKH IXQFWLRQ VSDFH
/�>�� �@ DGPLWV WKH GXDO�VKLIW GHFRPSRVLWLRQ
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&RUROODU\ �� :LWK UHVSHFW WR WKH XQLODWHUDO VKLIWV 'X DQG '�X� WKH VSDFH /�>�� �@
DGPLWV WKH RUWKRJRQDO GHFRPSRVLWLRQ
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7R SURFHHG ZH QRZ UHFDOO WKH GHpQLWLRQ RI DQ RUWKRQRUPDO ZDYHOHW �

'HpQLWLRQ �� $Q HOHPHQW ���� RI WKH IXQFWLRQ VSDFH /��5� LV DQ RUWKRQRUPDO
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