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$EVW U DF W � ,I 7 LV D + LOE HU W�VS DFH FRQ WU DFWLRQ � WK HQ WK H VHT X HQ FH I7eQ7QJ
Qy�

FRQ Y HU JHV VWU RQ JO\ WR D Q RQ Q HJDWLY H FRQ WU DFWLRQ � Z K LFK LV D S U RMHFWLRQ LI DQ G
RQ O\ LI 7 DG P LWV DQ RU WK RJRQ DO G LU HFW VX P G HFRP S RVLWLRQ 7  *j 9 � Z K HU H *
LV D VWU RQ JO\ VWDE OH FRQ WU DFWLRQ DQ G 9 LV DQ LVRP HWU \ � & DOO WK LV FODVV RI FRQ WU DF�
WLRQ V DV\ PSW RW LFDOO\ SDU W LDOO\ LVRPHW U LF �WK H G LVFU HWH RQ H�S DU DP HWHU VHP LJU RX S
I2 j 9 QJ

Qy� RI S RZ HU S DU WLDO LVRP HWU LHV LV VX FK WK DW I7Q b �2 j 9 Q�J
Qy�

FRQ Y HU JHV VWU RQ JO\ WR ]HU R�� 7 Z R IX Q G DP HQ WDO U HVX OWV HQ VX U H WK DW WK LV LV T X LWH D
ODU JH FODVV� ��� D FRQ WU DFWLRQ Z K RVH DG MRLQ W K DV S U RS HU W\ 3 ) LV DV\ P S WRWLFDOO\

S DU WLDOO\ LVRP HWU LF� DQ G ��� D FRQ WU DFWLRQ Z K RVH LQ WHU VHFWLRQ RI WK H FRQ WLQ X RX V
VS HFWU X P RI LWV FRP S OHWHO\ Q RQ X Q LWDU \ G LU HFW VX P P DQ G Z LWK WK H X Q LW FLU FOH K DV
/HE HVJX H P HDVX U H ]HU R LV DV\ P S WRWLFDOO\ S DU WLDOO\ LVRP HWU LF� ,W LV VK RZ Q WK DW LI
HY HU \ E LT X DVLWU LDQ JX ODU FRQ WU DFWLRQ LV DV\ P S WRWLFDOO\ S DU WLDOO\ LVRP HWU LF� WK HQ
HY HU \ FRQ WU DFWLRQ Q RW LQ FODVV &�� K DV D Q RQ WU LY LDO LQ Y DU LDQ W VX E VS DFH�

�� ,QW U RGXF W LRQ

%\ DQ RSHUDWRU ZH PHDQ D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI D QRQ]HUR FRPSOH[
+LOEHUW VSDFH + LQWR LWVHOI� $ FRQWUDFWLRQ LV DQ RSHUDWRU 7 VXFK WKDW N7N x � �L�H��
VXFK WKDW N7[N x N[N IRU HYHU\ [ LQ +�� /HW 7 e GHQRWH WKH DGMRLQW RI 7 � DQG OHW
, EH WKH LGHQWLW\ RSHUDWRU� $Q LVRPHWU\ LV D FRQWUDFWLRQ 9 VXFK WKDW 9 e9  ,

�L�H�� DQ RSHUDWRU 9 VXFK WKDW N9 [N  N[N IRU HYHU\ [ LQ +�� DQG D FRLVRPHWU\ LV D
FRQWUDFWLRQ ZKRVH DGMRLQW LV DQ LVRPHWU\� $Q RSHUDWRU 8 LV XQLWDU\ LI LW LV ERWK DQ
LVRPHWU\ DQG D FRLVRPHWU\ �HTXLYDOHQWO\� LI LW LV D QRUPDO LVRPHWU\� RU D VXUMHFWLYH
LVRPHWU\� RU VWLOO DQ LQYHUWLEOH LVRPHWU\�� ,I 7 LV D FRQWUDFWLRQ� WKHQ I7 eQ7QJQy� LV
D ERXQGHG PRQRWRQH VHTXHQFH RI VHOI�DGMRLQW RSHUDWRUV �D QRQLQFUHDVLQJ VHTXHQFH
RI QRQQHJDWLYH FRQWUDFWLRQV� DFWXDOO\� VR WKDW LW FRQYHUJHV VWURQJO\�

7 eQ7Q Vb� $

IRU VRPH RSHUDWRU $� %DVLF SURSHUWLHV RI WKH VWURQJ OLPLW $ KDYH EHHQ H[WHQVLYHO\
LQYHVWLJDWHG LQ FXUUHQW OLWHUDWXUH �VHH H�J� >��� S���@� >��@� >�@� >��@� >��@� >�@� >��@ DQG
>��� &K��@�� ,Q SDUWLFXODU� IRU HYHU\ FRQWUDFWLRQ 7 WKH VWURQJ OLPLW $ RI I7 eQ7QJQy�

LV D QRQQHJDWLYH FRQWUDFWLRQ �L�H�� 2 x $ x ,� ZKHUH 2 VWDQGV IRU WKH QXOO RSHUDWRU��
ZKLFK LV QRQVWULFW ZKHQHYHU LW LV QRW QXOO �L�H�� N$N  � ZKHQHYHU $ � 2�� 7KHVH DUH
SURSHUWLHV VKDUHG E\ �RUWKRJRQDO� SURMHFWLRQV EXW $ LV QRW QHFHVVDULO\ D SURMHFWLRQ
�LW LV QRW QHFHVVDULO\ LGHPSRWHQW��

([DPSOH �� 7KH XQLODWHUDO ZHLJKWHG VKLIW 7 VKLIWI�N���
�����

�N��� �
�
�N���

�����

JNy�

RQ C�� LV D QRQVWULFW SURSHU FRQWUDFWLRQ IRU ZKLFK $  GLDJI�N � ���N � �� �
�
JNy�

LV D FRPSOHWHO\ QRQSURMHFWLYH GLDJRQDO �FI� >��@ RU >��� SS������@�� ,Q RWKHU ZRUGV�

' DW H� )HE U X DU \ ��� ���� �& RU U HFWHG � $ X JX VW ��� ������
���� 0DW KHPDW LFV 6 XEMHFW & ODVVLpFDW LRQ � 3 U LP DU \ ��$ ��� 6 HFRQ G DU \ ��$ ���
. H\ Z RU GV DQ G SKU DVHV� $ V\ P S WRWLFDOO\ S DU WLDOO\ LVRP HWU LF FRQ WU DFWLRQ V� LQ Y DU LDQ W VX E VS DFHV�
6 X S S RU WHG LQ S DU W E \ & 1 3 T �

�
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N7N  � DQG N7[N � N[N IRU HYHU\ QRQ]HUR [ LQ C�� �L�H�� 7 LV D QRQVWULFW SURSHU FRQ�
WUDFWLRQ� EHFDXVH WKH ZHLJKW VHTXHQFH IZNJNy�  I�N���

�����

�N��� �
�
�N���

�����

JNy�

LV LQFUHDVLQJ LQ >
S

� �� �� DQG FRQYHUJHV WR �� DQG $[ � $�[ IRU HYHU\ QRQ]HUR [ LQ
C�� �L�H�� $ LV FRPSOHWHO\ QRQSURMHFWLYH��

,Q IDFW� $ LV D SURMHFWLRQ LI DQG RQO\ LI LW FRPPXWHV ZLWK 7 �L�H�� $  $� LI DQG RQO\
LI $7  7$ _ FI� >�@� DOVR VHH >��@�� 6LQFH 7 e LV D FRQWUDFWLRQ ZKHQHYHU 7 LV� WKH
VHTXHQFH I7Q7 eQJQy� FRQYHUJHV VWURQJO\ WRR� /HW $e EH LWV VWURQJ OLPLW�

7Q7 eQ Vb� $e�

ZKLFK� RI FRXUVH� VKDUH WKH VDPH SURSHUWLHV RI $ �E\ UHSODFLQJ 7 ZLWK 7 e�� ,W FDQ
EH YHULpHG WKDW $ LV D SURMHFWLRQ ZKHQHYHU $ DQG $e FRLQFLGH �L�H�� $  $e LPSOLHV
$  $� � FI� >��@��

$ EULHI VXUYH\ RQ WKH FODVV RI DOO FRQWUDFWLRQV 7 IRU ZKLFK $ D SURMHFWLRQ LV
IROORZHG E\ DQ DQDO\VLV RQ WKH UROH LW SOD\V WRZDUGV D ZHOO�NQRZQ LQYDULDQW VXEVSDFH
SUREOHP� 6XFK D FODVV LV IXOO\ FKDUDFWHUL]HG LQ 7KHRUHP � �6HFWLRQ �� DQG� LQ
OLJKW RI VXFK D FKDUDFWHUL]DWLRQ� ZH FDOO WKRVH FRQWUDFWLRQV DV\PSWRWLFDOO\ SDUWLDOO\

LVRPHWULF� 7ZR IXQGDPHQWDO UHVXOWV ZKLFK DUH HQRXJK WR XQIROG PDQ\ VXEFODVVHV
RI LW �VXFK DV FRK\SRQRUPDO� FRPSDFW DQG DOJHEUDLF FRQWUDFWLRQV� DUH LVRODWHG LQ
3URSRVLWLRQV � DQG � RI 6HFWLRQ �� :H OLQN WKLV FODVV WR D FODVVLFDO RSHQ TXHVWLRQ
RQ LQYDULDQW VXEVSDFHV LQ 6HFWLRQ ��

�� & RQW U DF W LRQV 7 I RU Z KLF K $ LV D 3U RMHF W LRQ

$Q RSHUDWRU 7 LV VWURQJO\ VWDEOH �QRWDWLRQ� 7Q Vb� 2� LI WKH SRZHU VHTXHQFH
I7QJQy� FRQYHUJHV VWURQJO\ WR WKH QXOO RSHUDWRU �L�H�� N7Q[N � � IRU HYHU\ [ LQ
+�� 7KXV D VWURQJO\ VWDEOH FRQWUDFWLRQ LV SUHFLVHO\ D FRQWUDFWLRQ RI FODVV & �c DQG�
GXDOO\� D FRQWUDFWLRQ ZKRVH DGMRLQW LV VWURQJO\ VWDEOH LV SUHFLVHO\ D FRQWUDFWLRQ RI
FODVV & c�� VR WKDW D FRQWUDFWLRQ 7 LV RI FODVV & �� LI DQG RQO\ LI ERWK 7 DQG 7 e DUH
VWURQJO\ VWDEOH �VHH >��� S���@�� 6LQFH N7Q[N � N$

�
� [N IRU HYHU\ [ LQ +� LW IROORZV

WKDW D FRQWUDFWLRQ 7 LV VWURQJO\ VWDEOH LI DQG RQO\ LI $  2� 2Q WKH RSSRVLWH HQG
OLH WKH LVRPHWULHV� D FRQWUDFWLRQ 7 LV DQ LVRPHWU\ LI DQG RQO\ LI $  , �UHDVRQ�
7 eQ$7Q  $ IRU HYHU\ QRQQHJDWLYH LQWHJHU Q�� 7KHVH DUH WKH FODVVHV RI FRQWUDF�
WLRQV 7 IRU ZKLFK $ LV D WULYLDO SURMHFWLRQ� ,W LV ZRUWK QRWLFLQJ WKDW DQ RSHUDWRU 7
LV D XQLODWHUDO VKLIW �RI DQ\ PXOWLSOLFLW\� LI DQG RQO\ LI LW LV D FRQWUDFWLRQ IRU ZKLFK
$  , DQG $e 2 �L�H�� DQ RSHUDWRU LV D VWURQJO\ VWDEOH FRLVRPHWU\ LI DQG RQO\ LI
LW LV D EDFNZDUG XQLODWHUDO VKLIW _ VHH H�J� >��� S���@� LQFLGHQWDOO\� WKLV VKRZV WKDW
WKH FRQYHUVH RI WKH DVVHUWLRQ ?$  $e LPSOLHV $  $� DQG $e $�

e� IDLOV��

/HW0 EH D VXEVSDFH �L�H�� D FORVHG OLQHDU PDQLIROG� RI+ DQG OHW 9 EH DQ LVRPHWU\
RQ 0"  +k0� WKH RUWKRJRQDO FRPSOHPHQW RI 0� ,W LV FOHDU WKDW WKH GLUHFW
�RUWKRJRQDO� VXP 2 j 9 RQ +  0j0" LV D SDUWLDO LVRPHWU\ �D FRQWUDFWLRQ
WKDW DFWV LVRPHWULFDOO\ RQ WKH RUWKRJRQDO FRPSOHPHQW RI LWV NHUQHO�� ,Q IDFW� WKLV LV
WKH VLPSOHVW QRQWULYLDO LQVWDQFH RI D SRZHU SDUWLDO LVRPHWU\ �D SDUWLDO LVRPHWU\ IRU
ZKLFK DOO LWV SRZHUV DUH DJDLQ SDUWLDO LVRPHWULHV�� ,W ZDV SURYHG LQ >�@ WKDW HYHU\
SRZHU SDUWLDO LVRPHWU\ LV D GLUHFW VXP RI D WUXQFDWHG XQLODWHUDO VKLIW� D XQLODWHUDO

VKLIW� D EDFNZDUG XQLODWHUDO VKLIW� DQG D XQLWDU\ RSHUDWRU �ZKHUH� RI FRXUVH� LW LV
XQGHUVWRRG WKDW QRW DOO IRXU GLUHFW VXPPDQGV QHHG WR EH SUHVHQW LQ HYHU\ FDVH��
1RWH WKDW WKH FRQYHUVH KROGV WULYLDOO\ EHFDXVH HDFK SRVVLEOH GLUHFW VXPPDQG LV
D SRZHU SDUWLDO LVRPHWU\� 6LQFH WUXQFDWHG VKLIWV DUH QLOSRWHQW� LW IROORZV DW RQFH
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WKDW HYHU\ SRZHU SDUWLDO LVRPHWU\ LV D FRQWUDFWLRQ IRU ZKLFK $  $� DQG $e $�
e

�LQGHHG� $  2 j , j2 j , DQG $e  2 j2 j , j , LI DOO IRXU GLUHFW VXPPDQGV
DUH SUHVHQW�� 7KXV WKH DERYH LWDOLFL]HG UHVXOW IURP >�@ FDQ EH VHHQ DV D VSHFLDO
FDVH RI 7KHRUHP �^E EHORZ� ZKHUH WKH QLOSRWHQW GLUHFW VXPPDQG LV H[WHQGHG WR D
FRQWUDFWLRQ RI FODVV & ���

/HW 7 EH D FRQWUDFWLRQ RQ +� ,I WKHUH H[LVWV DQ RUWKRJRQDO GHFRPSRVLWLRQ +  
0j0" RQ ZKLFK 7  *j 9 IRU VRPH VWURQJO\ VWDEOH FRQWUDFWLRQ * RQ 0
DQG VRPH LVRPHWU\ 9 RQ 0"� WKHQ ZH VD\ WKDW 7 LV DQ DV\PSWRWLFDOO\ SDUWLDOO\

LVRPHWULF FRQWUDFWLRQ� 7KLV PHDQV WKDW WKH SRZHU VHTXHQFH I7QJQy� DSSURDFKHV WKH
VHTXHQFH RI SRZHU SDUWLDO LVRPHWULHV I2 j 9 QJQy� LQ WKH VWURQJ RSHUDWRU WRSRORJ\�
I7Q b �2 j 9 Q�JQy� FRQYHUJHV VWURQJO\ WR ]HUR� :H ERUURZ WKH QH[W UHVXOW IURP
>��@ �SDUW RI LW DSSHDUHG LQ >�@�� ,W HQVXUHV WKDW D FRQWUDFWLRQ 7 LV DV\PSWRWLFDOO\

SDUWLDOO\ LVRPHWULF LI DQG RQO\ LI $ LV D SURMHFWLRQ� �5HFDOO WKH YRQ 1HXPDQQ�:ROG
GHFRPSRVLWLRQ� DQ LVRPHWU\ 9 LV HLWKHU D XQLODWHUDO VKLIW 6 � � D XQLWDU\ RSHUDWRU 8 �
RU D GLUHFW VXP 9  6� j 8 ��

7KHRUHP �� /HW 7 EH D FRQWUDFWLRQ� ,I $  $�� WKHQ

�D� 7  *j 6� j 8�

ZKHUH * LV D VWURQJO\ VWDEOH FRQWUDFWLRQ DFWLQJ RQ NHU$� 6� LV D XQLODWHUDO VKLIW

RQ NHU�, b$� ? NHU$e� DQG 8 LV D XQLWDU\ RSHUDWRU RQ NHU�, b$� ? NHU�, b$e��
0RUHRYHU� LI $  $� DQG $e $�

e� WKHQ

�E� 7  % j 6
�
j 6� j 8�

ZKHUH % LV D & ���FRQWUDFWLRQ RQ NHU$ ? NHU$e DQG 6
�
LV D EDFNZDUG XQLODWHUDO

VKLIW RQ NHU$ ? NHU�, b$e�� )XUWKHUPRUH� LI $  $e� WKHQ

�F� 7  % j 8�

3URRI� 6HH >��@ _ DOVR VHH >��� S���@� XW

$JDLQ� LW LV XQGHUVWRRG WKDW DQ\ RI WKH DERYH GLUHFW VXPPDQGV PD\ EH PLVVLQJ
DQG� LI ERWK VXPPDQGV 6

�
DQG 6 � DUH SUHVHQW� WKH\ PD\ KDYH GLVWLQFW �pQLWH RU

LQpQLWH� PXOWLSOLFLWLHV� 1RWH WKDW WKH FRQYHUVH WR HDFK �D�� �E� DQG �F� KROGV WULYLDOO\�
$FFRUGLQJ WR WKH 1DJ\�)RLD|V�/DQJHU GHFRPSRVLWLRQ IRU FRQWUDFWLRQV >��@� >��@ �DOVR
VHH� IRU LQVWDQFH� >��� S��@ RU >��� S���@�� HYHU\ FRQWUDFWLRQ 7 LV XQLTXHO\ GHFRPSRVHG
DV 7  & j 8 � ZKHUH & LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ DQG 8 LV XQLWDU\�
�5HFDOO� D FRQWUDFWLRQ LV FRPSOHWHO\ QRQXQLWDU\ LI LW KDV QR QRQ]HUR XQLWDU\ GLUHFW
VXPPDQG� HTXLYDOHQWO\� LI WKH UHVWULFWLRQ RI LW WR DQ\ QRQ]HUR UHGXFLQJ VXEVSDFH LV
QRW XQLWDU\�� 7KXV� LQ SDUWLFXODU� 7KHRUHP �^D VD\V WKDW & LV RI FODVV & �c �L�H�� &
LV VWURQJO\ VWDEOH� LI DQG RQO\ LI $  $� DQG WKH GLUHFW VXPPDQG 6� LV PLVVLQJ LQ
�D�� DQG 7KHRUHP �^F VD\V WKDW & LV RI FODVV & �� LI DQG RQO\ LI $  $e�

�� 7 Z R : LGH & O DVVHV RI $V\P SW RW LF DO O \ 3DU W LDO O \ ,VRP HW U LF

& RQW U DF W LRQV

$V\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF FRQWUDFWLRQV DUH SUHFLVHO\ WKRVH FRQWUDFWLRQV 7
IRU ZKLFK $ LV D SURMHFWLRQ �7KHRUHP �^D�� 1H[W ZH LVRODWH WZR IXQGDPHQWDO UHVXOWV
�3URSRVLWLRQV � DQG � EHORZ� ZKLFK HQVXUH WKDW VXFK D FODVV LV TXLWH ODUJH�

&RQVLGHU WKH IROORZLQJ GHpQLWLRQ IURP >�@ �VHH DOVR >��@ DQG >��@�� $ FRQWUDFWLRQ 7
KDV SURSHUW\ 3) �D VKRUW IRU 3XWQDP�)XJOHGH� LI HLWKHU 7 e LV QRW LQWHUWZLQHG WR DQ\
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LVRPHWU\ RU� LI 7 e LV LQWHUWZLQHG WR VRPH LVRPHWU\ 9 � WKHQ WKH VDPH WUDQVIRUPDWLRQ
WKDW LQWHUWZLQHV 7 e WR 9 DOVR LQWHUWZLQHV 7 WR WKH FRLVRPHWU\ 9 e� ,Q RWKHU ZRUGV�
OHW . EH DQ\ QRQ]HUR FRPSOH[ +LOEHUW DQG OHW ; � + � . EH DQ DUELWUDU\ QRQ]HUR
ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI + LQWR . � $ FRQWUDFWLRQ 7 RQ + KDV SURSHUW\
3) LI� ZKHQHYHU WKH HTXDWLRQ ;7 e  9; KROGV IRU VRPH LVRPHWU\ 9 RQ . � WKHQ
;7  9 e;� +HUH DUH WZR ZHOO�NQRZQ IXQGDPHQWDO IDFWV DERXW FRQWUDFWLRQV ZLWK
SURSHUW\ 3)� ��� HYHU\ LVRPHWU\ KDV SURSHUW\ 3)� DQG ��� LI D FRLVRPHWU\ KDV SURS�

HUW\ 3)� WKHQ LW LV XQLWDU\ _ UDWKHU HOHPHQWDU\ SURRIV RI WKHVH UHVXOWV DSSHDUHG LQ
>��@� ,W LV ZRUWK UHPDUNLQJ WKDW� DOWKRXJK SURSHUW\ 3) IRU FRQWUDFWLRQV DV SRVHG
DERYH ZDV LQWURGXFHG LQ >�@� WKH SUREOHP RI JHQHUDOL]LQJ �LQ PDQ\ GLUHFWLRQV� WKH
FODVVLFDO )XJOHGH�3XWQDP 7KHRUHP �QDPHO\� LI D ERXQGHG OLQHDU WUDQVIRUPDWLRQ LQ�
WHUWZLQHV D FRXSOH RI QRUPDO RSHUDWRUV� WKHQ LW DOVR LQWHUWZLQHV WKHLU DGMRLQWV� KDV
EHHQ FRQVLGHUHG E\ D ODUJH QXPEHU RI DXWKRUV VLQFH >��@ _ IRU D UHYLHZ RQ SHUWLQHQW
OLWHUDWXUH WKH UHDGHU LV UHIHUUHG WR >�@�

3URSRVLWLRQ �� ,I D FRQWUDFWLRQ 7 KDV SURSHUW\ 3)� WKHQ $e LV D SURMHFWLRQ� �7 LV

DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF ZKHQHYHU 7 e LV D FRQWUDFWLRQ ZLWK SURSHUW\ 3)��

3URRI� 6HH >��@ _ DOVR VHH >��@� XW

([DPSOHV� 'RPLQDQW FRQWUDFWLRQV DQG SDUDQRUPDO FRQWUDFWLRQV KDYH SURSHUW\ 3)
�VHH H�J� >�@� >��@� DQG WKH UHIHUHQFHV WKHUHLQ�� DQG VR K\SRQRUPDO FRQWUDFWLRQV
KDYH SURSHUW\ 3)� 5HFDOO WKDW DQ RSHUDWRU 7 LV K\SRQRUPDO� SDUDQRUPDO� RU GRP�
LQDQW LI 2 x 7 e7 b 7 7 e� N7[N� x N7 �[NN[N IRU HYHU\ [ LQ +� RU UDQ�y, b 7 � v
UDQ�y, b 7 e� IRU HYHU\ y LQ WKH VSHFWUXP RI 7 � UHVSHFWLYHO\� 7KHVH WKUHH FODVVHV
DUH UHODWHG DV IROORZV� HYHU\ K\SRQRUPDO RSHUDWRU LV GRPLQDQW DQG SDUDQRUPDO�
$Q RSHUDWRU 7 LV FRK\SRQRUPDO LI 7 e LV K\SRQRUPDO� 7KHUHIRUH �3URSRVLWLRQ ��� LI
7 e LV D GRPLQDQW RU D SDUDQRUPDO FRQWUDFWLRQ �LQ SDUWLFXODU� LI 7 LV D FRK\SRQRU�
PDO FRQWUDFWLRQ�� WKHQ 7 LV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF �L�H�� $  $��� 7KLV
FOHDUO\ LPSOLHV WKDW $  $� DQG $e $�

e IRU HYHU\ QRUPDO FRQWUDFWLRQ� EXW IRU D
QRUPDO FRQWUDFWLRQ 7 ZH JHW 7 eQ7Q  7Q7 eQ IRU HYHU\ QRQQHJDWLYH LQWHJHU Q VR
WKDW $  $e WULYLDOO\ �ZKLFK LPSOLHV $  $���

5HPDUNV� 3HUKDSV D V\VWHPDWLF LQYHVWLJDWLRQ RQ DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF
FRQWUDFWLRQV KDV EHHQ LQLWLDWHG DIWHU 3XWQDP
V SDSHU >��@� ,W FRQWDLQV WKH pUVW
SURRI WKDW D FRPSOHWHO\ QRQXQLWDU\ FRK\SRQRUPDO FRQWUDFWLRQ LV VWURQJO\ VWDEOH
DQG� FRQVHTXHQWO\� WKDW LI 7 e LV D K\SRQRUPDO FRQWUDFWLRQ� WKHQ 7  *j 8 � ZKHUH
* LV D VWURQJO\ VWDEOH FRQWUDFWLRQ DQG 8 LV XQLWDU\� VR WKDW $ LV D SURMHFWLRQ�
6LPSOLpHG DQG GLoHUHQW SURRIV IROORZHG LQ >��@ �VHH DOVR >��� SS����^���@� DQG LQ
>��@ �VHH DOVR >��� SS���^��@� E\ XVLQJ D UHYHUVH DSSURDFK� 7KH\ pUVW YHULpHG WKDW
$ LV D SURMHFWLRQ ZKHQHYHU 7 LV D FRK\SRQRUPDO FRQWUDFWLRQ DQG WKHQ FRQFOXGHG
WKDW D FRPSOHWHO\ QRQXQLWDU\ FRK\SRQRUPDO FRQWUDFWLRQ LV VWURQJO\ VWDEOH �WKXV
VWUHVVLQJ WKH UROH SOD\HG E\ FRQWUDFWLRQV IRU ZKLFK $ LV D SURMHFWLRQ�� ,Q IDFW� WKLV
ZDV H[WHQGHG WR SDUDQRUPDO FRQWUDFWLRQV LQ >��@� DQG WR GRPLQDQW FRQWUDFWLRQV LQ
>�@ DQG >��@� ZKLFK DUH FODVVHV RI FRQWUDFWLRQV WKDW LQFOXGH WKH K\SRQRUPDO RQH�

&KDUDFWHUL]DWLRQ� 1RWH WKDW WKH FRQYHUVH RI 3URSRVLWLRQ � IDLOV� ,QGHHG� LI 7 LV
D EDFNZDUG XQLODWHUDO VKLIW �L�H�� LI 7  6 �

e� ZKHUH 6� LV D XQLODWHUDO VKLIW RI DQ\
PXOWLSOLFLW\�� WKHQ $e LV D WULYLDO SURMHFWLRQ �$e ,� EXW 7 GRHV QRW KDYH SURSHUW\
3) �LW LV D QRQXQLWDU\ FRLVRPHWU\�� ,Q IDFW� LW ZDV SURYHG LQ >�@ WKDW D FRQWUDFWLRQ

7 KDV SURSHUW\ 3) LI DQG RQO\ LI LWV FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG LV RI
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FODVV & c� �VHH DOVR >��@�� &RUROODULHV� ��� 7 DQG 7 e KDYH SURSHUW\ 3) LI DQG RQO\

LI WKHLU FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQGV DUH RI FODVV & �� �L�H�� LI DQG RQO\ LI

$  $e _ FI� 7KHRUHP �^F�� DQG ��� LI QHLWKHU 7 QRU 7 e KDYH SURSHUW\ 3)� WKHQ

7 KDV D QRQWULYLDO K\SHULQYDULDQW VXEVSDFH >��@�

$QRWKHU DSSURDFK WR DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF FRQWUDFWLRQV� ZKLFK
HYROYHV LQ D GLoHUHQW GLUHFWLRQ DQG LQFOXGHV FODVVHV RI FRQWUDFWLRQV QRW UHODWHG WR
WKH DERYH H[DPSOHV� FRPHV IURP DQ HDUOLHU UHVXOW RI 6]��1DJ\ DQG )RLD|V >��@� /HW
��7 � GHQRWH WKH VSHFWUXP RI DQ RSHUDWRU 7 DQG FRQVLGHU LWV FODVVLFDO SDUWLWLRQ
��7 �  �3 �7 � > �5�7 � > �&�7 �� ZKHUH �3 �7 � LV WKH SRLQW VSHFWUXP �L�H�� WKH VHW
RI DOO HLJHQYDOXHV RI 7 �� �5�7 �  �3 �7

e�eQ�3 �7 � LV WKH UHVLGXDO VSHFWUXP� DQG
�&�7 �  ��7 �Q

b

�3 �7 � > �5�7 �
c

LV WKH FRQWLQXRXV VSHFWUXP� /HW z GHQRWH WKH
/HEHVJXH PHDVXUH RQ WKH XQLW FLUFOH b�

3URSRVLWLRQ �� ,I 7 LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ DQG z
b

��7 � ? b
c

 ��

WKHQ $  $e 2 �L�H�� 7 LV RI FODVV & ����

3URRI� 6HH >��@ _ DOVR VHH >��� S���@� XW

&RUROODU\ �� /HW & EH WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI DQ DUELWUDU\

FRQWUDFWLRQ 7 � ,I z
b

�&�&� ? b
c

 �� WKHQ $  $e VR WKDW ERWK 7 DQG 7 e KDYH

SURSHUW\ 3)� DQG KHQFH DUH DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF�

3URRI� /HW 7 EH D FRQWUDFWLRQ DQG FRQVLGHU LWV 1DJ\�)RLD|V�/DQJHU GHFRPSRVLWLRQ�
YL]� 7  & j 8 � ZKHUH & LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ DQG 8 LV XQLWDU\
�DV DOZD\V� DQ\ RI WKH DERYH GLUHFW VXPPDQGV PD\ EH PLVVLQJ�� (YHU\ FRPSOHWHO\
QRQXQLWDU\ FRQWUDFWLRQ LV ZHDNO\ VWDEOH� DQG D ZHDNO\ VWDEOH FRQWUDFWLRQ & LV VXFK
WKDW �3 �&� > �5�&� LV LQFOXGHG LQ WKH RSHQ XQLW GLVF �VHH H�J� >��� SS��������@��
7KXV� DFFRUGLQJ WR 3URSRVLWLRQ �� LI z

b

�&�&� ? b
c

 �� WKHQ & DQG &e DUH VWURQJO\

VWDEOH DQG KHQFH $  $e 2 j ,� %XW $  $e �ZKLFK PHDQV WKDW 7 DQG 7 e KDYH
SURSHUW\ 3)� LPSOLHV $  $� DQG $e $�

e� XW

6DPSOHV� &RPSDFW �FRXQWDEOH VSHFWUXP� DQG DOJHEUDLF �pQLWH VSHFWUXP� FRQWUDF�
WLRQV DUH DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF� 4XDVLQLOSRWHQW �RQH�SRLQW VSHFWUXP�
FRQWUDFWLRQV DUH DOVR LQFOXGHG EXW WKHVH DUH WULYLDOO\ DV\PSWRWLFDOO\ SDUWLDOO\ LVR�
PHWULF� WKH\ OLH LQ & ���

�� %LTXDVLW U LDQJXO DU & RQW U DF W LRQV

$UH WKH\ DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF" )URP QRZ RQ OHW + EH D QRQ]HUR
FRPSOH[ VHSDUDEOH +LOEHUW VSDFH� $Q RSHUDWRU 7 RQ + LV TXDVLWULDQJXODU LI WKHUH
H[LVWV D VHTXHQFH I3QJQy� RI pQLWH�UDQN SURMHFWLRQV RQ + WKDW FRQYHUJHV VWURQJO\
WR WKH LGHQWLW\ RSHUDWRU DQG I�, b 3Q�73QJQy� FRQYHUJHV XQLIRUPO\ WR WKH QXOO RS�
HUDWRU >�@� )RU D ZLGH FROOHFWLRQ RI UHVXOWV RQ TXDVLWULDQJXODU RSHUDWRUV WKH UHDGHU
LV UHIHUUHG WR >��� SS���^��@ DQG >�� SS����^���@� 7 LV ELTXDVLWULDQJXODU LI ERWK 7

DQG 7 e DUH TXDVLWULDQJXODU� 6LQFH HYHU\ RSHUDWRU RQ + ZLWK D FRXQWDEOH VSHF�
WUXP LV TXDVLWULDQJXODU� LW IROORZV WKDW WKH DERYH VDPSOHV �FRPSDFW� DOJHEUDLF DQG
TXDVLQLOSRWHQW� DUH DOO ELTXDVLWULDQJXODU�

4XHVWLRQ �� ,V HYHU\ ELTXDVLWULDQJXODU FRQWUDFWLRQ DV\PSWRWLFDOO\ SDUWLDOO\ LVR�

PHWULF" �,V LW WUXH WKDW LI 7 DQG 7 e DUH TXDVLWULDQJXODU FRQWUDFWLRQV� WKHQ $  $�

DQG $e $�
e "�
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,I 4XHVWLRQ � KDV DQ DrUPDWLYH DQVZHU� WKHQ D ELTXDVLWULDQJXODU FRQWUDFWLRQ 7

DGPLWV D GHFRPSRVLWLRQ 7  % j 6
�
j 6 � j 8 �7KHRUHP �^E� EXW QRZ MXVW VRPH

GLUHFW VXPPDQGV PLJKW EH PLVVLQJ� D XQLODWHUDO VKLIW 6 � LV QRW TXDVLWULDQJXODU >�@
�DOWKRXJK WKH GLUHFW VXP 6

�
j 6 � PD\ EH >�@�� 7KHUHIRUH� LW LV WHPSWLQJ WR WKLQN

WKDW 4XHVWLRQ � PLJKW EH UHIRUPXODWHG DV IROORZV�

4XHVWLRQ ��� ,V LW WUXH WKDW LI 7 LV D ELTXDVLWULDQJXODU FRQWUDFWLRQ� WKHQ $  $e"

$Q DrUPDWLYH DQVZHU WR 4XHVWLRQ �� ZRXOG LPSO\ WKDW 7  % j 8 �7KHRUHP �^F��
ZKLFK WULYLDOO\ LPSOLHV DQ DrUPDWLYH DQVZHU WR 4XHVWLRQ �� 5HFDOOLQJ WKDW 8 LV
ELTXDVLWULDQJXODU �LW LV QRUPDO�� DQG WKDW D �FRXQWDEOH� GLUHFW VXP RI ELTXDVLWULDQ�
JXODU RSHUDWRUV LV DJDLQ ELTXDVLWULDQJXODU� WKH VLWXDWLRQ KHUH LV VLPSOHU� DQ\ GLUHFW
VXPPDQG PLJKW EH PLVVLQJ� 1RWH WKDW 4XHVWLRQ �� FDQ EH HTXLYDOHQWO\ VWDWHG DV�
LV WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI D ELTXDVLWULDQJXODU FRQWUDFWLRQ RI

FODVV & ��" 2U� VWLOO HTXLYDOHQWO\� LV LW WUXH WKDW LI 7 LV D ELTXDVLWULDQJXODU FRQWUDF�

WLRQ� WKHQ 7 DQG 7 e KDYH SURSHUW\ 3) "

$QVZHU � �� 1R� 7  6 � j 6�
e LV D ELTXDVLWULDQJXODU FRQWUDFWLRQ IRU ZKLFK $ � $e�

,QGHHG� LI 6� LV D XQLODWHUDO VKLIW �RI PXOWLSOLFLW\ RQH�� WKHQ 6� j 6 �
e LV TXDVLWUL�

DQJXODU >�@� 6LQFH LW LV XQLWDULO\ HTXLYDOHQW WR LWV RZQ DGMRLQW� LW IROORZV WKDW LW
LV ELTXDVLWULDQJXODU� +HQFH 6 � j 6 �

e LV D FRPSOHWHO\ QRQXQLWDU\ ELTXDVLWULDQJXODU
FRQWUDFWLRQ ZKLFK� RI FRXUVH� LV QRW RI FODVV & ��� ,Q IDFW� LI 7  6 � j 6 �

e� WKHQ
$  , j2 DQG $e 2 j ,� 7KXV WKH FRQWUDFWLRQ 6 � j 6 �

e VXSSOLHV D QHJDWLYH DQ�
VZHU WR 4XHVWLRQ ��� EXW QRW WR 4XHVWLRQ �� 6� j 6 �

e LV DQ DV\PSWRWLFDOO\ SDUWLDOO\
LVRPHWULF ELTXDVLWULDQJXODU FRQWUDFWLRQ�

([DPSOH �� /HW 7 EH WKH XQLODWHUDO ZHLJKWHG VKLIW RI ([DPSOH �� ZKLFK LV D
K\SRQRUPDO FRQWUDFWLRQ �LWV SRVLWLYH ZHLJKW VHTXHQFH LV LQFUHDVLQJ�� 6LQFH 7 LV QRW
DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHWULF� ZH VKRXOG YHULI\ ZKHWKHU LW VXUYLYHV 4XHVWLRQ
�� <HV� LW GRHV� LW LV QRW TXDVLWULDQJXODU �UHDVRQ� 7 e7  GLDJIZ�

NJNy� y �� ��, DQG
NHU�7 e� � I�J _ VHH H�J� >�@�� DQG QHLWKHU LV 2 j 7 �VHH H�J� >�@��

5HFDOO WKDW LI WKHUH H[LVWV DQ RSHUDWRU �RQ DQ LQpQLWH�GLPHQVLRQDO FRPSOH[ VHS�
DUDEOH +LOEHUW VSDFH� ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW PXVW EH EL�
TXDVLWULDQJXODU �VHH H�J� >��� S���@�� 0RUHRYHU� LI D FRQWUDFWLRQ 7 ZLWK $  $� DQG
$e $�

e KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LW LV RI FODVV & �� �$  $e 2�
E\ 7KHRUHP �^E� 7KDW LV� 7  % � & �� EHFDXVH WKH RWKHU SRVVLEOH GLUHFW VXP�
PDQGV 6

�
� 6 � DQG 8 FOHDUO\ KDYH QRQWULYLDO LQYDULDQW VXEVSDFHV� LVRPHWULHV �DQG

FRLVRPHWULHV� KDYH QRQWULYLDO LQYDULDQW VXEVSDFHV� 7KH DERYH WZR UHVXOWV VKRZ WKDW
4XHVWLRQ � KDV DW OHDVW RQH LPSRUWDQW FRQVHTXHQFH� QDPHO\� DQ DrUPDWLYH DQVZHU
WR 4XHVWLRQ � OHDGV WR DQ DrUPDWLYH DQVZHU WR WKH IROORZLQJ FODVVLFDO RSHQ TXHVWLRQ
�VHH >��@ IRU HTXLYDOHQW YHUVLRQV RI LW��

4XHVWLRQ �� 'RHV D FRQWUDFWLRQ QRW LQ & �� KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"

2XWFRPH� ,I HYHU\ ELTXDVLWULDQJXODU FRQWUDFWLRQ LV DV\PSWRWLFDOO\ SDUWLDOO\ LVRPHW�
ULF� WKHQ HYHU\ FRQWUDFWLRQ QRW LQ & �� KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

5HI HU HQF HV

�� % �3 � 'X JJDO� 2Q JHQ HU DOLVHG 3 XW Q DP� )XJOHGH W KHRU HPV� 0RQ DWVK � 0DWK � ��� ������� ���^����
�� % �3 � 'X JJDO� 2Q XQ LW DU \ SDU W V RI FRQ W U DFW LRQ V� ,Q G LDQ - � 3 X U H $ S S O� 0DWK � �� ������� ����^
�����
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�� % �3 � 'X JJDO� 2Q FKDU DFW HU LVLQ J FRQ W U DFW LRQ V Z LW K &�� SXU H SDU W � ,Q WHJU DO ( T X DWLRQ V 2S HU DWRU
7 K HRU \ �� ������� ���^����

�� ( � 'X U V]W� & RQ W U DFW LRQ V DV U HVW U LFW HG VKLIW V� $ FWD 6 FL� 0DWK � �6 ]HJHG � �� ������� ���^����
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�� '�$ � + HU U HU R� $ SSU R[LPDW LRQ RI + LOEHU W 6 SDFH 2SHU DW RU V ^ 9 ROXPH , � �Q G HG Q � �/RQ JP DQ �
+ DU ORZ � ������

��� & �6 � .X E U X VO\ � ( TXLYDOHQ W LQ YDU LDQ W VXEVSDFH SU REOHPV� - � 2S HU DWRU 7 K HRU \ �� ������� ���^
����

��� & �6 � .X E U X VO\ � $ Q ,Q W U RGXFW LRQ W R 0RGHOV DQ G ' HFRPSRVLW LRQ V LQ 2SHU DW RU 7 KHRU \ �% LU N �
K �DX VHU � % RVWRQ � ������

��� & �6 � .X E U X VO\ DQ G % �3 � 'X JJDO� & RQ W U DFW LRQ V Z LW K &c� GLU HFW VXPPDQ GV� $ G Y � 0DWK � 6 FL�
$ S S O� �� ������� ���^����

��� & �6 � .X E U X VO\ DQ G 3 �& �0� 9 LHLU D� 6 W U RQ J VW DELOLW \ IRU FRK\ SRQ RU PDO RSHU DW RU V� - � 2S HU DWRU
7 K HRU \ �� ������� ���^����
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$ G Y � 0DWK � 6 FL� $ S S O� � ������� ���^����

��� + � /DQ JHU � ( LQ =HU VSDOW XQ JVVDW ] I�XU 2SHU DW RU HQ LP + LOEHU W U DXP� $ FWD 0DWK � $ FDG � 6 FL� + X Q �
JDU � �� ������� ���^����

��� 1 � /HY DQ � & DQ RQ LFDO GHFRPSRVLW LRQ V RI FRPSOHW HO\ Q RQ XQ LW DU \ FRQ W U DFW LRQ V� - � 0DWK � $ Q DO�
$ S S O� ��� ������� ���^����

��� .� 2N X E R� 7 KH XQ LW DU \ SDU W RI SDU DQ RU PDO RSHU DW RU V� + RN N DLG R 0DWK � - � � ������� ���^����

��� & �0� 3 HDU F\ � 6 RPH 5 HFHQ W ' HYHORSPHQ W V LQ 2SHU DW RU 7 KHRU \ �& % 06 5HJLRQ DO & RQ IHU HQ FH
6 HU LHV LQ 0DWK HP DWLFV 1 R� ��� $ P HU � 0DWK � 6 RF�� 3 U RY LG HQ FH� ������

��� 9 � 3 WwDN DQ G 3 � 9 U E RY wD� $ Q DEVW U DFW PRGHO IRU FRPSU HVVLRQ V� x& DVRS LV 3 xHVW� 0DW� ��� �������
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��� 7 � < RVK LQ R� 7 KH XQ LW DU \ SDU W RI ) FRQ W U DFW LRQ V� 3 U RF� - DS DQ $ FDG � 6 HU � $ 0DWK � 6 FL� ��

������� ��^���

& DW KRO LF 8QLYHU VLW \� � � � � � �� � � � 5LR GH -DQHLU R� 5-� %U D] LO

( � PDLO DGGU HVV� FDUORV#HOH�SXF�ULR�EU


