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$EVW U DF W � & R QWUD F WLR QV Z LWK D & c� F R PSOH WH O\ QR QXQLWD U\ GLUH F W VXPPD QG Z H UH
F KD UD F WH UL] H G LQ >� @ D V WKR VH F R QWUD F WLR QV Z LWK SUR SH UW\ 3) � 7 KH PD LQ SXUSR VH R I
WKLV SD SH U LV WR LVR OD WH WKH H VVH QWLD O IH D WXUH EH KLQG VXF K D F KD UD F WH UL] D WLR Q� QD PH O\ �
F R QWUD F WLR QV 7 IR U Z KLF K WKH VWUR QJ OLPLW R I I7 Q 7 eQJQy� LV D SUR MH F WLR Q� D QG WR J LY H
D VLPSOH QH Z SUR R I R I LW E\ XVLQJ R QO\ GLUH F W VXP GH F R PSR VLWLR Q WH F KQLT XH V� ,W LV
D OVR SUR Y H G D F R XSOH R I F R UR OOD ULH V IR U F R QWUD F WLR QV Z LWK SUR SH UW\ 3) WKD W PLUUR U WKH
) XJ OH GH �3XWQD P 7 KH R UH P IR U QR UPD O R SH UD WR UV�

. H\Z RU GV� & c��FRQWUDFWLRQV � GLUHFW V X P GHFRPSRV LWLRQV � ) X JOHGH�3 X WQDP SURSHUW\�

$0 6 6XEMHF W & O DVVLI LF DW LRQ� 3ULPDU\ ��$��� 6HFRQGDU\ ��$���

�� ,QWURGXFWLRQ

7KH FODVV RI +LOEHUW�VSDFH FRQWUDFWLRQV ZLWK & c� FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQGV
ZDV UHFHQWO\ FKDUDFWHUL]HG LQ >�@ DV WKRVH FRQWUDFWLRQV 7 IRU ZKLFK HLWKHU 7 e LV QRW
LQWHUWZLQHG WR DQ\ LVRPHWU\ RU� LI 7 e LV LQWHUWZLQHG WR DQ LVRPHWU\ - � WKHQ WKH VDPH
LQWHUWZLQLQJ WUDQVIRUPDWLRQ DOVR LQWHUWZLQHV 7 WR WKH FRLVRPHWU\ -e� 7KLV QHFHVVDU\ DQG
VXrFLHQW FRQGLWLRQ ZDV FDOOHG ?3) SURSHUW\� LQ >�@ �3) IRU 3XWQDP�)XJOHGH�� +HUH ZH
VLQJOH RXW WKH HVVHQWLDO IHDWXUH EHKLQG VXFK D FKDUDFWHUL]DWLRQ� YL]� LI D FRQWUDFWLRQ 7
KDV SURSHUW\ 3)� WKHQ WKH VWURQJ OLPLW $e RI I7Q7 eQJQy� LV D SURMHFWLRQ� $ GLUHFW
VXP GHFRPSRVLWLRQ IRU FRQWUDFWLRQV ZLWK $e  $�

e ZDV GHYHORSHG LQ >�@� $SSO\LQJ LW
WR FRQWUDFWLRQV ZLWK SURSHUW\ 3) \LHOGV D GLUHFW VLPSOH SURRI IRU WKH DERYH�PHQWLRQHG
UHVXOW� 7KH SDSHU LV RUJDQL]HG DV IROORZV� 1RWDWLRQDO SUHOLPLQDULHV DUH LQWURGXFHG LQ [ ��
%DVLF IDFWV DERXW 3) SURSHUW\ DUH FRQVLGHUHG LQ [ �� &RQWUDFWLRQV ZLWK & c� FRPSOHWHO\
QRQXQLWDU\ GLUHFW VXPPDQGV DUH FKDUDFWHUL]HG LQ [ �� DQG VRPH DSSOLFDWLRQV FRPH LQ [ ��
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�� 3UHOLPLQDULHV

7KURXJKRXW WKLV SDSHU + DQG . VWDQG IRU QRQ]HUR FRPSOH[ +LOEHUW VSDFHV� DQG %>+� . @
VWDQGV IRU WKH %DQDFK VSDFH RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI + LQWR . � ,I ; OLHV
LQ %>+� . @� WKHQ ;e LQ %>. �+@ GHQRWHV WKH DGMRLQW RI ;� 7KH UDQJH RI ; � %>+� . @ ZLOO
EH GHQRWHG E\ 5�;� DQG LWV FORVXUH� ZKLFK LV D VXEVSDFH �L�H� D FORVHG OLQHDU PDQLIROG�
RI . � E\ 5�;�b� 7KH QXOO VSDFH �NHUQHO� RI ; � %>+� . @� ZKLFK LV D VXEVSDFH RI +� ZLOO
EH GHQRWHG E\ 1 �;�� 6HW %>+@  %>+�+@ IRU VKRUW� ,I 7 OLHV LQ %>+@� WKHQ ZH VD\ WKDW
7 LV DQ RSHUDWRU RQ +� $Q RSHUDWRU 7 RQ + LV VWURQJO\ VWDEOH �QRWDWLRQ� 7Q Vb� 2� LI
WKH SRZHU VHTXHQFH I7QJQy� FRQYHUJHV VWURQJO\ WR WKH QXOO RSHUDWRU 2 �L�H� LI 7Q[ � �
LQ + IRU HYHU\ [ � +�� %\ D FRQWUDFWLRQ ZH PHDQ D RSHUDWRU 7 VXFK WKDW N7N x � �L�H�
N7[N x N[N IRU HYHU\ [ � +�� $Q LVRPHWU\ LV D FRQWUDFWLRQ 7 VXFK WKDW N7[N  N[N IRU
HYHU\ [ � + �HTXLYDOHQWO\� DQ RSHUDWRU 7 IRU ZKLFK 7 e7  ,� WKH LGHQWLW\ RQ +�� DQG 7
LV D FRLVRPHWU\ LI 7 e LV DQ LVRPHWU\� ,I 7 LV DQ LVRPHWU\ DQG D FRLVRPHWU\� WKHQ LW LV D
XQLWDU\ RSHUDWRU� $ FRQWUDFWLRQ LV RI FODVV & �c LI LW LV VWURQJO\ VWDEOH� DQG RI FODVV & c�
LI LWV DGMRLQW LV VWURQJO\ VWDEOH� 2Q WKH RWKHU H[WUHPH� LI D FRQWUDFWLRQ 7 RQ + LV VXFK
WKDW 7Q[� � IRU HYHU\ QRQ]HUR [ LQ +� WKHQ LW LV VDLG WR EH RI FODVV & �c DQG� GXDOO\� LI
7 eQ[� � IRU HYHU\ QRQ]HUR [ LQ +� RI FODVV & c�� 7KHVH OHDG WR WKH 1DJ\�)RLD|V FODVVHV RI
FRQWUDFWLRQV LQWURGXFHG LQ >��@ �VHH DOVR >��� S���@�� QDPHO\� & ��� & ��� & �� DQG & ��� 7KH
SURSRVLWLRQ EHORZ VWDWHV D FROOHFWLRQ RI ZHOO�NQRZQ UHVXOWV WKDW ZLOO EH UHTXLUHG LQ WKH
VHTXHO �VHH H�J� >�@ RU >�� &K��@��

3U RSRVLW LRQ � � ,I 7 LV D FRQWUDFWLRQ RQ +� WKHQ 7 eQ7Q Vb� $ �L�H� WKH VHTXHQFH
I7 eQ7QJQy� RI RSHUDWRUV RQ + FRQYHUJHV VWURQJO\ WR DQ RSHUDWRU $ RQ +� ZKLFK PHDQV
WKDW N�7 eQ7Q b$�[N � � IRU HYHU\ [ � +�� 0RUHRYHU� $ LV D QRQQHJDWLYH FRQWUDFWLRQ

�L�H� 2 x $ x ,�� $  2 LI DQG RQO\ LI 7 LV VWURQJO\ VWDEOH �LQ IDFW� N7Q[N � N$� �[N IRU
HYHU\ [ � +�� DQG $  7 eQ$7Q IRU HYHU\ QRQQHJDWLYH LQWHJHU Q� )XUWKHUPRUH� DVVRFLDWHG

ZLWK 7 DQG $ WKHUH H[LVWV DQ LVRPHWU\ 9 RQ 5�$�b VXFK WKDW $� �7  9$� � �

5HPDUN� 6LQFH 7 e LV D FRQWUDFWLRQ ZKHQHYHU 7 LV� OHW$e EH WKH VWURQJ OLPLW RI I7Q7 eQJQy�

DQG OHW 9e EH WKH DVVRFLDWHG LVRPHWU\ RQ 5�$e�
b VR WKDW DOO WKH DERYH SURSHUWLHV KROG IRU

7 � $ DQG 9 UHSODFHG ZLWK 7 e� $e DQG 9e� UHVSHFWLYHO\�

1H[W ZH FRQVLGHU WZR FRQVHTXHQFHV RI 3URSRVLWLRQ � WKDW ZLOO EH QHHGHG LQ [ � DQG [ ��

3U RSRVLW LRQ � � $ FRQWUDFWLRQ 7 LQ %>+@ LV VWURQJO\ VWDEOH �L�H� 7 � & �c� LI DQG RQO\ LI

WKH XQLTXH VROXWLRQ ; LQ %>+� . @ WR WKH HTXDWLRQ ;7  -; IRU DQ\ LVRPHWU\ - LQ %>. @
LV WKH WULYLDO ;  2�

3U RRI � 7DNH DQ DUELWUDU\ LVRPHWU\ - LQ %>. @ VR WKDW N-Q\N  N\N IRU HYHU\ SRVLWLYH
LQWHJHU Q DQG HYHU\ \ LQ . � ,I 7Q Vb� 2 DQG ;7  -; IRU VRPH ; LQ %>+� . @� WKHQ
N;[N  N-Q;[N  N;7Q[N � � IRU HYHU\ [ LQ +� DQG KHQFH ;  2� &RQYHUVHO\�
UHFDOO IURP 3URSRVLWLRQ � WKDW $� �7  9$� � � ,I 7Q Vb�� 2 �L�H� LI $ � 2�� WKHQ VHW
.  5�$� ��b  5�$�b � I�J DQG FRQVLGHU WKH WUDQVIRUPDWLRQ ; LQ %>+� . @ GHpQHG E\
;[  $� �[ IRU HYHU\ [ LQ +� 7KXV ;7  9; DQG ; � 2� XW
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$ QRQ]HUR WUDQVIRUPDWLRQ ; � %>+� . @ LQWHUWZLQHV DQ RSHUDWRU 7 � %>+@ WR DQ RSHUDWRU
6 � %>. @ LI ;7  6;� ,Q WKLV FDVH �L�H� LI WKHUH H[LVWV D QRQ]HUR ; LQWHUWZLQLQJ 7 WR 6��
WKHQ 7 LV VDLG WR EH LQWHUWZLQHG WR 6� ; � %>+� . @ LV TXDVLLQYHUWLEOH LI LW LV LQMHFWLYH DQG
KDV GHQVH UDQJH �L�H� 1 �;�  I�J DQG5�;�b . �� 7 � %>+@ LV D TXDVLDrQH WUDQVIRUP RI
6 � %>. @ LI WKHUH H[LVWV D TXDVLLQYHUWLEOH ; � %>+� . @ LQWHUWZLQLQJ 7 WR 6� 3URSRVLWLRQ �
FDQ EH UHZULWWHQ LQ WHUPV RI LQWHUWZLQHPHQW DV IROORZV� $ FRQWUDFWLRQ LV RI FODVV & �c LI
DQG RQO\ LI LW LV QRW LQWHUWZLQHG WR DQ\ LVRPHWU\� +HUH LV WKH & �c FRXQWHUSDUW�

3U RSRVLW LRQ � � $ FRQWUDFWLRQ LV RI FODVV & �c LI DQG RQO\ LI LW LV D TXDVLDrQH WUDQVIRUP

RI DQ LVRPHWU\�

3U RRI � /HW 7 EH D FRQWUDFWLRQ RQ +� ,I 7 � & �c� WKHQ 1 �$�  1 �$� ��  I�J VR WKDW
5�$�b  5�$� ��b  + �VLQFH $ LV VHOI�DGMRLQW� DQG $� �7  9$� � �FI� 3URSRVLWLRQ ���
+HQFH 7 LV D TXDVLDrQH WUDQVIRUP RI WKH LVRPHWU\ 9 RQ 5�$�b� &RQYHUVHO\� VXSSRVH WKHUH
H[LVWV DQ LQMHFWLYH ; � %>+� . @ LQWHUWZLQLQJ 7 WR VRPH LVRPHWU\ - RQ . � 7KXV � � N;[N
ZKHQHYHU [ � � �VR WKDW N;N � � EHFDXVH + � I�J� DQG ;7Q  -Q; IRU HYHU\ SRVLWLYH
LQWHJHU Q� +HQFH � � N;[N  N-Q;[N x N;NN7Q[N IRU HDFK Qy�� DQG WKHUHIRUH
OLP N7Q[N ! �� IRU HYHU\ QRQ]HUR [ LQ +� 7KDW LV� 7 � & �c� XW

�� 3URSHUW\ 3) IRU &RQWUDFWLRQV

'HpQLWLRQ >�@� $ FRQWUDFWLRQ 7 � %>+@ KDV SURSHUW\ 3) LI� ZKHQHYHU WKH HTXDWLRQ

;7 e  -;

KROGV IRU VRPH LVRPHWU\ - � %>. @ DQG VRPH ; � %>+� . @� WKHQ

;7  -e;�

7KDW LV� D FRQWUDFWLRQ 7 RQ + � I�J KDV SURSHUW\ 3) LI HLWKHU 7 e LV QRW LQWHUWZLQHG WR
DQ\ LVRPHWU\ RQ DQ\ . � I�J RU� LI ; � 2 LQWHUWZLQHV 7 e WR DQ LVRPHWU\ - � WKHQ WKH
VDPH ; DOVR LQWHUWZLQHV 7 WR WKH FRLVRPHWU\ -e� 3URSRVLWLRQV � DQG � EHORZ VWDWH EDVLF
IDFWV DERXW FRQWUDFWLRQV ZLWK SURSHUW\ 3) WKDW ZLOO EH QHHGHG LQ WKH VHTXHO�

3U RSRVLW LRQ � � (YHU\ LVRPHWU\ KDV SURSHUW\ 3)�

3U RRI � 6XSSRVH 7 e7  , �LGHQWLW\ RQ +� DQG -e-  , �LGHQWLW\ RQ . �� ,I WKHUH H[LVWV
; � %>+� . @ VXFK WKDW ;7 e  -;� WKHQ ;7  -e-;7  -e;7 e7  -e;� XW

3U RSRVLW LRQ � � ,I D QRQXQLWDU\ FRLVRPHWU\ LV D GLUHFW VXPPDQG RI D FRQWUDFWLRQ 7 �
WKHQ 7 GRHV QRW KDYH SURSHUW\ 3)� ,Q SDUWLFXODU� LI D FRLVRPHWU\ KDV SURSHUW\ 3)� WKHQ
LW LV XQLWDU\�

3U RRI � 6XSSRVH D FRQWUDFWLRQ 7 RQ + KDV D FRLVRPHWU\ DV D GLUHFW VXPPDQG� 7KDW LV�
WKHUH H[LVWV D SURSHU VXEVSDFH 0 RI + WKDW UHGXFHV 7 IRU ZKLFK 7  6 j -e� ZKHUH 6 LV
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DQ RSHUDWRU RQ 0 DQG - LV DQ LVRPHWU\ RQ 0"  +k0� WKH RUWKRJRQDO FRPSOHPHQW
RI 0� 6HW ;  2 j - DQG :  , j - RQ +  0j0"� 6LQFH

;7 e  2 j -�  :;�

; LQWHUWZLQHV 7 e WR WKH LVRPHWU\ : � ,I 7 KDV SURSHUW\ 3)� WKHQ

2 j --e  ;7  : e;  2 j -e-

VR WKDW - LV D QRUPDO LVRPHWU\ �L�H� D XQLWDU\ RSHUDWRU�� XW

7KH FODVV RI FRQWUDFWLRQV 7 IRU ZKLFK WKH VWURQJ OLPLW $ RI I7 eQ7QJQy� LV D SURMHFWLRQ
ZDV LQYHVWLJDWHG LQ >�@ DQG >�@� ,W FRLQFLGHV ZLWK WKH FODVV RI FRQWUDFWLRQV 7 WKDW FRPPXWH
ZLWK $� WKDW LV� $  $� LI DQG RQO\ LI $7  7$ �FI� >�@ DQG >�@�� 1H[W ZH JLYH D VLPSOH
QHZ SURRI IRU D OHPPD WKDW VHWV D OLQN EHWZHHQ WKLV FODVV DQG WKH FODVV RI FRQWUDFWLRQV
ZLWK SURSHUW\ 3)�

/HP P D � � ,I D FRQWUDFWLRQ 7 KDV SURSHUW\ 3)� WKHQ $e  $�
e �

3U RRI � /HW 7 EH D FRQWUDFWLRQ RQ +� &RQVLGHU WKH QRQQHJDWLYH FRQWUDFWLRQ $e RQ +
DQG WKH LVRPHWU\ 9e RQ 5�$e�

b VXFK WKDW $� �
e 7 e  9e$

� �
e �FI� 3URSRVLWLRQ ��� 7DNH DQ

DUELWUDU\ QRQQHJDWLYH LQWHJHU Q� 7KXV

$� �
e 7 eQ  9 Q

e $� �
e �

,I 7 KDV SURSHUW\ 3)� WKHQ $� �
e 7  9 e

e $� �
e VR WKDW $� �

e 7Q  9 eQ
e $� �

e � DQG KHQFH

$� �
e 9 Q

e  7 eQ$� �
e

EHFDXVH $� �
e LV VHOI�DGMRLQW� %XW $e  7Q$e7

eQ VR WKDW

$e  7Q$� �
e $� �

e 7 eQ  7Q$� �
e 9 Q

e $� �
e  7Q7 eQ$� �

e $� �
e �

DQG WKHUHIRUH $e  $�
e �UHDVRQ� 7Q7 eQ Vb� $e�� XW

)RU DQRWKHU SURRI VHH >��@� 1RWH WKDW WKH FRQYHUVH IDLOV� LI 7 LV D QRQXQLWDU\ FRLVRPHWU\
�VDPSOH� D EDFNZDUG XQLODWHUDO VKLIW�� WKHQ $e  , EXW 7 GRHV QRW KDYH SURSHUW\ 3)
E\ 3URSRVLWLRQ �� 7KH DERYH OHPPD SOD\V D FHQWUDO UROH IRU SURYLQJ WKH FKDUDFWHUL]DWLRQ
RI & c� FRQWUDFWLRQV LQ 7KHRUHP � EHORZ� 7KH FODVV RI DOO FRQWUDFWLRQV ZLWK SURSHUW\ 3)
LV TXLWH ODUJH �VHH H�J� >�@ DQG WKH UHIHUHQFHV WKHUHLQ� DQG LV LQFOXGHG LQ WKH FODVV RI DOO
FRQWUDFWLRQV ZLWK $e  $�

e � 7KLV� DPRQJ RWKHU HYLGHQFHV �FI� >�@ DQG >�@�� LQGLFDWHV WKDW
ZH QHHG WR NQRZ PRUH DERXW WKH FODVV RI FRQWUDFWLRQV IRU ZKLFK $  $� �RU $e  $�

e��
)RU LQVWDQFH� HYHU\ K\SRQRUPDO FRQWUDFWLRQ LV VXFK WKDW $e  $�

e �>��@� >��@ DQG >�@��
DQG KHQFH HYHU\ QRUPDO FRQWUDFWLRQ LV VXFK WKDW $  $� DQG $e  $�

e � 7KLV LV DOVR WUXH
IRU HYHU\ FRPSDFW FRQWUDFWLRQ� ,Q IDFW� QRUPDO RU FRPSDFW FRQWUDFWLRQV DUH VXFK WKDW
$e  $� ZKLFK LPSOLHV $  $� >�@�
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�� &RQWUDFWLRQV ZLWK D & c� 'LUHFW 6XPPDQG

7KH UHVXOW LQ 7KHRUHP � EHORZ DSSHDUHG LQ >�@� :H VKDOO JLYH D QHZ SURRI RI LW EDVHG
HQWLUHO\ RQ GLUHFW VXP GHFRPSRVLWLRQV IRU FRQWUDFWLRQV� 2EVHUYH IURP 3URSRVLWLRQ �
�UHSODFLQJ 7 ZLWK 7 e� WKDW D FRQWUDFWLRQ 7 � %>+@ LV RI FODVV & c� LI DQG RQO\ LI WKH

XQLTXH VROXWLRQ ; � %>+� . @ WR WKH HTXDWLRQ ;7 e  -; IRU DQ\ LVRPHWU\ - � %>. @ LV
WKH WULYLDO ;  2� 7KHUHIRUH� LI 7 LV RI FODVV & c�� WKHQ LW KDV SURSHUW\ 3) WULYLDOO\�
7KHRUHP � GHDOV ZLWK WKH QRQWULYLDO FRQYHUVH IRU DQ DUELWUDU\ FRQWUDFWLRQ� 5HFDOO WKDW D
FRQWUDFWLRQ LV FRPSOHWHO\ QRQXQLWDU\ LI LW KDV QR XQLWDU\ GLUHFW VXPPDQG�

7 KHRU HP � � 7KH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI D FRQWUDFWLRQ 7 LV RI FODVV

& c� LI DQG RQO\ LI 7 KDV SURSHUW\ 3)�

3U RRI � ,I D FRQWUDFWLRQ 7 RQ + KDV SURSHUW\ 3)� WKHQ $e LV D SURMHFWLRQ E\ /HPPD ��
+HQFH 7 e FDQ EH GHFRPSRVHG DV WKH GLUHFW VXP RI D VWURQJO\ VWDEOH FRQWUDFWLRQ *� D
XQLODWHUDO VKLIW 6�� DQG D XQLWDU\ RSHUDWRU 8 �FI� >�@�� ZKHUH DQ\ RI WKH GLUHFW VXPPDQGV
RI WKH GHFRPSRVLWLRQ 7 e  *j 6� j 8 PD\ EH PLVVLQJ �VHH DOVR >�� S���@�� 7KXV

7  *e j 6�
e j 8e�

ZKHUH *e LV RI FODVV & c�� 6�
e LV D FRPSOHWHO\ QRQXQLWDU\ FRLVRPHWU\� DQG 8e LV XQLWDU\�

6LQFH 7 KDV SURSHUW\ 3)� 3URSRVLWLRQ � HQVXUHV WKDW 6�
e FDQQRW EH SUHVHQW LQ WKH DERYH

GHFRPSRVLWLRQ� 7KHUHIRUH�

7  *e j 8e

VR WKDW WKH FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQG RI 7 LV RI FODVV & c� �UHDVRQ� *e LV
FRPSOHWHO\ QRQXQLWDU\ EHFDXVH * LV VWURQJO\ VWDEOH� DQG DQ\ GLUHFW VXPPDQG RI 8e LV
DJDLQ XQLWDU\�� 7R SURYH WKH FRQYHUVH FRQVLGHU WKH 1DJ\�)RLD|V�/DQJHU GHFRPSRVLWLRQ IRU
D FRQWUDFWLRQ 7 LQ %>+@� QDPHO\�

7  8 j &

RQ +  8 j 8 "� ZKHUH 8  1 �, b$� ? 1 �, b$e�� 8  7 M 8 LQ %> 8 @ LV XQLWDU\� DQG
&  7 M 8 " LQ %> 8 "@ LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ �WKH FRPSOHWHO\ QRQXQLWDU\
GLUHFW VXPPDQG RI 7 �� 6XSSRVH ;7 e  -; IRU VRPH LVRPHWU\ - LQ %>. @ DQG VRPH ; LQ
%>+� . @� 7KH YRQ 1HXPDQQ�:ROG GHFRPSRVLWLRQ IRU LVRPHWULHV VD\V WKDW

-  : j 6�

RQ .  : j : "� ZKHUH :  1 �, b$�
e� �ZLWK $�

e GHQRWLQJ WKH VWURQJ OLPLW RI
I-Q-eQJQy��� :  - M: LQ %>: @ LV XQLWDU\� DQG 6�  - M : " LQ %>: "@ LV D XQLODWHUDO
VKLIW� 7KHVH DUH FODVVLFDO GLUHFW VXP GHFRPSRVLWLRQV �VHH� IRU LQVWDQFH� >��� SS����@ RU
>�� SS������@�� 7KH WUDQVIRUPDWLRQ ; LQ %>+� . @ FDQ EH ZULWWHQ LQ WHUPV RI WKH RUWKRJRQDO
GHFRPSRVLWLRQV +  8 j 8 " DQG .  : j : " DV

;  

v

;�� ;��

;�� ;��

w
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ZLWK ;�� LQ %> 8 � : @� ;�� LQ %> 8 "� : @� ;�� LQ %> 8 � : "@ DQG ;�� LQ %> 8 "� : "@� 6LQFH
;7 e  -; ZH JHW

;��8
e  :;���

;��8
e  6�;���

;��&
e  :;���

;��&
e  6�;���

3URSRVLWLRQ � HQVXUHV WKDW
;��8  : e;��

EHFDXVH 8 DQG : DUH LVRPHWULHV� 6LQFH ;e
��6�

e  8;e
�� DQG 6�

e LV VWURQJO\ VWDEOH� LW
IROORZV E\ 3URSRVLWLRQ � WKDW ;e

��  2 �DQG VR ;��  2�� 1RZ VXSSRVH & LV RI FODVV & c�
�L�H� &e LV VWURQJO\ VWDEOH�� 6LQFH: DQG 6� DUH LVRPHWULHV� LW DOVR IROORZV E\ 3URSRVLWLRQ �
WKDW ;��  2 DQG ;��  2� 7KHUHIRUH ;7  -e;� DQG KHQFH 7 KDV SURSHUW\ 3)� XW

�� $SSOLFDWLRQV

&RQVLGHU DJDLQ WKH 1DJ\�)RLD|V�/DQJHU GHFRPSRVLWLRQ IRU D FRQWUDFWLRQ 7 � YL]�

7  8 j &�

ZKHUH 8 DQG & DUH WKH XQLWDU\ DQG FRPSOHWHO\ QRQXQLWDU\ GLUHFW VXPPDQGV RI 7 �
UHVSHFWLYHO\ �HDFK RI WKHP PD\ EH PLVVLQJ�� DQG OHW $ DQG $e EH WKH VWURQJ OLPLWV RI
I7 eQ7QJQy� DQG I7Q7 eQJQy� �FI� 3URSRVLWLRQ ��� :H VWDUW ZLWK WKUHH VWUDLJKWIRUZDUG
FRUROODULHV RI 7KHRUHP �� &RUROODU\ � VD\V WKDW ERWK 7 DQG 7 e KDYH SURSHUW\ 3) LI DQG
RQO\ LI $e  $� 2Q WKH RSSRVLWH HQG� &RUROODU\ � VD\V WKDW LI QRQH RI 7 DQG 7 e KDV
SURSHUW\ 3)� WKHQ 7 KDV D QRQWULYLDO K\SHULQYDULDQW VXEVSDFH�

& RU RO O DU \ � � 7KH IROORZLQJ DVVHUWLRQV DUH SDLUZLVH HTXLYDOHQW�

�D� 7 DQG 7 e KDYH SURSHUW\ 3)�

�E� & � & ���

�F� $e  $�

3U RRI � $VVHUWLRQV �D� DQG �E� DUH HTXLYDOHQW E\ 7KHRUHP �� ,W ZDV VKRZQ LQ >�@ WKDW
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