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VXEVSD F H � � $ OWKR XJ K WKH VH D UH VWLOO XQVR OY H G SUR EOH PV� LW F D Q EH
SUR Y H G WKD W LI D & �c�FRQWUDFWLRQ KDV QR QRQWULYLDO LQYDULDQW V X EV SDFH�

WKHQ LW LV D TX DV LDr QH WUDQV IRUP RI LWV RZQ X QLWDU\ H[ WHQV LRQ� ZKLFK

LV UHGX FWLYH DQG KDV DQ LQYDULDQW GHQV H DQG WRWDOO\ F\FOLF OLQHDU

PDQLIROG � 7 KLV SD SH U SUH VH QWV D EULH I UH Y LH Z � ED VH G R Q >� @ D QG >� @�
R Q WKH H T XLY D OH QF H EH WZ H H Q WKH D ER Y H F R QMH F WXUH V�

�� 3UHOLPLQDULHV

7KURXJKRXW WKH SDSHU + DQG . VWDQG IRU LQpQLWH�GLPHQVLRQDO FRPSOH[
VHSDUDEOH +LOEHUW VSDFHV� DQG %>+� . @ VWDQGV IRU WKH %DQDFK VSDFH
RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI + LQWR . � /HW 1 �;� v +
DQG 5�;� v . GHQRWH WKH QXOO VSDFH �L�H� WKH NHUQHO� DQG UDQJH RI
; � %>+� . @� UHVSHFWLYHO\� 6HW %>+@  %>+�+@ IRU VKRUW� ,I 7 OLHV LQ
%>+@� WKHQ ZH VD\ WKDW 7 LV DQ RSHUDWRU RQ +� DQG 7 e LQ %>+@ GHQRWHV
WKH DGMRLQW RI 7 � %\ D VXEVSDFH RI + ZH PHDQ D FORVHG OLQHDU PDQLIROG
RI +� VR WKDW WKH FORVXUH 5b RI D OLQHDU PDQLIROG 5 RI + LV D VXEVSDFH
RI +� $ VHW 6 v + LV LQYDULDQW IRU DQ RSHUDWRU 7 RQ + LI 7 �6� v 6�
$ VXEVSDFH 0 RI + LV QRQWULYLDO LI I�J � 0 � +� 0 LV D UHGXFLQJ
VXEVSDFH IRU 7 � %>+@ LI LW LV LQYDULDQW IRU ERWK 7 DQG 7 e �HTXLYDOHQWO\�
LI ERWK 0 DQG LWV RUWKRJRQDO FRPSOHPHQW� 0"� DUH LQYDULDQW IRU 7 ��

.H\ ZRUGV� & �c�FRQWUDFWLRQV � TX DV LDr QH WUDQV IRUPV � LQYDULDQW V X EV SDFHV �
$06 6XEMHFW &ODVVLpFDWLRQ� 3ULPDU\ ��$��� 6HFRQGDU\ ��$���
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$Q RSHUDWRU LV UHGXFLEOH LI LW KDV D QRQWULYLDO UHGXFLQJ VXEVSDFH� DQG
UHGXFWLYH LI DOO LWV LQYDULDQW VXEVSDFHV DUH UHGXFLQJ�

$Q RSHUDWRU 7 RQ + LV VWURQJO\ VWDEOH �QRWDWLRQ� 7Q V
b� 2� LI WKH

SRZHU VHTXHQFH I7QJQy� FRQYHUJHV VWURQJO\ WR WKH QXOO RSHUDWRU �L�H�
LI 7Q[ � � DV Q � � IRU HYHU\ [ � +�� %\ D FRQWUDFWLRQ ZH PHDQ DQ
RSHUDWRU 7 VXFK WKDW N7N x �� $V XVXDO �FI� >��� S���@�� D FRQWUDFWLRQ
7 LV RI FODVV & �c LI LW LV VWURQJO\ VWDEOH� DQG RI FODVV & c� LI LWV DGMRLQW 7

e

LV VWURQJO\ VWDEOH� /HW & �c DQG & c� EH WKH FODVVHV RI DOO FRQWUDFWLRQV IRU
ZKLFK 7Q[� � DQG 7 eQ[� �� UHVSHFWLYHO\� IRU HYHU\ QRQ]HUR [ LQ +�

,I 7 LV D FRQWUDFWLRQ RQ+� WKHQ I7 eQ7QJQy� LV D PRQRWRQH ERXQGHG
VHTXHQFH RI VHOI�DGMRLQW RSHUDWRUV �LQ IDFW D QRQLQFUHDVLQJ VHTXHQFH RI
QRQQHJDWLYH FRQWUDFWLRQV� VR WKDW LW FRQYHUJHV VWURQJO\� 6LQFH 7 e LV D
FRQWUDFWLRQ ZKHQHYHU 7 LV� WKH VHTXHQFH I7Q7 eQJQy� DOVR FRQYHUJHV
VWURQJO\� +HQFH� DVVRFLDWHG ZLWK HDFK FRQWUDFWLRQ 7 RQ +� WKHUH H[LVW
RSHUDWRUV $ DQG $e RQ + ZKLFK DUH WKH VWURQJ OLPLWV RI I7 eQ7QJQy�

DQG I7Q7 eQJQy�� UHVSHFWLYHO\� 7KDW LV�

7 eQ7Q V
b� $ DQG 7Q7 eQ V

b� $e�

$ IHZ ZHOO�NQRZQ SURSHUWLHV RI WKHVH VWURQJ OLPLWV� WKDW ZLOO EH UHTXLUHG
LQ WKH VHTXHO� DUH GLVSOD\HG EHORZ �VHH H�J� >�@ DQG >�� &K��@��
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�

� � GHpQHG E\
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�

�[  $
�

�7[ IRU HYHU\ [ � +� 7KH GHpQLWLRQ RI 9� PDNHV VHQVH
EHFDXVH $ LV VHOI�DGMRLQW �SURSHUW\ ���� VR WKDW $M5 �$��5�$�� 5�$� LV
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LQMHFWLYH� 2EVHUYH WKDW 9� DFWV LVRPHWULFDOO\ RQ 5�$
�

� �� 7KLV LV HQVXUHG
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�
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� �b  5�$�b DQG JHW WKH LVRPHWU\

9 � 5�$�b � 5�$�b�

7KXV HDFK FRQWUDFWLRQ 7 RQ + DOVR LQGXFHV DQ LVRPHWU\ 9 RQ 5�$�b

VXFK WKDW �VHH H�J� >�@ DQG >�� &K��@��

��� $
�

�7  9$
�

� �L�H� LI $ � 2� WKHQ $
�

� LQWHUWZLQHV 7 WR 9 ��

5HFDOO WKDW DQ RSHUDWRU 7 � %>+@ LV LQWHUWZLQHG WR DQ RSHUDWRU
/ � %>. @ LI WKHUH H[LVWV D QRQ]HUR WUDQVIRUPDWLRQ ; � %>+� . @ VXFK
WKDW ;7  /;� ,Q VXFK D FDVH ZH VD\ WKDW ; LQWHUWZLQHV 7 WR
/� ,I 5�;�b  . � WKHQ 7 LV VDLG WR EH GHQVHO\ LQWHUWZLQHG WR /�
$ WUDQVIRUPDWLRQ ; � %>+� . @ LV TXDVLLQYHUWLEOH LI LW LV LQMHFWLYH DQG
KDV D GHQVH UDQJH �L�H� LI 1 �;�  I�J DQG 5�;�b  . �� 7 � %>+@
LV D TXDVLDrQH WUDQVIRUP RI / � %>. @ LI WKHUH H[LVWV D TXDVLLQYHUWLEOH
; � %>+� . @ LQWHUWZLQLQJ 7 WR /�

6XSSRVH 7 LV D & �c�FRQWUDFWLRQ VR WKDW 1 �$�  I�J RU� HTXLYDOHQWO\�
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IRU HYHU\ [ � +� ([WHQG 7 RYHU +$ DQG JHW WKH LVRPHWU\

7$� +$ � +$

VXFK WKDW 7$[  7[ IRU HDFK [ � +� 7KH XQLWDU\ RSHUDWRU ;$�+$ � +
LQWHUWZLQHV WKH LVRPHWU\ 7$�+$ � +$ WR WKH LVRPHWU\ 9 �+ � +� VR
WKDW 7$ DQG 9 DUH XQLWDULO\ HTXLYDOHQW� ,QGHHG� SURSHUW\ ��� OHDGV WR

;$7$[  $
�

�7[  9 $
�

�[  9 ;$[

IRU HYHU\ [ � +� /HW 8 EH WKH PLQLPDO XQLWDU\ H[WHQVLRQ RI WKH LVRPHWU\
9� ,Q OLJKW RI WKH DERYH XQLWDU\ HTXLYDOHQFH EHWZHHQ WKH LVRPHWULHV 7$
DQG 9 LW LV XVXDO WR UHIHU WR 8 DV WKH XQLWDU\ H[WHQVLRQ RI 7 �

�� ,QWURGXFWLRQ

'RHV HYHU\ RSHUDWRU RQ D �VHSDUDEOH� +LOEHUW VSDFH RI GLPHQVLRQ JUHDWHU
WKDQ RQH KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH" 7KLV LV SHUKDSV WKH PRVW
FHOHEUDWHG RSHQ TXHVWLRQ LQ RSHUDWRU WKHRU\� ,WV UHOHYDQFH LV OLQNHG WR
WKH 6SHFWUDO 7KHRUHP �QRUPDO RSHUDWRUV GR KDYH QRQWULYLDO LQYDULDQW
VXEVSDFHV� DQG DOVR WR WKH FDQRQLFDO -RUGDQ IRUP �HYHU\ RSHUDWRU RQ
D pQLWH�GLPHQVLRQDO VSDFH KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�� 7KLV
PDNHV WKH VHDUFK IRU QRQWULYLDO LQYDULDQW VXEVSDFHV D QDWXUDO� DOWKRXJK
FKDOOHQJLQJ DQG UHFDOFLWUDQW RQH� 7KH FROOHFWLRQ RI DOO LQYDULDQW VXE�
VSDFHV IRU D JLYHQ RSHUDWRU 7 LV LQYDULDQW XQGHU VFDODU PXOWLSOLFDWLRQ�
7KHUHIRUH� LI 7 � 2 DQG � � o x N7Nb�� WKHQ 7 DQG o7 �ZKLFK LV D
FRQWUDFWLRQ� VKDUH H[DFWO\ WKH VDPH ODWWLFH RI LQYDULDQW VXEVSDFHV� 7KXV
WKH LQYDULDQW VXEVSDFH SUREOHP LV UHGXFHG WR WKH FODVV RI DOO FRQWUDFWLRQV�
GRHV HYHU\ FRQWUDFWLRQ KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"

,VRPHWULHV FRPSULVH D UDWKHU VSHFLDO FODVV RI & �c�FRQWUDFWLRQV� 7KH\
DUH WKRVH FRQWUDFWLRQV 7 RQ + IRU ZKLFK N7[N  N[N IRU HYHU\ [ � +�
(TXLYDOHQWO\� WKRVH FRQWUDFWLRQV 7 IRU ZKLFK $  , �VHH SURSHUW\ ����
RU VLPSO\ UHFDOO WKDW 7 LV DQ LVRPHWU\ LI DQG RQO\ LI 7 eQ7Q  , IRU DOO
Qy ��� ,W LV HDV\ WR VKRZ WKDW HYHU\ LVRPHWU\ KDV D QRQWULYLDO LQYDULDQW
VXEVSDFH� $FWXDOO\� WKH QH[W SURSRVLWLRQ VD\V PXFK PRUH WKDQ WKLV�

3U RSRVLW LRQ � � ,I D FRQWUDFWLRQ 7 RQ + KDV QR QRQWULYLDO LQYDULDQW

VXEVSDFH� WKHQ LW LV HLWKHU D & ���FRQWUDFWLRQ� D & ���FRQWUDFWLRQ VXFK WKDW

N$e[N � N[N IRU HYHU\ QRQ]HUR [ LQ +� RU D & ���FRQWUDFWLRQ VXFK WKDW

N$[N � N[N IRU HYHU\ QRQ]HUR [ LQ +�

3U RRI � 6HH >�� &K��@� XW
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6LQFH D XQLWDU\ RSHUDWRU LV SUHFLVHO\ D QRUPDO LVRPHWU\� LW IROORZV WKDW
WKH XQLWDULHV FRPSULVH D VHW RI SDUWLFXODUO\ ZHOO�NQRZQ RSHUDWRUV� 7KHUH
DUH� KRZHYHU� VRPH LQWHUHVWLQJ RSHQ TXHVWLRQV HYHQ IRU WKLV VSHFLDO VHW
RI +LOEHUW�VSDFH RSHUDWRUV� 6DPSOH� LV D XQLWDU\ RSHUDWRU ZHDNO\ VWDEOH
LI DQG RQO\ LI LW LV D ELODWHUDO VKLIW RU D GLUHFW VXPPDQG RI D ELODWHUDO
VKLIW" �$Q RSHUDWRU 7 LV ZHDNO\ VWDEOH LI WKH SRZHU VHTXHQFH I7QJQy�

FRQYHUJHV ZHDNO\ WR WKH QXOO RSHUDWRU��

6RPH LQYDULDQW VXEVSDFH SUREOHPV IRU FRQWUDFWLRQV DUH HTXLYDOHQW WR
RSHQ TXHVWLRQV RQ XQLWDU\ RSHUDWRUV� $ FODVV RI VXFK HTXLYDOHQW SUREOHPV
ZDV FRQVLGHUHG LQ >�@ DQG >�@� 7KH SXUSRVH RI WKLV SDSHU LV WR SUHVHQW D
EULHI DQG XQLpHG VXUYH\ RQ WKH UHVXOWV RI >�@ DQG >�@�

�� (TXLYDOHQW ,QYDULDQW 6XEVSDFH 3UREOHPV

$ FODVVLFDO RSHQ TXHVWLRQ LQ RSHUDWRU WKHRU\ UHDGV DV IROORZV�

�4�� 'RHV D FRQWUDFWLRQ QRW LQ & �� KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"

2EVHUYH WKDW WKLV TXHVWLRQ DVNV ZKHWKHU WKH FRQFOXVLRQ LQ 3URSRVLWLRQ
� FDQ EH VKDUSHQHG WR 7 � & ��� 7KDW LV� ZKHWKHU D FRQWUDFWLRQ ZLWKRXW
D QRQWULYLDO LQYDULDQW VXEVSDFH LV RI FODVV & ��� ,Q RWKHU ZRUGV� ZKHWKHU
D FRQWUDFWLRQ ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH LV VWURQJO\ VWDEOH
ZLWK D VWURQJO\ VWDEOH DGMRLQW� 5HFDOO WKDW 7 KDV D QRQWULYLDO LQYDULDQW
VXEVSDFH LI DQG RQO\ LI 7 e KDV� 7KXV 3URSRVLWLRQ � OHDGV WR WKH IROORZLQJ
UHIRUPXODWLRQ RI TXHVWLRQ 4��

�4�� 'RHV D & �c�FRQWUDFWLRQ KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"

$QRWKHU FODVVLFDO RSHQ TXHVWLRQ LQ RSHUDWRU WKHRU\ LV� GRHV D TXDVLDrQH
WUDQVIRUP RI D QRUPDO RSHUDWRU KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"
�6HH H�J� >��� S����@�� $ SDUWLFXODU FDVH RI LW� UHIHUULQJ WR FRQWUDFWLRQV�
UHDGV DV IROORZV�

�4�� 'RHV D FRQWUDFWLRQ� ZKLFK LV D TXDVLDrQH WUDQVIRUP RI D XQLWDU\

RSHUDWRU� KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"

6LQFH D XQLWDU\ RSHUDWRU LV D QRUPDO LVRPHWU\� DQG DQ LVRPHWU\ LV D
& �c�FRQWUDFWLRQ� TXHVWLRQV �4�� DQG �4�� FDQ EH JHQHUDOL]HG DV IROORZV�

�4�� 'RHV D FRQWUDFWLRQ� ZKLFK LV LQWHUWZLQHG WR D & �c�FRQWUDFWLRQ� KDYH
D QRQWULYLDO LQYDULDQW VXEVSDFH"

,W ZDV VKRZQ LQ >�@ WKDW WKHVH TXHVWLRQV DUH DOO SDLUZLVH HTXLYDOHQW� DQG
KHQFH WKH LQYDULDQW VXEVSDFH SUREOHPV VWDWHG RQ WKHP DUH UHGXFHG WR
WKH RSHQ TXHVWLRQ �4�� RQ XQLWDU\ RSHUDWRUV�
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7 KHRU HP � � (YHU\ & �c�FRQWUDFWLRQ KDV D QRQWULYLDO LQYDULDQW VXEVSDFH

LI DQG RQO\ LI HYHU\ FRQWUDFWLRQ ZKLFK LV D TXDVLDrQH WUDQVIRUP RI D

XQLWDU\ RSHUDWRU KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

�� ,QYDULDQW 6XEVSDFHV IRU & �c�FRQWUDFWLRQV

(YHU\ & �c�FRQWUDFWLRQ 7 LV D TXDVLDrQH WUDQVIRUP RI WKH LVRPHWU\ 9�
ZKLFK WXUQV RXW WR EH LWV XQLWDU\ H[WHQVLRQ ZKHQ 7 KDV QR QRQWULYLDO

LQYDULDQW VXEVSDFH� 7R SURYH WKLV� ZH pUVW VWDWH D FRXSOH RI SURSRVLWLRQV
ZKRVH SURRIV DUH EDVHG RQ VWDQGDUG UHVXOWV RI VLQJOH RSHUDWRU WKHRU\�

3U RSRVLW LRQ � � ,I 7 LV D TXDVLDrQH WUDQVIRUP RI D K\SRQRUPDO

RSHUDWRU /� WKHQ WKH VSHFWUXP RI 7 LQFOXGHV WKH VSHFWUXP RI /�

3U RRI � 6HH >�@ _ DOVR VHH >�� S���@� XW

5HFDOO WKDW DQ RSHUDWRU / LV K\SRQRUPDO LI //e x /e/� &OHDUO\� HYHU\
LVRPHWU\ LV D K\SRQRUPDO FRQWUDFWLRQ�

3U RSRVLW LRQ � � ,I DQ RSHUDWRU LV GHQVHO\ LQWHUWZLQHG WR D QRQXQLWDU\

LVRPHWU\� WKHQ LW KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

3U RRI � 6HH H�J� >�@ RU >��@� XW

7KH QH[W OHPPD LV D GHHS UHVXOW ZKRVH SURRI LV QRW HOHPHQWDU\ DW DOO�

/HP P D � � $ FRQWUDFWLRQ ZKRVH VSHFWUXP LQFOXGHV WKH XQLW FLUFOH KDV

D QRQWULYLDO LQYDULDQW VXEVSDFH�

3U RRI � 6HH >�@ _ DOVR VHH >�@� XW

)RU D & �c�FRQWUDFWLRQ� WKH DVVXPSWLRQ RQ LWV VSHFWUXP LQ /HPPD � FDQ
EH UHSODFHG E\ WKH VDPH DVVXPSWLRQ RQ WKH VSHFWUXP RI LWV XQLWDU\
H[WHQVLRQ�

7 KHRU HP � � /HW 7 EH D & �c�FRQWUDFWLRQ� 7KH VSHFWUXP RI 7 LQFOXGHV

WKH VSHFWUXP RI WKH LVRPHWU\ 9� 0RUHRYHU� LI WKH VSHFWUXP RI WKH XQLWDU\

H[WHQVLRQ RI 7 LV WKH XQLW FLUFOH� WKHQ 7 KDV D QRQWULYLDO LQYDULDQW

VXEVSDFH�

3U RRI � /HW 7 EH D & �c�FRQWUDFWLRQ RQ +� 6LQFH 1 �$
�

� �  1 �$�  I�J

DQG 5�$
�

� �b  5�$�b  +� LW IROORZV WKDW $
�

� LV D TXDVLLQYHUWLEOH
RSHUDWRU ZKLFK� DFFRUGLQJ WR ���� LQWHUWZLQHV 7 WR WKH LVRPHWU\ 9 �
+HQFH 7 LV D TXDVLDrQH WUDQVIRUP RI 9� 7KXV� E\ 3URSRVLWLRQ ��
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WKH VSHFWUXP RI WKH LVRPHWU\ 9 LV LQFOXGHG LQ WKH VSHFWUXP RI 7 �
��9 � v ��7 �� )URP QRZ RQ VXSSRVH 7 KDV QR QRQWULYLDO LQYDULDQW
VXEVSDFH� ,Q WKLV FDVH 9 LV XQLWDU\ �3URSRVLWLRQ �� VR WKDW 9 LV WKH
XQLWDU\ H[WHQVLRQ RI 7 � 0RUHRYHU� /HPPD � HQVXUHV WKDW WKH XQLW FLUFOH
b LV QRW LQFOXGHG LQ ��7 �� 7KHUHIRUH ��9 � � b� VR WKDW WKH VSHFWUXP RI
WKH XQLWDU\ H[WHQVLRQ RI 7 LV QRW WKH ZKROH XQLW FLUFOH� XW

5HFDOO� LI D XQLWDU\ RSHUDWRU 8 LV QRQUHGXFWLYH� WKHQ ��8�  b� 7KLV
VKRZV WKDW WKH QH[W UHVXOW� ZKLFK LV TXLWH LPSRUWDQW LQ LWV RZQ ULJKW
DQG ZKRVH RULJLQDO SURRI LQ >�@ SUHFHGHV /HPPD �� PD\ EH REWDLQHG DV
DQ LPPHGLDWH FRUROODU\ RI 7KHRUHP ��

& RU RO O DU \ � � ,I WKH XQLWDU\ H[WHQVLRQ RI D & �c�FRQWUDFWLRQ 7 LV

QRQUHGXFWLYH� WKHQ 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

/HW /DW�7 � GHQRWH WKH ODWWLFH RI DOO LQYDULDQW VXEVSDFHV IRU DQ
DUELWUDU\ RSHUDWRU 7 RQ +� 7KH RUELW RI [ � + XQGHU 7 LV WKH VHW
I7Q[JQy�� ZKRVH �OLQHDU� VSDQ LV WKH OLQHDU PDQLIROG VSDQI7Q[JQy�  
IS�7 �[� S LV D SRO\QRPLDOJ RI+� ,WV FORVXUH�

:

I7Q[JQy�� FOHDUO\ OLHV LQ
/DW�7 �� 7KHVH DUH WKH F\FOLF VXEVSDFHV LQ /DW�7 �� 0 � /DW�7 � LV F\FOLF
LI0  

:

I7Q[JQy� IRU VRPH [ � +� ,I
:
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