
$GYDQFHV LQ 0DWKHPDWLFDO 6FLHQFHV DQG $SSOLFDWLRQV � ������ ���^���

, 1 9$5, $1 7 68% 63 $&( 6 )25 $ &/$66 2)

&�c �&21 7 5$&7 , 21 6 "

& �6� . XEU XVO \

$EVW U DF W � /HW 8 EH WKH XQLWDU\ H[WHQVLRQ RI D & �c�FRQWUDFWLRQ 7 � ,W LV JLYHQ D
VLPSOH QHZ SURRI IRU WKH IROORZLQJ WKHRUHP� ,I 8 LV QRQUHGXFWLYH� WKHQ 7 KDV D

QRQWULYLDO LQYDULDQW VXEVSDFH� 0RUHRYHU� LW LV DOVR VKRZQ WKDW� LI 8 LV UHGXFWLYH

EXW GRHV QRW KDYH DQ LQYDULDQW GHQVH OLQHDU PDQLIROG PDGH XS HQWLUHO\ RI F\FOLF

YHFWRUV� WKHQ 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

�� ,QWURGXFWLRQ

7KURXJKRXW WKLV SDSHU + DQG . ZLOO VWDQG IRU LQpQLWH�GLPHQVLRQDO FRPSOH[ VHSDUDEOH
+LOEHUW VSDFHV� DQG %>+� . @ ZLOO VWDQG IRU WKH %DQDFK VSDFH RI DOO ERXQGHG OLQHDU
WUDQVIRUPDWLRQV IURP + LQWR . � /HW 1 �;� v + DQG 5�;� v . GHQRWH WKH QXOO VSDFH
�L�H� WKH NHUQHO� DQG UDQJH RI ; � %>+� . @� UHVSHFWLYHO\� 6HW %>+@  %>+�+@ IRU VKRUW� ,I
7 � %>+@ ZH VKDOO VD\ WKDW 7 LV DQ RSHUDWRU RQ +� DQG 7 e � %>+@ ZLOO VWDQG IRU WKH DGMRLQW
RI 7 � %\ D VXEVSDFH ZH PHDQ D FORVHG OLQHDU PDQLIROG� VR WKDW WKH FORVXUH 5b RI D OLQHDU
PDQLIROG 5 LV D VXEVSDFH� $ VHW 6 v + LV LQYDULDQW IRU DQ RSHUDWRU 7 RQ + LI 7 �6� v 6� $
VXEVSDFH0 RI + LV QRQWULYLDO LI I�J � 0 � +� 0 LV D UHGXFLQJ VXEVSDFH IRU 7 � %>+@ LI
LW LV LQYDULDQW IRU ERWK 7 DQG 7 e �HTXLYDOHQWO\� LI ERWK0 DQG LWV RUWKRJRQDO FRPSOHPHQW�
0"� DUH LQYDULDQW IRU 7 �� $Q RSHUDWRU LV UHGXFLEOH LI LW KDV D QRQWULYLDO UHGXFLQJ VXEVSDFH�
DQG UHGXFWLYH LI DOO LWV LQYDULDQW VXEVSDFHV DUH UHGXFLQJ�

$ FRQWUDFWLRQ LV DQ RSHUDWRU 7 VXFK WKDW MM7 MM x �� ,I 7 LV D FRQWUDFWLRQ RQ D +LOEHUW
VSDFH +� WKHQ I7 eQ7Q� Q y �J LV D PRQRWRQH ERXQGHG VHTXHQFH RI VHOI�DGMRLQW RSHUDWRUV
�LQ IDFW D QRQLQFUHDVLQJ VHTXHQFH RI QRQQHJDWLYH FRQWUDFWLRQV� VR WKDW LW FRQYHUJHV VWURQJO\�
+HQFH� DVVRFLDWHG ZLWK HDFK FRQWUDFWLRQ 7 RQ +� WKHUH H[LVWV DQ RSHUDWRU $ RQ + ZKLFK
LV WKH VWURQJ OLPLW RI I7 eQ7Q� Q y �J� 7KDW LV� VXFK WKDW

7 eQ7Q V
b� $�

" 6XSSR UWH G LQ SD UW E\ & 1 3T �%UD ] LOLD Q 1 D WLR QD O 5H VH D UF K & R XQF LO��
. H \ Z R UGV� & �c�FRQWUDFWLRQV � LQYDULDQW V X EV SDFHV � WRWDOO\ F\FOLF PDQLIROGV �
$ 0 6 6XEMH F W & OD VVLpF D WLR Q� 3ULPD U\ � � $ � � � 6H F R QGD U\ � � $ � � �
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$ IHZ ZHOO�NQRZQ SURSHUWLHV RI WKH VWURQJ OLPLW $� WKDW ZLOO EH UHTXLUHG LQ WKH VHTXHO� DUH
GLVSOD\HG EHORZ �IRU WKHVH DQG IXUWKHU SURSHUWLHV RQ WKH RSHUDWRU $ VHH H�J� >�� ��� ��� ��@
DQG >��� &K��@��

��� 2 x $ x , �L�H� $ LV D QRQQHJDWLYH FRQWUDFWLRQ��

��� 7 e$7  $ �L�H� MM$
�

�7[MM  MM$
�

�[MM IRU HYHU\ [ � +��

��� 1 �$�  I[ � + � 7Q[ � � DV Q � �J�

$V XVXDO �FI� >��� S���@�� D FRQWUDFWLRQ 7 LV VDLG WR EH RI FODVV & �c LI LW LV VWURQJO\ VWDEOH

�L�H� LI 7Q V
b�2� ZKLFK PHDQV WKDW 7Q[ � � DV Q � � IRU HYHU\ [ � +�� DQG RI

FODVV & c� LI LWV DGMRLQW 7 e LV VWURQJO\ VWDEOH� $ FRQWUDFWLRQ 7 LV VDLG WR EH RI FODVV & �c LI
7Q[� � DV Q � � IRU HYHU\ QRQ]HUR [ � +� DQG RI FODVV & c� LI 7 e LV RI FODVV & �c� $OO
FRPELQDWLRQV DUH SRVVLEOH DQG WKLV OHDGV WR FODVVHV & ��� & ��� & �� DQG & ��� 3URSHUW\ ��� VD\V
WKDW 7 � & �c LI DQG RQO\ LI $  2 �L�H� LI DQG RQO\ LI 1 �$�  +�� DQG 7 � & �c LI DQG RQO\

LI 1 �$�  I�J� 1RZ FRQVLGHU WKH OLQHDU WUDQVIRUPDWLRQ 9��5�$
�

� �� 5�$
�

� � GHpQHG E\

9�$
�

�[  $
�

�7[ IRU HYHU\ [ � +� 7KH GHpQLWRQ RI 9� PDNHV VHQVH EHFDXVH $ LV VHOI�DGMRLQW
�FI� SURSHUW\ ���� VR WKDW $M5 �$��5�$�� 5�$� LV LQMHFWLYH� 9� DFWV LVRPHWULFDOO\ RQ

5�$
�

� �� 7KLV LV HQVXUHG E\ SURSHUW\ ���� MM9�$
�

�[MM  MM$
�

�7[MM  MM$
�

�[MM IRU HYHU\ [ � +�

([WHQG 9� WR 5�$
�

� �b  5�$�b DQG JHW WKH LVRPHWU\

9 � 5�$�b � 5�$�b�

7KHUHIRUH HDFK FRQWUDFWLRQ 7 RQ + DOVR LQGXFHV DQ LVRPHWU\ 9 RQ 5�$�b VXFK WKDW

��� $
�

�7  9$
�

� �L�H� LI $ � 2� WKHQ $
�

� LQWHUWZLQHV 7 WR 9 ��

)RU IXUWKHU SURSHUWLHV RQ WKH LVRPHWU\ 9 VHH H�J� >�� ��@ DQG >��� &K��@� 5HFDOO WKDW
DQ RSHUDWRU 7 � %>+@ LV LQWHUWZLQHG WR DQ RSHUDWRU / � %>. @ LI WKHUH H[LVWV D QRQ]HUR
WUDQVIRUPDWLRQ ; � %>+� . @ VXFK WKDW;7  /;� ,Q VXFK D FDVH ZH VD\ WKDW; LQWHUWZLQHV
7 WR /� ,I 5�;�b  . � WKHQ 7 LV VDLG WR EH GHQVHO\ LQWHUWZLQHG WR /�

6XSSRVH 7 LV D & �c�FRQWUDFWLRQ �L�H� 1 �$�  I�J RU� HTXLYDOHQWO\� 5�$�b  + �
UHDVRQ� $ LV VHOI�DGMRLQW�� ,Q WKLV FDVH ZH FDQ GHpQH D QHZ LQQHU SURGXFW LQ +� VD\
Kc� cL$�+d+ � &� JLYHQ E\

K[� \L$  K$[� \L

IRU DOO [� \ � +� ZKLFK JHQHUDWHV WKH QRUP MM c MM$ LQ + VXFK WKDW

� � MM$
�

�[MM  MM[MM$ x MM[MM

IRU HYHU\ QRQ]HUR [ LQ +� 7KH QRUPV MM c MM DQG MM c MM$ DUH HTXLYDOHQW LI DQG RQO\ LI $ LV
LQYHUWLEOH �L�H� LI DQG RQO\ LI 5�$�  +�� 5HFDOO WKDW $ LV LQYHUWLEOH LI DQG RQO\ LI 7
LV VLPLODU WR DQ LVRPHWU\ �VHH H�J� >�� S���@�� 1RZ FRQVLGHU WKH OLQHDU WUDQVIRUPDWLRQ

;�� �+� Kc� cL$�� �5�$
�

� �� Kc� cL� GHpQHG E\ ;�[  $
�

�[ IRU DOO [ � +� /HW +$ EH WKH
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FRPSOHWLRQ RI �+� Kc� cL$� DQG H[WHQG ;� WR WKH +LOEHUW VSDFH +$ WR JHW WKH VXUMHFWLYH
LVRPHWU\

;$� +$ � +�

,QGHHG� 5�;$�  5�$
�

� �b  5�$�b  + DQG MM;$[MM  MM$
�

�[MM  MM[MM$ IRU HYHU\ [ � +�
1H[W QRWH WKDW 7 DFWV LVRPHWULFDOO\ RQ �+� Kc� cL$�� $FWXDOO\� E\ SURSHUW\ ����

MM7[MM$  MM$
�

�7[MM  MM$
�

�[MM  MM[MM$

IRU HYHU\ [ � +� ([WHQG LW WR +$ DQG JHW WKH LVRPHWU\

7$� +$ � +$

VXFK WKDW 7$[  7[ IRU HYHU\ [ � +� 7KH XQLWDU\ RSHUDWRU ;$�+$ � + LQWHUWZLQHV
WKH LVRPHWU\ 7$�+$ � +$ WR WKH LVRPHWU\ 9 �+ � +� VR WKDW 7$ DQG 9 DUH XQLWDULO\
HTXLYDOHQW� ,Q IDFW� SURSHUW\ ��� OHDGV WR

;$7$[  $
�

�7[  9$
�

�[  9;$[

IRU HYHU\ [ � +� /HW 8 EH WKH PLQLPDO XQLWDU\ H[WHQVLRQ RI WKH LVRPHWU\ 9 � ,Q OLJKW RI WKH
DERYH XQLWDU\ HTXLYDOHQFH EHWZHHQ WKH LVRPHWULHV 7$ DQG 9 � 8 ZLOO EH FDOOHG WKH XQLWDU\

H[WHQVLRQ RI 7 �

7KH SXUSRVH RI WKLV SDSHU LV WZRIROG� )LUVW ZH SUHVHQW LQ 6HFWLRQ � D QHZ DQG �DOPRVW�
HOHPHQWDU\ SURRI IRU DQ LPSRUWDQW UHVXOW ZKLFK DSSHDUHG LQ >�@� LI 7 LV D & �c�FRQWUDFWLRQ
ZKRVH XQLWDU\ H[WHQVLRQ LV QRQUHGXFWLYH� WKHQ 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH� 7KLV
LQ IDFW ZLOO FRPH RXW DV D FRUROODU\ WR WKH IROORZLQJ WKHRUHP� ,I D & �c�FRQWUDFWLRQ KDV QR

QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ WKH LVRPHWU\ 9 EHFRPHV D XQLWDU\ RSHUDWRU RQ + ZKRVH

VSHFWUXP LV QRW WKH ZKROH XQLW FLUFOH� 7KH PDLQ WRROV XVHG LQ WKH SURRI DUH ZHOO�NQRZQ
UHVXOWV ZKLFK DUH UHSULVHG EHORZ IRU WKH UHDGHU
V FRQYHQLHQFH�

/HP P D � � ,I DQ RSHUDWRU 7 LV D TXDVLDrQH WUDQVIRUP RI D K\SRQRUPDO RSHUDWRU /� WKHQ
WKH VSHFWUXP RI 7 FRQWDLQV WKH VSHFWUXP RI /�

3U RRI � 6HH >�@ � DOVR VHH >�� S���@� XW

5HFDOO WKDW DQ RSHUDWRU / LV K\SRQRUPDO LI //e x /e/� &OHDUO\ HYHU\ LVRPHWU\ LV
K\SRQRUPDO� ; � %>+� . @ LV TXDVLLQYHUWLEOH LI LW LV LQMHFWLYH DQG KDV GHQVH UDQJH �L�H�
LI 1 �;�  I�J DQG 5�;�b  . �� 7 � %>+@ LV D TXDVLDrQH WUDQVIRUP RI / � %>. @ LI WKHUH
H[LVWV D TXDVLLQYHUWLEOH ; � %>+� . @ LQWHUWZLQLQJ 7 WR /�

/HP P D � � $ FRQWUDFWLRQ ZKRVH VSHFWUXP FRQWDLQV WKH XQLW FLUFOH KDV D QRQWULYLDO LQYDULDQW

VXEVSDFH�

3U RRI � 6HH >�@ � DOVR VHH >�@� XW
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%\ C�DOPRVW� HOHPHQWDU\
 ZH PHDQ WKDW� H[FHSW IRU WKH GHHS UHVXOW LQ /HPPD � �ZKRVH
SURRI LV QRW HOHPHQWDU\�� DOO SURRIV LQ WKH SUHVHQW SDSHU �DV ZHOO DV WKH SURRI RI /HPPD ��
XVH RQO\ VWDQGDUG UHVXOWV RI VLQJOH RSHUDWRU WKHRU\�

1H[W ZH GLVFXVV LQ 6HFWLRQ � WKH FDVH ZKHUH WKH XQLWDU\ H[WHQVLRQ RI D & �c�FRQWUDFWLRQ
LV UHGXFWLYH� LI D & �c�FRQWUDFWLRQ KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ LWV �UHGXFWLYH�
XQLWDU\ H[WHQVLRQ KDV DQ LQYDULDQW GHQVH OLQHDU PDQLIROG PDGH XS HQWLUHO\ RI F\FOLF YHFWRUV�
2I FRXUVH� ZKDW UHDOO\ LV EHKLQG DOO WKLV LV WKH FRQMHFWXUH WKDW D FRQWUDFWLRQ QRW LQ & ��
KDV D QRQWULYLDO LQYDULDQW VXEVSDFH� �5HFDOO� LI D FRQWUDFWLRQ KDV QR QRQWULYLDO LQYDULDQW
VXEVSDFH� WKHQ LW LV HLWKHU D & ��� D & �� RU D & ���FRQWUDFWLRQ � VHH H�J� >��@��

�� 1RQUHGXFWLYH

)RU D & �c�FRQWUDFWLRQ� WKH DVVXPSWLRQ RQ LWV VSHFWUXP LQ /HPPD � FDQ EH UHSODFHG E\ WKH
VDPH DVVXPSWLRQ RQ WKH VSHFWUXP RI LWV XQLWDU\ H[WHQVLRQ�

3U RSRVLW LRQ � � ,I DQ RSHUDWRU LV GHQVHO\ LQWHUWZLQHG WR D QRQXQLWDU\ LVRPHWU\� WKHQ LW

KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

3U RRI � 7KH YRQ 1HXPDQQ�:ROG GHFRPSRVLWLRQ VD\V WKDW DQ\ LVRPHWU\ - LQ %>. @ FDQ
EH GHFRPSRVHG DV -  6� j 8 � ZKHUH 6� LV D XQLODWHUDO VKLIW DQG 8 LV XQLWDU\� 7KXV DQ
LVRPHWU\ LV QRQXQLWDU\ LI DQG RQO\ LI LW KDV D XQLODWHUDO VKLIW DV D GLUHFW VXPPDQG� 5HFDOO
WKDW WKH SRLQW VSHFWUXP RI 6e

� � ZKLFK LV FRQWDLQHG LQ WKH SRLQW VSHFWUXP RI -
e� LV WKH RSHQ

XQLW GLVF� ,I DQ RSHUDWRU 7 LQ %>+@ LV VXFK WKDW ;7  -; IRU VRPH ; LQ %>+� . @ ZLWK
GHQVH UDQJH �L�H� ZLWK 1 �;e�  I�J�� WKHQ WKH SRLQW VSHFWUXP RI 7 e FRQWDLQV WKH SRLQW
VSHFWUXP RI -e ZKLFK LQ WXUQ FRQWDLQV WKH RSHQ XQLW GLVF� 7KHUHIRUH 7 KDV D ODUJH VXSSO\
RI QRQWULYLDO LQYDULDQW VXEVSDFHV� XW

7 KHRU HP � � /HW 7 EH D & �c�FRQWUDFWLRQ� 7KH VSHFWUXP RI 7 FRQWDLQV WKH VSHFWUXP RI

WKH LVRPHWU\ 9 � 0RUHRYHU� LI WKH VSHFWUXP RI WKH XQLWDU\ H[WHQVLRQ RI 7 LV WKH XQLW FLUFOH�

WKHQ 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

3U RRI � /HW 7 EH D & �c�FRQWUDFWLRQ RQ D +LOEHUW VSDFH +� 6LQFH 1 �$
�

� �  1 �$�  I�J

DQG 5�$
�

� �b  5�$�b  +� $
�

� LV D TXDVLLQYHUWLEOH RSHUDWRU ZKLFK� DFFRUGLQJ WR ����
LQWHUWZLQHV 7 WR WKH LVRPHWU\ 9 RQ +� +HQFH 7 LV D TXDVLDrQH WUDQVIRUP RI 9 � 7KXV� E\
/HPPD �� WKH VSHFWUXP RI WKH LVRPHWU\ 9 LV FRQWDLQHG LQ WKH VSHFWUXP RI 7 � ��9 � v ��7 ��
)URP QRZ RQ VXSSRVH WKDW 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� ,Q WKLV FDVH 9 LV XQLWDU\
�DFFRUGLQJ WR 3URSRVLWLRQ �� VR WKDW 9 LV WKH XQLWDU\ H[WHQVLRQ RI 7 � 0RUHRYHU� /HPPD �
HQVXUHV WKDW WKH XQLW FLUFOH b LV QRW FRQWDLQHG LQ ��7 �� 7KHUHIRUH ��9 � � b � VR WKDW WKH
VSHFWUXP RI WKH XQLWDU\ H[WHQVLRQ RI 7 LV QRW WKH ZKROH XQLW FLUFOH� XW

5HFDOO WKDW HYHU\ XQLWDU\ RSHUDWRU 8 FDQ EH GHFRPSRVHG DV 8  6 j: � ZKHUH 6 LV D
ELODWHUDO VKLIW DQG : LV D UHGXFWLYH XQLWDU\ RSHUDWRU �VHH H�J� >�� S���@�� 6LQFH D ELODWHUDO
VKLIW LV QRQUHGXFWLYH� D XQLWDU\ RSHUDWRU LV QRQUHGXFWLYH LI DQG RQO\ LI LW KDV D ELODWHUDO VKLIW
DV D GLUHFW VXPPDQG� 2XWFRPH� LI D XQLWDU\ 8 LV QRQUHGXFWLYH� WKHQ ��8�  b �UHDVRQ�
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b  ��6� v ��8� v b �� 7KH FRQYHUVH KRZHYHU GRHV QRW KROG� WKHUH H[LVWV D UHGXFWLYH
XQLWDU\ RSHUDWRU ZKRVH VSHFWUXP LV WKH ZKROH XQLW FLUFOH� 7KH FODVVLFDO H[DPSOH FRPSULVHV
D XQLWDU\ GLDJRQDO RQ C�� � 6HW :  GLDJ�qN� N y �� LQ %>C�� @� ZKHUH qN  H�}LoN IRU HDFK
N DQG IoNJ LV D GLVWLQFW HQXPHUDWLRQ RI DOO UDWLRQDOV LQ >�� ��� ,Q VXFK D FDVH ��: �  b
�IRU IoNJ LV GHQVH LQ >�� �@� EXW WKH XQLWDU\ : LV UHGXFWLYH �VHH H�J� >�� S����@�� 7KLV VKRZV
WKDW WKH DVVXPSWLRQV LQ 7KHRUHP � DQG &RUROODU\ � EHORZ DUH QRW HTXLYDOHQW�

& RU RO O DU \ � >� @� ,I WKH XQLWDU\ H[WHQVLRQ RI D & �c�FRQWUDFWLRQ 7 LV QRQUHGXFWLYH� WKHQ

7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

�� 5HGXFWLYH

)RU DQ\ RSHUDWRU 7 RQ + OHW / DW�7 � GHQRWH WKH ODWWLFH RI DOO LQYDULDQW VXEVSDFHV IRU
7 � 7KH RUELW RI [ � + XQGHU 7 LV WKH VHW I7Q[� Q y �J� ZKRVH VSDQ LV WKH OLQHDU
PDQLIROG VSDQI7Q[JQy�  IS�7 �[� S LV D SRO\QRPLDOJ� ,WV FORVXUH�

:
I7Q[JQy�� FOHDUO\

OLHV LQ / DW�7 �� 7KHVH DUH WKH F\FOLF VXEVSDFHV LQ / DW�7 �� 0 � / DW�7 � LV F\FOLF LI
0  

:
I7Q[JQy� IRU VRPH [ � +� ,I

:
I7Q[JQy�  +� WKHQ [ LV VDLG WR EH D F\FOLF

YHFWRU IRU 7 � :H VKDOO VD\ WKDW D OLQHDU PDQLIROG 5 v + LV WRWDOO\ F\FOLF IRU 7 LI HYHU\
QRQ]HUR YHFWRU LQ 5 LV F\FOLF IRU 7 � 5HFDOO WKDW 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH �L�H�
/ DW�7 �  II�J�+J� LI DQG RQO\ LI + LV WRWDOO\ F\FOLF IRU 7 �

3U RSRVLW LRQ � � 6XSSRVH 7 � %>+@ LV GHQVHO\ LQWHUWZLQHG WR / � %>. @� /HW ; � %>+� . @
EH D WUDQVIRUPDWLRQ ZLWK GHQVH UDQJH LQWHUWZLQLQJ 7 WR /� ,I [ � + LV F\FOLF IRU 7 � WKHQ
;[ � . LV F\FOLF IRU /� ,Q SDUWLFXODU� LI D OLQHDU PDQLIROG 5 v + LV WRWDOO\ F\FOLF IRU 7 �
WKHQ ;�5� v . LV WRWDOO\ F\FOLF IRU /�

3U RRI � 6LQFH ;7  /; LW IROORZV WKDW ;S�7 �  S�/�; IRU HYHU\ SRO\QRPLDO S�
7KHUHIRUH� IRU DQ DUELWUDU\ QRQ]HUR [ LQ +� ;�VSDQI7Q[JQy��  VSDQI/Q;[JQy�� 7KXV
;�

:
I7Q[JQy�� v

:
I/Q;[JQy�� ZKHUH WKH LQFOXVLRQ LV HQVXUHG E\ WKH FRQWLQXLW\ RI ;

�UHFDOO� LI ;�+ � . LV FRQWLQXRXV� WKHQ ;�6b� v ;�6�b IRU HYHU\ VHW 6 v +�� 1RZ
VXSSRVH [ LV F\FOLF IRU 7 VR WKDW

:
I7Q[JQy�  +� +HQFH ;�+� v

:
I/Q;[JQy� DQG ;[

LV F\FOLF IRU / EHFDXVH ; KDV GHQVH UDQJH� XW

7 KHRU HP � � /HW 7 EH D & �c�FRQWUDFWLRQ� ,I 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� WKHQ

7 LV D TXDVLDrQH WUDQVIRUP RI LWV XQLWDU\ H[WHQVLRQ 9 � 0RUHRYHU� 9 LV UHGXFWLYH DQG

5�$
�

� � LV DQ LQYDULDQW GHQVH WRWDOO\ F\FOLF OLQHDU PDQLIROG IRU 9 �

3U RRI � /HW 7 EH D & �c�FRQWUDFWLRQ RQ D +LOEHUW VSDFH +� $FFRUGLQJ WR SURSHUW\ ����

5�$
�

� � LV LQYDULDQW IRU 9 � DQG 7 LV D TXDVLDrQH WUDQVIRUP RI WKH LVRPHWU\ 9 RQ + �IRU

1 �$
�

� �  1 �$�  I�J DQG 5�$
�

� �b  5�$�b  + � LQ SDUWLFXODU� 7 LV GHQVHO\ LQWHUWZLQHG
WR 9 �� )URP QRZ RQ VXSSRVH WKDW 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� 7KXV
3URSRVLWLRQ � HQVXUHV WKDW 9 LV XQLWDU\� DQG KHQFH LW LV WKH XQLWDU\ H[WHQVLRQ RI 7 �ZKLFK

LV UHGXFWLYH DFFRUGLQJ WR &RUROODU\ ��� 0RUHRYHU� + LV WRWDOO\ F\FOLF IRU 7 VR WKDW 5�$
�

� ��
ZKLFK LV GHQVH LQ +� LV WRWDOO\ F\FOLF IRU 9 E\ 3URSRVLWLRQ �� XW
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& RU RO O DU \ � � ,I WKH XQLWDU\ H[WHQVLRQ RI D & �c�FRQWUDFWLRQ 7 GRHV QRW KDYH D WRWDOO\

F\FOLF GHQVH OLQHDU PDQLIROG� WKHQ 7 KDV D QRQWULYLDO LQYDULDQW VXEVSDFH�

,W LV ZRUWK QRWLFLQJ WKDW WKH FRQYHUVH RI 7KHRUHP � GRHV QRW KROG� ,QGHHG� LW KDV EHHQ
H[KLELWHG LQ >�@ D VXEQRUPDO & ���FRQWUDFWLRQ 7 � + � + VXFK WKDW +� ZKLFK LV GHQVH LQ
+$� LV WRWDOO\ F\FOLF IRU WKH LVRPHWU\ 7$ � +$ � +$� 0RUHRYHU� 7$ DOVR ZDV VKRZQ WR EH
XQLWDULO\ HTXLYDOHQW WR D UHGXFWLYH XQLWDU\ RSHUDWRU� 7KHUHIRUH WKH LVRPHWU\ 9 � + � +
�ZKLFK LV XQLWDULO\ HTXLYDOHQW WR 7$� EHFRPHV D UHGXFWLYH XQLWDU\ DQG ;$�+�  5�$

�

� ��
ZKLFK LV GHQVH LQ +� LV WRWDOO\ F\FOLF IRU 9 �WKH XQLWDU\ H[WHQVLRQ RI 7 ��

�� &RGD

7KH DERYH H[DPSOH FDQ DOVR EH DSSOLHG WR VHWWOH DQRWKHU UHODWHG SUREOHP� ,Q RUGHU WR SRVH
LW SURSHUO\� ZH pUVW LQWURGXFH D FRXSOH RI ZHOO�NQRZQ UHVXOWV�

& O DLP � � 6XSSRVH 7 � %>+@ LV GHQVHO\ LQWHUWZLQHG WR D UHGXFLEOH RSHUDWRU / � %>. @�
/HW 0 ~ . EH DQ DUELWUDU\ QRQWULYLDO UHGXFLQJ VXEVSDFH IRU /� DQG OHW ; � %>+� . @ EH
D WUDQVIRUPDWLRQ ZLWK GHQVH UDQJH LQWHUWZLQLQJ 7 WR /� 7 KDV QR QRQWULYLDO LQYDULDQW

VXEVSDFH RQO\ LI WKH OLQHDU PDQLIROG 5�;�� ZKLFK LV GHQVH LQ .  0 j 0"� GRHV QRW

LQWHUFHSW ERWK 0QI�J DQG 0"QI�J�

3U RRI � 6HH >��� SS������@� XW

7KLV �L�H� WKH QHFHVVDU\ FRQGLWLRQ 5�;� ?0  5�;� ?0"  I�J� FDQQRW KDSSHQ LI 0
RU 0" LV pQLWH�GLPHQVLRQDO�

& O DLP � � /HW 5 EH D GHQVH OLQHDU PDQLIROG RI . � DQG OHW 0 EH D QRQWULYLDO VXEVSDFH RI

. � ,I 0 RU 0" LV pQLWH�GLPHQVLRQDO� WKHQ 5?0" � I�J RU 5?0 � I�J�

3U RRI � 6HH >��� SS������@� XW

,W PD\ EH WHPSWLQJ WR WKLQN WKDW &ODLP � PLJKW KROG LI 0 DQG 0" ZHUH ERWK LQpQWH�
GLPHQVLRQDO� ,Q VXFK D FDVH &ODLP � ZRXOG SURYLGH D SRVLWLYH DQVZHU WR D FODVVLFDO RSHQ
TXHVWLRQ� QDPHO\� GRHV HYHU\ RSHUDWRU ZKLFK LV GHQVHO\ LQWHUWZLQHG WR D UHGXFLEOH RSHUDWRU

KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH" ,Q SDUWLFXODU� GRHV HYHU\ TXDVLDrQH WUDQVIRUP RI

D QRUPDO RSHUDWRU KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH" �6HH 7KHRUHP ��� +RZHYHU� E\
XVLQJ WKH H[DPSOH ERUURZHG IURP >�@� WKH WHPSWDWLRQ TXLFNO\ IDGHV DZD\� &ODLP � GRHV
QRW KROG ZLWKRXW WKH pQLWH�GLPHQVLRQDO DVVXPSWLRQ� ,QGHHG� WKH DERYH H[DPSOH VKRZV
WKDW WKHUH H[LVWV D GHQVH OLQHDU PDQLIROG 5 ~ . � ZKLFK LV LQYDULDQW DQG WRWDOO\ F\FOLF
IRU D XQLWDU\ RSHUDWRU 8 RQ . � 7DNH DQ\ QRQWULYLDO UHGXFLQJ VXEVSDFH 0 IRU 8 �ZKRVH
H[LVWHQFH LV HQVXUHG E\ WKH VSHFWUDO WKHRUHP�� 7KXV .  0j0" DQG ERWK0 DQG0"

DUH QRQWULYLDO LQYDULDQW VXEVSDFHV IRU 8 � 6LQFH 5 LV WRWDOO\ F\FOLF IRU 8 � LW IROORZV WKDW
5?0  I�J� ,Q IDFW� LI WKHUH H[LVWHG [ � � LQ 5 ? 0� WKHQ

:
I8Q[JQy� v 0 � . VR

WKDW [ � 5 ZRXOG QRW EH F\FOLF IRU 8 � DQG KHQFH 5 ZRXOG QRW EH WRWDOO\ F\FOLF IRU 8 �
6LPLODUO\� 5?0"  I�J�
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