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$EVW U DF W � $Q HOHPHQWDU\ SURRI IRU WKH HTXLYDOHQFH RI WZR RSHQ TXHVWLRQV
IRU +LOEHUW�VSDFH RSHUDWRUV LV HVWDEOLVKHG� HYHU\ FRQWUDFWLRQ WKDW GRHV QRW
EHORQJ WR WKH FODVV & �� KDV D QRQWULYLDO LQYDULDQW VXEVSDFH LI DQG RQO\ LI
HYHU\ FRQWUDFWLRQ ZKLFK LV D TXDVLDrQH WUDQVIRUP RI D XQLWDU\ RSHUDWRU KDV
D QRQWULYLDO LQYDULDQW VXEVSDFH�

. H\ Z RU GV� +LOEHUW�VSDFH RSHUDWRUV� LQYDULDQW VXEVSDFHV� & ���FRQWUDFWLRQV�
TXDVLDrQH WUDQVIRUPV�

$0 6 6XEMHF W & O DVVLI LF DW LRQ� 3ULPDU\ ��$��� 6HFRQGDU\ ��$���

�� ,1752'8&7,21

7KURXJKRXW WKH SDSHU + DQG . ZLOO VWDQG IRU LQpQLWH�GLPHQVLRQDO FRPSOH[ VHSDUDEOH
+LOEHUW VSDFHV� /HW %>+� . @ GHQRWH WKH %DQDFK VSDFH RI DOO ERXQGHG OLQHDU
WUDQVIRUPDWLRQV IURP + LQWR . � 6HW %>+@  %>+�+@ IRU VKRUW� ,I 7 � %>+@ ZH
VKDOO VD\ WKDW 7 LV DQ RSHUDWRU RQ +� $Q RSHUDWRU RQ + LV VFDODU LI LW LV D FRPSOH[
PXOWLSOH RI WKH LGHQWLW\ RQ +� %\ D VXEVSDFH ZH PHDQ D FORVHG OLQHDU PDQLIROG� VR WKDW
WKH FORVXUH 5b RI D OLQHDU PDQLIROG 5 LV D VXEVSDFH� $ VXEVSDFH0 RI + LV QRQWULYLDO
LI I�J � 0 � +� DQG LQYDULDQW IRU 7 � %>+@ LI 7 �0� v 0� ,W LV K\SHULQYDULDQW IRU
7 LI LW LV LQYDULDQW IRU HYHU\ RSHUDWRU RQ + WKDW FRPPXWHV ZLWK 7 � /HW WKH VXEVSDFH
1 �;� v + GHQRWH WKH QXOO VSDFH �L�H� WKH NHUQHO� RI ; � %>+� . @� DQG OHW WKH OLQHDU
PDQLIROG 5�;� v . GHQRWH WKH UDQJH RI ;� 7KH IROORZLQJ HOHPHQWDU\ UHVXOW RQ
LQYDULDQW VXEVSDFH ZLOO EH QHHGHG LQ WKH VHTXHO�
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3U RSRVLW LRQ � � /HW 7 DQG / EH QRQ]HUR RSHUDWRUV RQ D +LOEHUW VSDFH +� ,I /7  2�
WKHQ 1 �/� DQG 5�7 �b DUH QRQWULYLDO LQYDULDQW VXEVSDFHV IRU ERWK 7 DQG /� ZKLFK DUH
DOVR QRQWULYLDO K\SHULQYDULDQW VXEVSDFHV IRU / DQG 7 � UHVSHFWLYHO\�

3URRI� ,I /7  2� WKHQ 5�7 � v 1 �/�� 7KXV 7 �1 �/�� v 7 �+�  5�7 � v 1 �/��
6LQFH 7 � 2� LW IROORZV WKDW 5�7 � � I�J� DQG KHQFH 1 �/� � I�J� 6LQFH / � 2�
1 �/� � +� 7KHUHIRUH 1 �/� LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU 7 � 1RZ WDNH WKH
DGMRLQW� 6LQFH 7 e/e  �/7 �e  2� /e � 2 DQG 7 e � 2� LW IROORZV WKDW 1 �7 e� LV
D QRQWULYLDO LQYDULDQW VXEVSDFH IRU /e� DQG KHQFH 5�7 �b  1 �7 e�" �WKH RUWKRJRQDO
FRPSOHPHQW RI 1 �7 e�� LV D QRQWULYLDO LQYDULDQW VXEVSDFH IRU /� )LQDOO\ UHFDOO WKDW
1 �/� DQG 5�7 �b DUH WULYLDOO\ K\SHULQYDULDQW IRU / DQG 7 � UHVSHFWLYHO\� XW

/HW 7 EH DQ RSHUDWRU RQ +� :H VKDOO VD\ WKDW 7 LV VWURQJO\ VWDEOH �GHQRWHG E\

7Q
V

b�2� LI WKH SRZHU VHTXHQFH I7Q� Q y �J FRQYHUJHV VWURQJO\ WR WKH QXOO RSHUDWRU
�L�H� LI 7Q[ � � DV Q � � IRU DOO [ � +�� %\ D FRQWUDFWLRQ ZH PHDQ DQ RSHUDWRU 7
VXFK WKDW MM7 MM x �� $ FRQWUDFWLRQ 7 LV RI FODVV & �c LI LW LV VWURQJO\ VWDEOH� DQG RI FODVV
& c� LI LWV DGMRLQW 7

e LV VWURQJO\ VWDEOH� /HW & �c DQG & c� EH WKH FODVVHV RI DOO FRQWUDFWLRQV
IRU ZKLFK 7Q[� � DQG 7 eQ[� �� UHVSHFWLYHO\� IRU HYHU\ QRQ]HUR [ � +� $ FODVVLFDO
RSHQ TXHVWLRQ LQ RSHUDWRU WKHRU\ LV�

4XHVW LRQ � � 'RHV D FRQWUDFWLRQ QRW LQ & �� KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"

$Q RSHUDWRU 7 � %>+@ LV LQWHUZLQHG WR DQ RSHUDWRU / � %>. @ LI WKHUH H[LVWV D
QRQ]HUR ; � %>+� . @ VXFK WKDW ;7  /;� ,Q VXFK D FDVH ZH VD\ WKDW ; LQWHUZLQHV
7 WR /� ; � %>+� . @ LV TXDVLLQYHUWLEOH LI LW LV LQMHFWLYH DQG KDV GHQVH UDQJH �L�H� LI
1 �;�  I�J DQG 5�;�b  . �� 7 � %>+@ LV D TXDVLDrQH WUDQVIRUP RI / � %>. @ LI
WKHUH H[LVWV D TXDVLLQYHUWLEOH ; � %>+� . @ LQWHUZLQLQJ 7 WR /�

4XHVW LRQ � � 'RHV D FRQWUDFWLRQ� ZKLFK LV D TXDVLDrQH WUDQVIRUP RI D XQLWDU\
RSHUDWRU� KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"

7KH SXUSRVH RI WKLV SDSHU LV WR VKRZ WKDW WKH DERYH TXHVWLRQV DUH HTXLYDOHQW� DQG
WR JLYH DQ HOHPHQWDU\ SURRI IRU VXFK DQ HTXLYDOHQFH� %\ CHOHPHQWDU\
 ZH PHDQ WKDW
DOO SURRIV LQ WKLV SDSHU XVH RQO\ VWDQGDUG UHVXOWV RI VLQJOH RSHUDWRU WKHRU\

�� 35(/,0,1$5,(6

/HW 7 EH D FRQWUDFWLRQ RQ D +LOEHUW VSDFH +� 7KXV I7 eQ7Q� Q y �J LV D PRQRWRQH
ERXQGHG VHTXHQFH RI VHOI�DGMRLQW RSHUDWRUV �LQ IDFW D QRQLQFUHDVLQJ VHTXHQFH RI
QRQQHJDWLYH FRQWUDFWLRQV� VR WKDW LW FRQYHUJHV VWURQJO\� 6LQFH 7 e LV D FRQWUDFWLRQ
ZKHQHYHU 7 LV� WKH VHTXHQFH I7Q7 eQ� Q y �J DOVR FRQYHUJHV VWURQJO\� +HQFH�
DVVRFLDWHG ZLWK HDFK FRQWUDFWLRQ 7 RQ +� WKHUH H[LVW RSHUDWRUV $ DQG $e RQ + ZKLFK



�

DUH WKH VWURQJ OLPLWV RI I7 eQ7Q� Q y �J DQG I7Q7 eQ� Q y �J� UHVSHFWLYHO\� $ IHZ
ZHOO�NQRZQ SURSHUWLHV RI WKH VWURQJ OLPLW $� WKDW ZLOO EH UHTXLUHG LQ WKH VHTXHO� DUH
VWDWHG EHORZ �IRU WKHVH DQG IXUWKHU SURSHUWLHV RQ WKH RSHUDWRU $ VHH H�J� >�� ���@��

��� 2 x $ x ,�

��� 7 e$7  $�

��� 1 �$�  I[ � + � 7Q[ � � DV Q � �J�

0RUHRYHU� DVVRFLDWHG ZLWK HDFK FRQWUDFWLRQ 7 RQ + WKHUH DOVR H[LVWV DQ LVRPHWU\ 9
RQ 5�$�b VXFK WKDW �VHH H�J� >�� � DQG �@�

��� $
�

�7  9 $
�

� �

$FFRUGLQJ WR SURSHUW\ ���� LW IROORZV WKDW 7 � & �c LI DQG RQO\ LI $  2 �L�H� LI DQG
RQO\ LI 1 �$�  +�� DQG 7 � & �c LI DQG RQO\ LI 1 �$�  I�J� 7KHUHIRUH

7 � & �� �� $  $e  2�

7 � & �� �� $  2 DQG 1 �$e�  I�J�

7 � & �� �� 1 �$�  I�J DQG $e  2�

7 � & �� �� 1 �$�  1 �$e�  I�J�

3U RSRVLW LRQ � � ,I D QRQVFDODU FRQWUDFWLRQ KDV QR QRQWULYLDO K\SHULQYDULDQW VXEVSDFH
�LQ SDUWLFXODU� LI D FRQWUDFWLRQ KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH�� WKHQ LW LV HLWKHU
D & ��� D & ��� RU D & ���FRQWUDFWLRQ�

3URRI� /HW 7 EH D FRQWUDFWLRQ RQ +� 3URSHUW\ ��� HQVXUHV WKDW WKH VXEVSDFH 1 �$� LV
K\SHULQYDULDQW IRU 7 � ,I I�J � 1 �$� � +� WKHQ 1 �$� LV D QRQWULYLDO K\SHULQYDULDQW
VXEVSDFH IRU 7 � 'XDOO\� LI I�J � 1 �$e� � +� WKHQ WKH VXEVSDFH 1 �$e� LV
QRQWULYLDO DQG K\SHULQYDULDQW IRU 7 e VR WKDW 1 �$e�

" LV D QRQWULYLDO K\SHULQYDULDQW
VXEVSDFH IRU 7 � 7KXV� LI D QRQVFDODU FRQWUDFWLRQ 7 KDV QR QRQWULYLDO K\SHULQYDULDQW
VXEVSDFH� WKHQ WKHUH DUH RQO\ WKUHH SRVVLELOLWLHV �VLQFH 1 �$�  1 �$e�  I�J OHDGV
WR D & ���FRQWUDFWLRQ� DQG QRQVFDODU & ���FRQWUDFWLRQV DUH TXDVLVLPLODU WR QRQVFDODU
XQLWDU\ RSHUDWRUV VR WKDW WKH\ GR KDYH D QRQWULYLDO K\SHULQYDULDQW VXEVSDFH ZKHQHYHU
GLP�+� ! � � VHH H�J� >�� SS��������@ RU >��� SS������@�� 7KH WKUHH UHPDLQLQJ FDVHV DUH�
1 �$�  1 �$e�  +� 1 �$�  + DQG 1 �$e�  I�J� RU 1 �$�  I�J DQG 1 �$e�  +�
(TXLYDOHQWO\� 7 � & ��� 7 � & ��� RU 7 � & ��� XW

4XHVWLRQ � DVNV ZKHWKHU WKH FRQFOXVLRQ LQ 3URSRVLWLRQ � FDQ EH VKDUSHQHG WR
7 � & �� LI WKH FRQWUDFWLRQ 7 KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH �L�H� ZKHWKHU D
FRQWUDFWLRQ ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH LV RI FODVV & ���� 6LQFH 7 KDV D
QRQWULYLDO LQYDULDQW �K\SHULQYDULDQW� VXEVSDFH LI DQG RQO\ LI 7 e KDV� 3URSRVLWLRQ �
OHDGV WR WKH IROORZLQJ UHIRUPXODWLRQ RI 4XHVWLRQ ��
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4XHVW LRQ � �� 'RHV D & �c�FRQWUDFWLRQ KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH"

7KLV LQ IDFW LV HTXLYDOHQW WR DVNLQJ ZKHWKHU D FRQWUDFWLRQ ZLWKRXW D QRQWULYLDO
LQYDULDQW VXEVSDFH LV RI FODVV & �c� ,Q RWKHU ZRUGV� ZKHWKHU D FRQWUDFWLRQ ZLWKRXW
D QRQWULYLDO LQYDULDQW VXEVSDFH LV VWURQJO\ VWDEOH� 7KXV 4XHVWLRQ � FDQ EH IXUWKHU
UHIRUPXODWHG DV IROORZV�

4XHVW LRQ � ��� 'RHV D FRQWUDFWLRQ 7 IRU ZKLFK $ � 2 KDYH D QRQWULYLDO LQYDULDQW
VXEVSDFH"

4XHVWLRQV �� DQG ��� KDYH EHHQ FRQVLGHUHG� IRU LQVWDQFH� LQ >�@ DQG >�@� UHVSHFWLYHO\�

/HP P D � ,I D QRQVFDODU FRQWUDFWLRQ 7 RQ + KDV QR QRQWULYLDO K\SHULQYDULDQW VXEVSDFH
�LQ SDUWLFXODU� LI D FRQWUDFWLRQ 7 RQ + KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� DQG
$ � 2� WKHQ 5�$�b  + DQG WKH LVRPHWU\ 9 � + � + LV XQLWDU\�

3URRI� 6XSSRVH D QRQVFDODU FRQWUDFWLRQ 7 RQ + KDV QR QRQWULYLDO K\SHULQYDULDQW VXE�
VSDFH� ,I $ � 2� WKHQ 3URSRVLWLRQ � HQVXUHV WKDW 7 � & ��� +HQFH 1 �$�  I�J�
(TXLYDOHQWO\� 5�$�b  + �UHFDOO� $ LV VHOI�DGMRLQW DFFRUGLQJ WR ����� 1RZ FRQVLGHU
WKH LVRPHWU\ 9 RQ + VXFK WKDW ��� KROGV� 7KXV� VLQFH 9 LV DQ LVRPHWU\ �L�H� 9 e9  ,�
WKH LGHQWLW\ RQ +�� LW IROORZV E\ SURSHUWLHV ��� DQG ��� WKDW
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�7  2� 7KHUHIRUH
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6LQFH WKH QRQ]HUR RSHUDWRU 7 KDV QR QRQWULYLDO K\SHULQYDULDQW VXEVSDFH�
3URSRVLWLRQ � HQVXUHV WKDW �, b 9 9 e�$

�

�  2� +HQFH �, b 9 9 e�  2 EHFDXVH

5�$
�

� �b  5�$�b  +� 2XWFRPH� 9 9 e  ,� ZKLFK PHDQV WKDW WKH LVRPHWU\ 9
LV DOVR D FRLVRPHWU\� (TXLYDOHQWO\� 9 LV XQLWDU\� XW

�� &21&/86,21

$QRWKHU FODVVLFDO RSHQ TXHVWLRQ LQ RSHUDWRU WKHRU\ LV� GRHV D TXDVLDrQH WUDQVIRUP
RI D QRUPDO RSHUDWRU KDYH D QRQWULYLDO LQYDULDQW VXEVSDFH" �6HH H�J� >�� S����@��
4XHVWLRQ � LV D SDUWLFXODU FDVH RI LW� 5HFDOO WKDW D XQLWDU\ RSHUDWRU LV SUHFLVHO\ D
QRUPDO LVRPHWU\� DQG WKDW DQ LVRPHWU\ LV D & �c�FRQWUDFWLRQ� 7KXV 4XHVWLRQV �� DQG �
FDQ EH JHQHUDOL]HG DV IROORZV�
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4XHVW LRQ � � 'RHV D FRQWUDFWLRQ� ZKLFK LV LQWHUZLQHG WR & �c�FRQWUDFWLRQ� KDYH D
QRQWULYLDO LQYDULDQW VXEVSDFH"

7 KHRU HP � 4XHVWLRQV �� � DQG � DUH SDLUZLVH HTXLYDOHQW�

3URRI� r ,I 4XHVWLRQ � KDV D QHJDWLYH DQVZHU� WKHQ WKHUH H[LVWV D FRQWUDFWLRQ 7 LQ %>+@
ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH� D & �c�FRQWUDFWLRQ 8 LQ %>. @� DQG D QRQ]HUR
; LQ %>+� . @ VXFK WKDW ;7  8;� $ WULYLDO LQGXFWLRQ VKRZV WKDW ;7Q  8Q; IRU
HYHU\ LQWHJHU Q y �� 6LQFH 5�;� � I�J� WKHUH H[LVWV D QRQ]HUR [ � + VXFK WKDW
;[ � �� +HQFH ;7Q[  8Q;[� � DV Q � � �IRU 8 � & �c�� VR WKDW 7Q[� � DV
Q � �� 7KHUHIRUH 7 LV QRW VWURQJO\ VWDEOH� ZKLFK PHDQV WKDW $ � 2� 6XPPLQJ XS�
7 LV D FRQWUDFWLRQ ZLWKRXW D QRQWULYLDO LQYDULDQW VXEVSDFH IRU ZKLFK $ � 2� 7KXV
4XHVWLRQ ��� KDV D QHJDWLYH DQVZHU� (TXLYDOHQWO\� D SRVLWLYH DQVZHU WR 4XHVWLRQ �
OHDGV WR D SRVLWLYH DQVZHU WR 4XHVWLRQ ��

r $ SRVLWLYH DQVZHU WR 4XHVWLRQ � WDXWRORJLFDOO\ OHDGV WR D SRVLWLYH DQVZHU WR
4XHVWLRQ ��

r ,I 4XHVWLRQ ��� KDV D QHJDWLYH DQVZHU� WKHQ WKHUH H[LVWV D FRQWUDFWLRQ 7 RQ +�
ZLWK $ � 2� ZKLFK KDV QR QRQWULYLDO LQYDULDQW VXEVSDFH� 7KHUHIRUH WKH DERYH OHPPD
HQVXUHV WKDW 5�$�b  + �L�H� 1 �$�  I�J� IRU $ LV VHOI�DGMRLQW� DQG $

�

�7  9 $
�

� �
ZKHUH 9 LV D XQLWDU\ RSHUDWRU RQ +� +HQFH 7 LV D FRQWUDFWLRQ� ZLWKRXW D QRQWULYLDO
LQYDULDQW VXEVSDFH� ZKLFK LV D TXDVLDrQH WUDQVIRUP RI D XQLWDU\ RSHUDWRU� 7KXV
4XHVWLRQ � KDV D QHJDWLYH DQVZHU� (TXLYDOHQWO\� D SRVLWLYH DQVZHU WR 4XHVWLRQ �
OHDGV WR D SRVLWLYH DQVZHU WR 4XHVWLRQ �� XW

5HP DU N � 1RWH WKDW WKH DERYH WKHRUHP VWLOO KROGV LI ?FRQWUDFWLRQ� LV UHSODFHG
E\ ?QRQVFDODU FRQWUDFWLRQ� DQG ?LQYDULDQW VXEVSDFH� LV FKDQJHG WR ?K\SHULQYDULDQW
VXEVSDFH� LQ 4XHVWLRQV �� � DQG ��

$FNQRZOHGJHPHQWV� 5HVHDUFK VXSSRUWHG LQ SDUW E\ &13T �%UD]LOLDQ 1DWLRQDO
5HVHDUFK &RXQFLO��

5()(5(1&(6

�� &� $SRVWRO� 4XDVLWULDQJXODULW\ LQ +LOEHUW VSDFH� ,QGLDQD 8QLY� 0DWK� -� ��

������ ���^����

�� (� 'XUV]W� &RQWUDFWLRQV DV UHVWULFWHG VKLIWV� $FWD 6FL� 0DWK� �� ������ ���^����

�� 3�$� )LOOPRUH� 1RWHV LQ 2SHUDWRU 7KHRU\ �9DQ 1RVWUDQG� 1HZ <RUN� ������

�� /� .wHUFK\� ,QYDULDQW VXEVSDFHV RI &�c�FRQWUDFWLRQV ZLWK QRQ�UHGXFWLYH XQLWDU\
H[WHQVLRQV� %XOO� /RQGRQ 0DWK� 6RF� �� ������ ���^����
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�� &�6� .XEUXVO\ DQG 3�&�0� 9LHLUD� 6WURQJ VWDELOLW\ IRU FRK\SRQRUPDO RSHUDWRUV�
-� 2SHUDWRU 7KHRU\� �� ������ ���^����

�� &�6� .XEUXVO\� 3�&�0� 9LHLUD DQG '�2� 3LQWR� $ GHFRPSRVLWLRQ IRU D FODVV RI
FRQWUDFWLRQV� $GYDQ� 0DWK� 6FL� $SSO� � ������ ���^����

�� 9� 3WwDN DQG 3� 9UERYwD� $Q DEVWUDFW PRGHO IRU FRPSUHVVLRQV� &DVRSLV 3HVW� 0DWH�

��� ������ ���^����

�� +� 5DGMDYL DQG 3� 5RVHQWKDO� ,QYDULDQW 6XEVSDFHV �6SULQJHU� 1HZ <RUN� ������

�� %� 6]��1DJ\ DQG &� )RLDV� 6XU OHV FRQWUDFWLRQV GH O
HVSDFH GH +LOEHUW ,9� $FWD
6FL� 0DWK� �� ������ ���^����

��� %� 6]��1DJ\ DQG &� )RLDV� +DUPRQLF $QDO\VLV RI 2SHUDWRUV RQ +LOEHUW 6SDFHV

�1RUWK�+ROODQG� $PVWHUGDP� ������

&DWKROLF 8QLYHUVLW\ � 38&�5-� DQG
1DWLRQDO /DERUDWRU\ IRU 6FLHQWLpF &RPSXWDWLRQ � /1&&
��������� 5LR GH -DQHLUR %UD]LO
(�PDLO� FDUORV#DOSKD�OQFF�EU


