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$EVWUDFW� $ +LOEHUW�VSDFH FRQWUDFWLRQ 7 LV WKH GLUHFW VXP RI D VWURQJO\ VWDEOH
FRQWUDFWLRQ DQG DQ LVRPHWU\ ZKHQHYHU WKH VWURQJ OLPLW RI I7 eQ7Q� Q y �J LV
D SURMHFWLRQ� 7KLV LV WKH FDVH IRU DQ\ FRPSDFW� TXDVLQRUPDO RU FRK\SRQRUPDO
FRQWUDFWLRQ� 6XFK D GHFRPSRVLWLRQ OHDGV WR D VLPSOH SURRI WKDW D FRQWUDFWLRQ
ZLWK QR SURSHU LQYDULDQW VXEVSDFH LV RI FODVV & �� > & �� > & ���
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/HW 7 EH DQ RSHUDWRU RQ D +LOEHUW VSDFH + �L�H� D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI
D VHSDUDEOH FRPSOH[ +LOEHUW VSDFH + LQWR LWVHOI�� %\ D VXEVSDFH RI + ZH PHDQ D FORVHG
OLQHDU PDQLIROG RI LW� 1 �7 � ZLOO GHQRWH WKH QXOO VXEVSDFH �L�H� WKH NHUQHO� RI 7 � $ VWURQJO\
VWDEOH RSHUDWRU 7 LV RQH ZKRVH SRZHU VHTXHQFH I7Q� Q y �J FRQYHUJHV VWURQJO\ WR 2

�L�H� 7Q V
b�2�� 5HFDOO WKDW D VWURQJO\ VWDEOH RSHUDWRU LV QRW QHFHVVDULO\ D FRQWUDFWLRQ

�LQGHHG QRW HYHQ QHFHVVDULO\ VLPLODU WR D FRQWUDFWLRQ � FI� >�@�� /HW & �� EH WKH FODVV RI
DOO VWURQJO\ VWDEOH FRQWUDFWLRQV ZKRVH DGMRLQW DOVR LV VWURQJO\ VWDEOH� 7KH FODVV RI DOO
VWURQJO\ VWDEOH FRQWUDFWLRQV 7 IRU ZKLFK WKH DGMRLQW 7 e LV VXFK WKDW 7 eQ[ �� � IRU HYHU\
QRQ]HUR [ � + LV GHQRWHG E\ & ��� 6LPLODUO\ & �� GHQRWHV WKH FODVV RI DOO FRQWUDFWLRQV
7 ZKRVH DGMRLQW LV VWURQJO\ VWDEOH DQG 7Q[ �� � IRU HYHU\ QRQ]HUR [ � +� ,I 7 LV D
FRQWUDFWLRQ �L�H� MM7 MM x �� WKHQ I7 eQ7Q� Q y �J LV D QRQLQFUHDVLQJ QRQQHJDWLYH VHTXHQFH
RI FRQWUDFWLRQV� WKXV VWURQJO\ FRQYHUJHQW� /HW WKH RSHUDWRU $ RQ + EH LWV VWURQJ OLPLW�
6LQFH 7 e LV D FRQWUDFWLRQ ZKHQHYHU 7 LV� OHW WKH RSHUDWRU $e RQ + EH WKH VWURQJ OLPLW RI
I7Q7 eQ� Q y �J�

6XFK VWURQJ OLPLWV $ DQG $e KDYH SOD\HG DQ LPSRUWDQW UROH LQ WKH WKHRU\ RI FRPSOHWHO\
QRQXQLWDU\ FRQWUDFWLRQV �L�H� WKRVH FRQWUDFWLRQV WKDW KDYH QR XQLWDU\ GLUHFW VXPPDQG�
HTXLYDOHQWO\� WKRVH FRQWUDFWLRQ 7 IRU ZKLFK 1 �, b $� ? 1 �, b $e�  I�J ^ VHH H�J� >�@��
)RU LQVWDQFH� WKHVH KDYH EHHQ LQYHVWLJDWHG E\ 'XUV]W >�@ DQG 3WwDN DQG 9UERYwD >�@ WRZDUGV

 6XSSRUWHG LQ SDUW E\ &13T�
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D JHQHUDOL]DWLRQ RI 5RWD
V PRGHO WHFKQLTXH >��@ �ZKLFK LQ IDFW LV DSSOLHG WR VWURQJO\ VWDEOH
FRQWUDFWLRQV� WR FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQV� 7KH SXUSRVH RI WKH SUHVHQW SDSHU LV
WR SXVK IRUZDUG VXFK DQ LQYHVWLJDWLRQ RQ WKH RSHUDWRUV $ DQG $e� ,Q SDUWLFXODU� ZH VKDOO
HVWDEOLVK D GHFRPSRVLWLRQ IRU FRQWUDFWLRQV 7 IRU ZKLFK $ DQG $e DUH SURMHFWLRQV� )LUVW ZH
UHFDOO WKH IROORZLQJ IHZ ZHOO�NQRZQ SURSHUWLHV WKDW ZLOO EH UHTXLUHG LQ WKH VHTXHO �FI� >�@�
>�@ DQG >�@��

��� 2 x $ x ,�

��� MM7Q[MM � MM$
�

�[MM DV Q � � IRU DOO [ � + �L�H� 7 eQ7Q V
b�$ y 2��

��� MM$
�

�7Q[MM  MM$
�

�[MM IRU DOO [ � + DQG HYHU\ Q y � �L�H� 7 eQ$7Q  $ y 2��

��� MM$7Q[MM � MM$
�

�[MM DV Q � � IRU DOO [ � + �VLQFH �, b$�7Q V
b�2��

��� 1 �$�  I[ � + � 7Q[ � �J�

��� 1 �, b$�  I[ � + � MM7Q[MM  MM[MM �Q y �J�

3URSHUWLHV ��� DQG ��� HQVXUH WKDW WKH VXEVSDFHV 1 �$� DQG 1 �, b $� DUH LQYDULDQW
XQGHU 7 � $OVR QRWH IURP ��� WKDW D FRQWUDFWLRQ 7 LV VWURQJO\ VWDEOH LI DQG RQO\ LI $  2� VR
WKDW D FRQWUDFWLRQ 7 LV RI FODVV & �� LI DQG RQO\ LI $  $e  2� 6LPLODUO\� WKH FODVVHV & �� DQG
& �� FRPSULVH WKRVH FRQWUDFWLRQV 7 IRU ZKLFK HLWKHU $  2 DQG 1 �$e�  I�J� RU $e  2
DQG 1 �$�  I�J� UHVSHFWLYHO\� $FFRUGLQJ WR ��� $ LV LGHPSRWHQW �L�H� $  $�� LI DQG
RQO\ LI LW LV D SURMHFWLRQ �L�H� DQ RUWKRJRQDO SURMHFWLRQ�� 0RUHRYHU LW LV UHDGO\ YHULpHG IURP
��� DQG ��� WKDW MM$MM  � ZKHQHYHU $ � 2� ZKLFK LV D SURSHUW\ RI SURMHFWLRQV� +RZHYHU
$ PD\ QRW EH LGHPSRWHQW IRU DQ DUELWUDU\ FRQWUDFWLRQ 7 �H�J� IRU +  C� DQG 7  

VKLIW�N
�

� �N � ��
�

�  �N � ��� N y �� LW IROORZV WKDW $  GLDJ�N N � �� N y ��� VR WKDW
1 �$ b $�� PD\ HYHQ EH QXOO �� ,QGHHG $ ZLOO EH D SURMHFWLRQ LI DQG RQO\ LI LW FRPPXWHV
ZLWK 7 � 6XFK DQ HTXLYDOHQFH LV LQ IDFW DQ LPPHGLDWH FRUROODU\ WR WKH IROORZLQJ OHPPD�

/HP P D � � 1 �$ b $�� LV WKH ODUJHVW VXEVSDFH RI + WKDW LV FRQWDLQHG LQ 1 �$7 b 7$�
DQG LV LQYDULDQW IRU 7 �

3U RRI � 7DNH DQ DUELWUDU\ FRQWUDFWLRQ 7 � )LUVW QRWH WKDW

�MM$7Q[MM b MM$[MM�� x MM$7Q[b 7Q$[MM� x MM$7Q[MM� b MM$[MM�

IRU DOO [ � + DQG HYHU\ Q y � �WKH VHFRQG LQHTXDOLW\ FRPHV IURP ����� 1H[W UHFDOO WKDW

MM�$b$��
�

�[MM�  MM$
�

�[MM� b MM$[MM�

DQG� E\ XVLQJ SURSHUW\ ��� DJDLQ� IRU HYHU\ Q y �

MM$[MM x MM$7Q[MM x MM$
�

�7Q[MM  MM$
�

�[MM�

IRU DOO [ � +� 6LQFH 1 �$b$��  1 ��$b$��
�

� � WKH DERYH WKUHH UHVXOWV DQG SURSHUW\ ���
HQVXUH WKDW
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1 �$b$��  I[ � + � MM$
�

�[MM  MM$[MMJ  I[ � + � MM$7Q[MM  MM$[MM �Q y �J

 I[ � + � $7Q[  7Q$[ �Q y �J v 1 �$7 b 7$��

DQG DOVR WKDW 1 �$b$�� LV LQYDULDQW IRU 7 � 1RZ OHW 0 EH D VXEVSDFH RI +� FRQWDLQHG LQ
1 �$7 b7$� DQG LQYDULDQW IRU 7 � 7DNH [ � 0 DUELWUDU\� ,W LV UHDGLO\ YHULpHG E\ LQGXFWLRQ
WKDW 7Q$[  $7Q[ IRU HYHU\ Q y �� 7KXV [ � 1 �$ b $��� 7KHUHIRUH 0 v 1 �$ b $���
XW

7KH QH[W OHPPD H[KLEWV DQ LQYDULDQW VXEVSDFH GHFRPSRVLWLRQ IRU WKH LQYDULDQW VXE�
VSDFH 1 �$ b $��� 7KLV ZLOO EH RXU VWDUWLQJ SRLQW IRU HVWDEOLVKLQJ D GHFRPSRVLWLRQ IRU
FRQWUDFWLRQV ZLWK 1 �$b$��  +�

/HP P D � � 1 �$b$��  1 �$�j 1 �, b$��

3U RRI � 6LQFH 1 �$� > 1 �, b $� v 1 �$ b $��� DQG VLQFH 1 �$�"1 �, b $� �IRU $ LV
VHOI�DGMRLQW�� LW IROORZV WKDW 1 �$� j 1 �, b $� v 1 �$ b $��� 2Q WKH RWKHU KDQG� VLQFH
1 �$ b $�� LV LQYDULDQW XQGHU WKH VHOI�DGMRLQW DGMRLQW RSHUDWRU $ LW UHGXFHV $� 7KXV
$  $� j$�� ZLWK $�  $M1 �$b$�� DQG $�  $M1 �$b$�� " � 1RWH WKDW $� LV D SURMHFWLRQ

RQ 1 �$ b $�� �IRU 2 x $� DQG $�  $�
��� +HQFH 1 �$ b $��  1 �$�� j 1 �$��

"  
1 �$�� j 1 �, b $��� +RZHYHU 1 �$�� v 1 �$� DQG 1 �, b $�� v 1 �, b $�� VR WKDW
1 �$��j 1 �, b$�� v 1 �$�j 1 �, b$�� 7KHUHIRUH 1 �$b$�� v 1 �$�j 1 �, b$�� XW
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5HFDOO WKDW� IRU DQ DUELWUDU\ FRQWUDFWLRQ 7 � WKH 1DJ\�)RLDV�/DQJHU GHFRPSRVLWLRQ �FI�
>��� S�����@� VD\V WKDW 7  & j 8 ZKHUH & LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ DQG 8
LV XQLWDU\� $ SDUWLFXODU FDVH RI LW LV REWDLQHG ZKHQ 7 LV DQ LVRPHWU\ OHDGLQJ WR WKH YRQ
1HXPDQQ�:ROG GHFRPSRVLWLRQ IRU LVRPHWULHV� ZKLFK VD\V WKDW 7  6� j 8 ZKHUH 6� LV
D XQLODWHUDO VKLIW� :H VKDOO QRZ IRFXV RQ DQ LQWHUPHGLDWH VLWXDWLRQ� $ FRQWUDFWLRQ LV DQ
LVRPHWU\ LI DQG RQO\ LI $  , �FI� SURSHUW\ ����� /HW XV UHOD[ WKLV D OLWWOH E\ DVNLQJ RQO\
WKDW $ �DQG�RU $e� EH D SURMHFWLRQ�

/HW 7 EH D FRQWUDFWLRQ DQG OHW $ DQG $e EH VXFK WKDW 7
eQ7Q V

b�$ DQG 7Q7 eQ V
b�$e�

7KH IROORZLQJ LPSOLFDWLRQV DUH WULYLDOO\ YHULpHG� �L� ,I 7  *j6� j8 � ZKHUH* LV D VWURQJO\
VWDEOH FRQWUDFWLRQ� 6� LV D XQLODWHUDO VKLIW DQG 8 LV XQLWDU\� WKHQ $  $�� 0RUHRYHU� �LL� LI
*  % j 6b� ZKHUH % LV D & �� FRQWUDFWLRQ DQG 6b LV D EDFNZDUG XQLODWHUDO VKLIW �L�H� WKH
DGMRLQW RI D XQLODWHUDO VKLIW�� WKHQ $  $� DQG $e  $�

e� )XUWKHUPRUH� �LLL� LI 7  % j 8
WKHQ $  $e� 7KH QH[W WKHRUHP DQG WKH IROORZLQJ FRUROODU\ HVWDEOLVK WKH FRQYHUVHV �LW LV
RI FRXUVH XQGHUVWRRG WKDW DQ\ RI WKH GLUHFW VXPPDQGV LQ WKH GHFRPSRVLWLRQV EHORZ PD\
EH PLVVLQJ��

7 KHRU HP � /HW 7 EH D FRQWUDFWLRQ RQ +� ,I $  $� WKHQ

7  *j 9�
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ZKHUH * � 7 M1 �$� LV D VWURQJO\ VWDEOH FRQWUDFWLRQ DQG 9 � 7 M1 �,b$� LV DQ LVRPHWU\�

0RUHRYHU� WKH YRQ 1HXPDQQ�:ROG GHFRPSRVLWLRQ IRU WKH LVRPHWU\ 9 �

9  6� j 8�

LV VXFK WKDW WKH XQLODWHUDO VKLIW 6� LV HTXDO WR 7 M1 �,b$�? 1 �$e� DQG WKH XQLWDU\ RSHUDWRU 8
LV HTXDO WR 7 M1 �,b$� ? 1 �,b$e�� )XUWKHUPRUH� LI $  $� DQG $e  $�

e WKHQ

*  % j 6b�

ZKHUH % � 7 M1 �$�? 1 �$e� LV D & �� FRQWUDFWLRQ DQG 6b � 7 M1 �$� ? 1 �,b$e� LV D EDFNZDUG

XQLODWHUDO VKLIW�

3U RRI � 6XSSRVH + � I�J WR DYRLG WULYLDOLWLHV� ,I $  $� WKHQ /HPPD � HQVXUHV WKDW
+  1 �$�j 1 �, b$�� 6LQFH 1 �$� DQG 1 �, b$� DUH FOHDUO\ LQYDULDQW XQGHU 7 �FI� ���
DQG ���� WKH\ UHGXFH 7 � 7KXV ZH JHW WKH �RUWKRJRQDO GLUHFW VXP� GHFRPSRVLWLRQ

7  *j 9

RQ +  1 �$� j 1 �, b $�� ZKHUH * � 7 M 1 �$� LV D VWURQJO\ VWDEOH FRQWUDFWLRQ DQG
9 � 7 M1 �,b$� LV DQ LVRPHWU\� DFFRUGLQJ WR ��� DQG ���� UHVSHFWLYHO\� +RZHYHU� E\ 1DJ\�
)RLDV�/DQJHU GHFRPSRVLWLRQ IRU FRQWUDFWLRQV �FI� >��� S�����@��

9  6� j 8

RQ 1 �, b $�  . " j . � ZKHUH 6� � 9 M . " LV D FRPSOHWHO\ QRQXQLWDU\ LVRPHWU\ �ZKLFK
PHDQV D SXUH LVRPHWU\� RU HTXLYDOHQWO\ D XQLODWHUDO VKLIW � VHH H�J� >�� S���@� DQG 8 � 9 M .
LV XQLWDU\� ZLWK

. �  I[ � 1 �, b$� � MM9 Q[MM  MM9 eQ[MM  MM[MM �Q y �J

 I[ � 1 �, b$� � MM9 eQ[MM  MM[MM �Q y �J

 I[ � 1 �, b$� � MM7 eQ[MM  MM[MM �Q y �J

 1 �, b$� ? 1 �, b$e�

�VLQFH 7  * j 9 RQ +  1 �$� j 1 �, b $� � FI� ����� 7KXV 9 M .  7 M1 �,b$�? 1 �,b$e��

1RZ QRWH WKDW . "  1 �, b $� k . v 1 �$e� v 1 �$� j . " �VLQFH 7 e  *e j 6e
� j 8e

RQ +  1 �$�j . " j . DQG 6eQ
�

V
b�2 � FI� ����� +HQFH 1 �, b$�? 1 �$e� v 1 �, b$�?

�1 �$�j . "�  . " v 1 �, b$� ? 1 �$e�� 7KHUHIRUH

. "  1 �, b$� ? 1 �$e�

DQG KHQFH 9 M. "  7 M1 �,b$�? 1 �$e�� 1H[W VXSSRVH 1 �$� � I�J �RWKHUZLVH WKH UHPDLQJ
UHVXOWV DUH WULYLDO� DQG OHW $�

e RQ 1 �$� EH WKH VWURQJ OLPLW RI I*Q*eQ� Q y �J VR WKDW
$e  $�

e j 2 j , DQG �, b $e�  �, b $�
e� j , j 2 RQ +  1 �$� j . " j . � 7KXV

1 �$e�  1 �$�
e�j . " v 1 �$�j . " VR WKDW

1 �$�
e�  1 �$e� ? 1 �$��
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DQG 1 �, b$e�  1 �, b$�
e�j . v 1 �$�j . VR WKDW

1 �, b$�
e�  1 �, b$e� ? 1 �$��

,I �LQ DGGLWLRQ WR $  $�� $e  $�
e WKHQ $�

e  $
� �
e � +HQFH 1 �$�  1 �$�

e� j 1 �, b $�
e�

E\ /HPPD �� 6LQFH 1 �$�
e� DQG 1 �, b $�

e� DUH LQYDULDQW XQGHU *
e �FI� ��� DQG ���� WKH\

DUH UHGXFLQJ VXEVSDFHV IRU *e� DQG VR DUH WKH\ IRU *� 7KXV ZH JHW WKH GHFRPSRVLWLRQ

*  % j 6b

RQ 1 �$�  1 �$�
e� j 1 �, b $�

e�� ZKHUH % � *M1 �$ �
e
�  7 M 1 �$e�? 1 �$� DQG 6b � 

*M1 �,b$ �
e
�  7 M1 �,b$e�? 1 �$�� VR WKDW % LV D & �� FRQWUDFWLRQ DQG 6b LV D VWURQJO\ VWDEOH

FRLVRPHWU\ �FI� ��� DQG ��� RQFH DJDLQ�� 7KXV 6b LV D FRPSOHWHO\ QRQXQLWDU\ FRLVRPHWU\�
DQG KHQFH LWV DGMRLQW LV D FRPSOHWHO\ QRQXQLWDU\ LVRPHWU\ �L�H� D XQLODWHUDO VKLIW�� XW

3U RSRVLW LRQ� ,I $  $e WKHQ $  $��

3U RRI � ,I $  $e WKHQ �FI� SURSHUW\ ���� $  7 eQ$7Q  7 eQ$e7
Q  7 eQ7Q$e7

eQ7Q

IRU HYHU\ Q y �� 7KXV $  $� �VLQFH 7 eQ7Q V
b�$� VR WKDW $�  $�� 7KHUHIRUH $� LV D

SURMHFWLRQ �IRU 2 x $�� DQG KHQFH $  �$��
�

�  �$��
�

�  $�� XW

& RU RO O DU \ � � ,I $  $e WKHQ

7  % j 8�

ZKHUH % � 7 M1 �$� LV D & �� FRQWUDFWLRQ DQG 8 � 7 M1 �,b$� LV XQLWDU\�

3U RRI � $SSO\ WKH DERYH SURSRVLWLRQ WR WKH SUHFHGLQJ WKHRUHP� XW

�� (;$03/(6

,Q WKLV VHFWLRQ ZH VKDOO H[KLELW VRPH FODVVHV RI FRQWUDFWLRQV IRU ZKLFK WKH VWURQJ OLPLW
$ LV D SURMHFWLRQ� 7KHVH LQFOXGH FRPSDFW� TXDVLQRUPDO DQG FRK\SRQRUPDO FRQWUDFWLRQV�

([DP SO H � � ,I D FRQWUDFWLRQ 7 LV FRPSDFW WKHQ $  $e�

3U RRI � ,I 7 LV D FRQWUDFWLRQ WKHQ 7  % j 8 � ZKHUH % LV D FRPSOHWHO\ QRQXQLWDU\
FRQWUDFWLRQ DQG 8 LV XQLWDU\ �WKLV LV WKH ZHOO�NQRZQ 1DJ\�)RLDV�/DQJHU GHFRPSRVLWLRQ
IRU FRQWUDFWLRQV DOUHDG\ XVHG LQ WKH WKHRUHP
V SURRI�� +RZHYHU D FRPSOHWHO\ QRQXQLWDU\

FRQWUDFWLRQ LV ZHDNO\ VWDEOH �L�H� %Q Z
b�2 � VHH H�J� >�@�� 7KHUHIRUH� LI 7 LV FRPSDFW� WKHQ

% LV FRPSDFW DQG ZHDNO\ VWDEOH VR WKDW LW LV LQ IDFW XQLIRUPO\ VWDEOH �L�H� %Q X
b�2 � VHH

H�J� >�@�� 7KXV % LV D & �� FRQWUDFWLRQ DQG KHQFH $  $e� XW

5HFDOO WKDW DQ RSHUDWRU 7 LV TXDVLQRUPDO LI LW FRPPXWHV ZLWK 7 e7 � VXEQRUPDO LI LW
KDV D QRUPDO H[WHQVLRQ �L�H� LI LW LV WKH UHVWULFWLRQ RI D QRUPDO RSHUDWRU WR DQ LQYDULDQW
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VXEVSDFH�� K\SRQRUPDO LI 77 e x 7 e7 � DQG QRUPDORLG LI LWV VSHFWUDO UDGLXV LV HTXDO WR LWV
QRUP �L�H� U�7 �  MM7 MM�� 7KHVH FODVVHV DUH UHODWHG DV IROORZV �VHH H�J� >�� FK�,,@��

1RUPDO ~ 4XDVLQRUPDO ~ 6XEQRUPDO ~ +\SRQRUPDO ~ 1RUPDORLG�

([DP SO H � � ,I 7 LV D K\SRQRUPDO FRQWUDFWLRQ WKHQ $�
e  $e x $�

3U RRI � /HW 7 EH D FRQWUDFWLRQ� $SSO\LQJ 1DJ\�)RLDV�/DQJHU GHFRPSRVLWLRQ RQFH DJDLQ
ZH JHW 7  &j8 � ZKHUH & LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ DQG 8 LV XQLWDU\� 5HFDOO
WKDW WKH UHVWULFWLRQ RI D K\SRQRUPDO RSHUDWRU WR DQ LQYDULDQW VXEVSDFH LV K\SRQRUPDO DV
ZHOO �VHH H�J� >�� S���@�� 7KXV & LV D FRPSOHWHO\ QRQXQLWDU\ K\SRQRUPDO FRQWUDFWLRQ DQG

KHQFH &e LV VWURQJO\ VWDEOH �FI� >�@� >�@�� (TXLYDOHQWO\ &Q&eQ V
b�2� 7KHUHIRUH 7Q7 eQ  

&Q&eQ j 8Q8eQ V
b�2 j ,  $e VR WKDW $e  $�

e �IRU D GLUHFW SURRI RI VXFK LGHPSRWHQF\

VHH >�@�� 0RUHRYHU 7 eQ7Q  &eQ&Q j 8eQ8Q V
b�$� j ,  $� ZKHUH $� LV WKH VWURQJ OLPLW

RI I&eQ&Q� Q y �J� VR WKDW 2 x $� j2  $b$e� XW

([DP SO H � � ,I 7 LV D TXDVLQRUPDO FRQWUDFWLRQ WKHQ $�
e  $e x $  $��

3U RRI � ,W LV UHDGLO\ YHULpHG E\ LQGXFWLRQ WKDW 77 eQ7Q  7 eQ7Q7 IRU HYHU\ Q y �
ZKHQHYHU 7 LV D TXDVLQRUPDO RSHUDWRU� 7KXV� LI D TXDVLQRUPDO RSHUDWRU 7 LV D FRQWUDFWLRQ
WKHQ 7$  $7 E\ WKH YHU\ GHpQLWLRQ RI $� +HQFH $  $� DFFRUGLQJ WR /HPPD �� 6LQFH
D TXDVLQRUPDO RSHUDWRU LV K\SRQRUPDO� $�

e  $e x $ E\ WKH SUHYLRXV H[DPSOH� XW

([DP SO H � � ,I 7 LV D QRUPDO FRQWUDFWLRQ WKHQ $  $e�

3U RRI � 5HFDOO WKDW 7 eQ7Q  7Q7 eQ IRU HYHU\ Q y � ZKHQHYHU 7 LV D QRUPDO RSHUDWRU�XW

,W LV ZRUWK QRWLFLQJ WKDW K\SRQRUPDOLW\� TXDVLQRUPDOLW\ DQG QRUPDOLW\ LQ ([DPSOHV �
WR � FDQQRW EH ZHDNHQHG WR QRUPDORLGQHVV� VXEQRUPDOLW\ DQG TXDVLQRUPDOLW\� UHVSHFWLYHO\�
7KDW QRUPDOLW\ FDQQRW EH UHOD[HG WR TXDVLQRUPDOLW\ LQ ([DPSOH � LV WULYLDO� D XQLODWHUDO
VKLIW LV D TXDVLQRUPDO FRQWUDFWLRQ IRU ZKLFK $  , DQG $e  2� 7R YHULI\ WKDW TXDVLQRU�
PDOLW\ FDQQRW EH ZHDNHQHG WR VXEQRUPDOLW\ LQ ([DPSOH � FRQVLGHU WKH IROORZLQJ XQLODWHUDO
ZHLJKWHG VKLIW RQ C�

7  VKLIW �o� �� �� c c c�� o � ��� ���

7KLV LV D VXEQRUPDO �VHH H�J� >�� S���@� FRQWUDFWLRQ IRU ZKLFK $ LV D GLDJRQDO RQ C��

$  GLDJ �o�� �� �� c c c��

VR WKDW $ � $� �LQGHHG 2  $e  $�
e � $� x $�� 1RZ E\ VHWWLQJ /  7 j 7 e ZH JHW D

QRUPDORLG FRQWUDFWLRQ VXFK WKDW /eQ/Q V
b�$�  $ j 2 DQG /Q/eQ V

b�$�
e  2 j $� DQG
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KHQFH $� � $
� � DQG $�

e � $
� �
e � 7KXV K\SRQRUPDOLW\ FDQQRW EH ZHDNHQHG WR QRUPDORLGQHVV

LQ ([DPSOH �� 7KH GLDJUDP EHORZ VXPPDUL]HV WKH DERYH GLVFXVVLRQ�

�$e  $� � �$�
e  $e x $  $�� � c c c � �$�
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1RUPDO � 4XDVLQRUPDO � 6XEQRUPDO � +\SRQRUPDO � 1RUPDORLG

4XHVW LRQ� ,V WKHUH D SURSHUW\ LQYROYLQJ WKH RSHUDWRUV $e DQG $ WKDW KROGV IRU DQ\
VXEQRUPDO FRQWUDFWLRQ EXW QRW IRU HYHU\ K\SRQRUPDO FRQWUDFWLRQ" ,Q RWKHU ZRUGV� LV WKHUH
D SURSHUW\ LQYROYLQJ WKH RSHUDWRUV $e DQG $ WKDW pOOV WKH JDS LQ WKH DERYH GLDJUDP"

�� $ ),1$/ 5(0$5.

,W KDV EHHQ HVWDEOLVKHG E\ 6]��1DJ\ DQG )RLDV >��@ WKDW D FRQWUDFWLRQ 7 ZLWK $ � 2
DQG $e � 2 KDV D SURSHU LQYDULDQW VXEVSDFH� $SRVWRO SRLQWHG RXW LQ >�@ WKDW LW ZDV
XQNQRZQ ZKHWKHU 7 KDV D SURSHU LQYDULDQW VXEVSDFH LI $ � 2� DQG SURYHG WKDW WKLV ZDV
WKH FDVH IRU D QRQFRTXDVLWULDQJXODU FRQWUDFWLRQ� %\ WKH VDPH WLPH 3XWQDP >�@ SURYHG
WKDW WKLV DOVR ZDV WKH FDVH IRU D FRK\SRQRUPDO FRQWUDFWLRQ� DQG ODWHU >�@ KH VKRZHG WKDW D
FRK\SRQRUPDO FRQWUDFWLRQ ZLWK $ � 2 KDV LQ IDFW D XQLWDU\ GLUHFW VXPPDQG� $SSDUHQWO\
LW VWLOO UHPDLQV XQNQRZQ ZKHWKHU D FRQWUDFWLRQ ZLWK QR SURSHU LQYDULDQW VXEVSDFH LV RI
FODVV & ��� +RZHYHU WKH SUHFHGLQJ WKHRUHP OHDGV WR WKH IROORZLQJ FODVVLpFDWLRQ WKDW \LHOGV
DQ HOHPHQWDU\ QHZ SURRI IRU WKH DERYH PHQWLRQHG UHVXOW RI >��@�

& RU RO O DU \ � � ,I D FRQWUDFWLRQ KDV QR SURSHU LQYDULDQW VXEVSDFH WKHQ LW LV HLWKHU D & ���
D & �� RU D & �� FRQWUDFWLRQ�

3U RRI � /HW 7 EH D FRQWUDFWLRQ RQ +� ,I I�J � 1 �$ b $�� � +� WKHQ 1 �$ b $�� LV
D SURSHU LQYDULDQW VXEVSDFH IRU 7 �FI� /HPPD ��� 6LPLODUO\� LI I�J � 1 �$e b $�

e� � +�
WKHQ 1 �$e b$�

e� LV D SURSHU LQYDULDQW VXEVSDFH IRU 7
e VR WKDW 1 �$e b$�

e�
" LV D SURSHU

LQYDULDQW VXEVSDFH IRU 7 � 7KXV� LI 7 KDV QR SURSHU LQYDULDQW VXEVSDFH� WKHQ WKHUH DUH RQO\
IRXU DGPLVVLEOH FDVHV�

�L� 1 �$b$��  I�J DQG 1 �$e b$�
e�  I�J�

�LL� 1 �$b$��  I�J DQG 1 �$e b$�
e�  +�

�LLL� 1 �$b$��  + DQG 1 �$e b$�
e�  I�J�

�LY� 1 �$b$��  + DQG 1 �$e b$�
e�  +�

&DVH �L� LQ IDFW LV LPSRVVLEOH� ,W DFWXDOO\ OHDGV WR 1 �$�  1 �$e�  I�J DFFRUGLQJ WR
/HPPD �� (TXLYDOHQWO\� 7 LV D & �� FRQWUDFWLRQ� DQG & �� FRQWUDFWLRQV DUH TXDVL�VLPLODU WR
XQLWDU\ RSHUDWRUV VR WKDW WKH\ KDYH SURSHU LQYDULDQW VXEVSDFHV �FI� >��� SS������@�� ,I
1 �$e b $�

e�  + WKHQ 7 e  *� D VWURQJO\ VWDEOH FRQWUDFWLRQ� E\ WKH SUHFHGLQJ WKHRUHP
�UHDVRQ� 7 e KDV QR SURSHU LQYDULDQW VXEVSDFH DQG KHQFH QR VKLIW DV D GLUHFW VXPPDQG��
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,I 1 �$b $��  I�J WKHQ /HPPD � VD\V WKDW 1 �$�  I�J� 7KHUHIRUH FDVH �LL� OHDGV WR D
& �� FRQWUDFWLRQ� 6LPLODUO\ FDVH �LLL� OHDGV WR D & �� FRQWUDFWLRQ� )LQDOO\� LI 1 �$ b $��  
1 �$e b $�

e�  +� WKHQ 7  % j 6b j 6� j 8 E\ WKH SUHYLRXV WKHRUHP� +HQFH 7  %�
ZKLFK LV RI FODVV & ��� VLQFH 6b� 6� DQG 8 FOHDUO\ KDYH SURSHU LQYDULDQW VXEVSDFHV� 7KXV
FDVH �LY� OHDGV WR D & �� FRQWUDFWLRQ� XW

5()(5(1&(6

�� &� $SRVWRO� 4XDVLWULDQJXODULW\ LQ +LOEHUW VSDFH� ,QGLDQD 8QLY� 0DWK� -� �� ������
���^����

�� -�%� &RQZD\� 7KH 7KHRU\ RI 6XEQRUPDO 2SHUDWRUV �$PHULFDQ 0DWKHPDWLFDO 6RFLHW\�
3URYLGHQFH� ������

�� (� 'XUV]W� &RQWUDFWLRQ DV UHVWULFWHG VKLIWV� $FWD 6FL� 0DWK� �� ������ ���^����

�� &�6� .XEUXVO\� 6WURQJ VWDELOLW\ GRHV QRW LPSO\ VLPLODULW\ WR D FRQWUDFWLRQ� 6\VW� &RQ�

WURO /HWW� �� ������ ���^����

�� &�6� .XEUXVO\� 6LPLODULW\ WR FRQWUDFWLRQV DQG ZHDN VWDELOLW\� $GYDQ� 0DWK� 6FL� $SSO�

� ������ ��������

�� &�6� .XEUXVO\ DQG 3�&�0� 9LHLUD� 6WURQJ VWDELOLW\ IRU FRK\SRQRUPDO RSHUDWRUV� -�
2SHUDWRU 7KHRU\ �� ������ ���^����

�� 9� 3WwDN DQG 3� 9UERYwD� $Q DEVWUDFW PRGHO IRU FRPSUHVVLRQV� &DVRSLV 3HVW� 0DWH�

��� ������ ���^����

�� &�5� 3XWQDP� 5HVROYHQW YHFWRUV� LQYDULDQW VXEVSDFHV� DQG VHWV RI ]HUR FDSDFLW\� 0DWK�

$QQ� ��� ������ ���^����

�� &�5� 3XWQDP� +\SRQRUPDO FRQWUDFWLRQV DQG VWURQJ SRZHU FRQYHUJHQFH� 3DFLpF -�

0DWK� �� ������ ���^����

��� *��&� 5RWD� 2Q PRGHOV IRU OLQHDU RSHUDWRUV� &RPP� 3XUH $SSO� 0DWK� �� ������
���^����

��� %� 6]��1DJ\ DQG &� )RLDV� 6XU OHV FRQWUDFWLRQV GH O
HVSDFH GH +LOEHUW ,;� )DFWRULVDWLRQV
GH OD IRQFWLRQ FDUDFWHULVWLTXH� 6RXV�HVSDFHV LQYDULDQWV� $FWD 6FL� 0DWK� �� ������
���^����

��� %� 6]��1DJ\ DQG &� )RLDV� +DUPRQLF $QDO\VLV RI 2SHUDWRUV RQ +LOEHUW 6SDFH �1RUWK�
+ROODQG� $PVWHUGDP� ������

& D UOR V 6� . XEUXVO\ 3D XOR & H VD U 0 � 9 LH LUD ' H QLVH 2� 3LQWR

& D WKR OLF 8 QLY H UVLW\ �38 & � 5-� 1 D W� /D E� IR U 6F LH QWLpF & D WKR OLF 8 QLY H UVLW\ �38 & � 5-�

� � � � � �� � � � 5LR GH -D QH LUR � %UD ] LO� & R PSXWD WLR Q � /1 & & � � � � � � �� � � � 5LR GH -D QH LUR �

D QG 1 D W� /D E� IR U 6F LH QWLpF � � � � � �� � � � 5LR GH -D QH LUR � %UD ] LO�

& R PSXWD WLR Q � /1 & & � %UD ] LO�

� � � � � �� � � � 5LR GH -D QH LUR � %UD ] LO�


