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$EVWUDFW � ,Q WKLV SDSHU ZH FRQVLGHU WKH FODVV RI LQpQLWH�GLPHQVLRQDO
GLVFUHWH�WLPH OLQHDU V\VWHPV ZLWK PXOWLSOLFDWLYH UDQGRP GLVWXUEDQFHV �L�H�
ZLWK VWDWHV PXOWLSOLHG E\ D UDQGRP VHTXHQFH�� DOVR NQRZQ DV VWRFKDVWLF EL�
OLQHDU V\VWHPV� :H REWDLQ QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV� LQ WHUPV RI
DQ DOJHEUDLF 5LFFDWL�OLNH RSHUDWRU HTXDWLRQ� IRU H[LVWHQFH RI D VWDWH�IHHGEDFN
FRQWUROOHU WKDW VWDELOL]HV WKH V\VWHP DQG HQVXUHV WKDW WKH LQqXHQFH RI WKH
DGGLWLYH GLVWXUEDQFH RQ WKH RXWSXW LV VPDOOHU WKDQ VRPH SUH VSHFLpHG ERXQG�
,Q D GHWHUPLQLVWLF IUDPHZRUN WKLV SUREOHP LV HTXLYDOHQW WR WKH +� �FRQWURO
SUREOHP LQ D VWDWH�VSDFH IRUPXODWLRQ� 2XU UHVXOWV� ZKHQ VSHFLDOL]HG WR WKH
FDVH ZLWK QR PXOWLSOLFDWLYH UDQGRP GLVWXUEDQFH� UHGXFHV WR WKH RQHV NQRZQ
IRU WKH GHWHUPLQLVWLF FDVH� 'XH WR WKH LQWULQVLF SUREDELOLVWLF QDWXUH RI WKH
VWRFKDVWLF ELOLQHDU PRGHO �WKH PXOWLSOLFDWLYH QRLVH DFWLQJ RQ WKH VWDWH RI WKH
V\VWHP PDNHV LW D VWRFKDVWLF SURFHVV� UHJDUGOHVV WKH DGGLWLYH GLVWXUEDQFH�
D SUREDELOLVWLF IUDPHZRUN IRU WKH DIRUHPHQWLRQHG SUREOHP KDG WR EH GHYHO�
RSHG� OHDGLQJ WR D VWRFKDVWLF +� �FRQWURO SUREOHP�

.H\ :RUGV � GLVFUHWH VWRFKDVWLF ELOLQHDU V\VWHPV� LQpQLWH�GLPHQVLRQDO V\V�
WHPV� RSHUDWRU WKHRU\� +� �FRQWURO�

$06 �026� 6XEMHFW &ODVVLpFDWLRQ� ��1��� ��%��� ��&��� ��&���


 7KLV UHVHDUFK ZDV VXSSRUWHG LQ SDUW E\ &13T �%UD]LOLDQ 1DWLRQDO 5H�
VHDUFK &RXQFLO� DQG )$3(63 �5HVHDUFK &RXQFLO RI WKH 6WDWH RI 6aDR 3DXOR��



�� ,QWURGXFWLRQ

$ JUHDW GHDO RI DWWHQWLRQ KDV EHHQ JLYHQ RYHU WKH SDVW WZR GHFDGHV WR
WKH DQDO\VLV RI OLQHDU V\VWHPV FRQWDLQLQJ PXOWLSOLFDWLYH UDQGRP GLVWXUEDQFHV
�L�H� ZLWK VWDWHV PXOWLSOLHG E\ D UDQGRP VHTXHQFH�� DOVR FDOOHG VWRFKDVWLF
ELOLQHDU V\VWHPV� PRWLYDWHG� DW OHDVW SDUWO\� E\ YDULRXV DUHDV RI DSSOLFD�
WLRQ� )RU H[DPSOH� SRSXODWLRQ PRGHOV� QXFOHDU pVVLRQ DQG KHDW WUDQVIHU�
LPPXQRORJ\� HWF �>��@�� 6HYHUDO DVSHFWV UHJDUGLQJ VWUXFWXUDO SURSHUWLHV RI
VXFK PRGHOV� LQ GLVFUHWH DQG FRQWLQXRXV WLPH� pQLWH DQG LQpQLWH GLPHQVLRQDO�
KDYH EHHQ LQYHVWLJDWHG LQ FXUUHQW OLWHUDWXUH ZKHUH IXQGDPHQWDO TXHVWLRQV DV
ZHOO DV SUDFWLFDO DQG WKHRUHWLFDO PRWLYDWLRQV IRU FRQVLGHULQJ VXFK D VSHFLDO
FODVV RI V\VWHPV FDQ EH IRXQG �H�J� VHH >�@�>�@�>��@�>��@�>��@� >��@�>��@�>��@ � IRU
IXUWKHU UHIHUHQFHV VHH >��@��

'XULQJ WKH SDVW GHFDGH D JUHDW QXPEHU RI SDSHUV KDYH EHHQ SXEOLVKHG
RQ +� ��VXE�RSWLPDO FRQWURO� VLQFH WKH SLRQHHULQJ ZRUN E\ =DPHV >��@� $Q
HDUO\ DFFRXQW RI WKH GHYHORSPHQWV LQ +� � FRQWURO WKHRU\ FDQ EH IRXQG LQ
>�@� $OWKRXJK WKH +� �FRQWURO SUREOHP ZDV RULJLQDOO\ IRUPXODWHG LQ WKH
IUHTXHQF\ GRPDLQ� D JUHDW GHDO RI DWWHQWLRQ KDV UHFHQWO\ EHHQ JLYHQ WR
WLPH�GRPDLQ PHWKRGV EDVHG RQ DOJHEUDLF 5LFFDWL HTXDWLRQV �>�@�>�@�>��@�>��@��
7KH GHYHORSPHQW RI WKH G\QDPLF�JDPH WKHRUHWLF DSSURDFK WR ZRUVW�FDVH GH�
VLJQ� DV DQ DOWHUQDWLYH WR IUHTXHQF\�GRPDLQ +� �WHFKQLTXHV >��@� SURYLGHG
D VROXWLRQ WR WKH SUREOHP RI GLVWXUEDQFH DWWHQXDWLRQ IRU D EURDGHU FODVV RI
V\VWHPV� 7KLV DSSURDFK KDV EHHQ XVHG IRU +� �FRQWURO LQ LQpQLWH KRUL]RQ
WLPH�LQYDULDQW OLQHDU V\VWHPV RI pQLWH DQG LQpQLWH GLPHQVLRQV� pQLWH KRUL�
]RQ WLPH�YDU\LQJ OLQHDU V\VWHPV� DQG QRQOLQHDU V\VWHPV �>�@�>�@�>�@�>��@�>��@��
7KXV WKH +� �FRQWURO SUREOHP LQ LWV HTXLYDOHQW VWDWH�VSDFH IRUPXODWLRQ FDQ
EH YLHZHG DV D PLQLPD[ RSWLPL]DWLRQ SUREOHP ZKHUH WKH FRQWUROOHU LV WKH
PLQLPL]LQJ SOD\HU DQG WKH GLVWXUEDQFH WKH PD[LPL]LQJ SOD\HU�

7KH SUREOHP ZH VKDOO FRQVLGHU LQ WKLV SDSHU LV WR GHULYH QHFHVVDU\ DQG
VXrFLHQW FRQGLWLRQV IRU H[LVWHQFH RI D VWDWH IHHGEDFN FRQWUROOHU WKDW VWDEL�
OL]HV D GLVFUHWH�WLPH LQpQLWH�GLPHQVLRQDO VWRFKDVWLF ELOLQHDU V\VWHP DQG HQ�
VXUHV WKDW WKH LQqXHQFH RI WKH DGGLWLYH GLVWXUEDQFH RQ WKH RXWSXW LV VPDOOHU
WKDQ VRPH ERXQG� ,I WKH PRGHO KDG QR PXOWLSOLFDWLYH QRLVH� WKDW LV� LI ZH
FRQVLGHUHG WKH GHWHUPLQLVWLF FDVH� WKHQ WKLV SUREOHP ZRXOG EH WKH XVXDO+� �
FRQWURO SUREOHP IRU GLVFUHWH�WLPH OLQHDU V\VWHPV LQ D VWDWH�VSDFH DSSURDFK�
DQG QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQV IRU WKH DIRUHPHQWLRQHG SUREOHP LQ
WHUPV RI DOJHEUDLF 5LFFDWL HTXDWLRQV FDQ EH IRXQG� IRU LQVWDQFH� LQ >��@�
7KHUHIRUH� WKH UHDVRQ IRU FDOOLQJ WKH SUREOHP FRQVLGHUHG KHUH DV D VWRFKDV�
WLF +� �FRQWURO SUREOHP LV WZRIROG�

,� 7KH PXOWLSOLFDWLYH QRLVH DFWLQJ RQ WKH VWDWH RI WKH V\VWHP PDNHV RXU
SUREOHP LQWULQVLFDOO\ D SUREDELOLVWLF RQH� VLQFH WKH VWDWH RI WKH V\VWHP LV D
VWRFKDVWLF SURFHVV� UHJDUGOHVV WKH DGGLWLYH GLVWXUEDQFH�

,,� :KHQ UHVWULFWHG WR WKH GHWHUPLQLVWLF FDVH� WKDW LV� LI WKH PRGHO KDV
QR PXOWLSOLFDWLYH UDQGRP GLVWXUEDQFH� RXU SUREOHP UHGXFHV WR WKH XVXDO
+� �FRQWURO SUREOHP LQ D VWDWH�VSDFH DSSURDFK�



2I FRXUVH� WKH VWRFKDVWLF SUREOHP SRVHG DERYH FDQ RQO\ EH GHpQHG LQ D
VWDWH�VSDFH IRUPXODWLRQ� VLQFH LW ZRXOG QRW EH SRVVLEOH WR VHW D OLQN EHWZHHQ
WKH VWDWH�VSDFH GRPDLQ DQG IUHTXHQF\ GRPDLQ LQ WKLV FDVH�

:H DSSO\ D JDPH WKHRUHWLF DSSURDFK WR DQDO\]H WKH XQGHUO\LQJ SUREOHP
DQG REWDLQ D VROXWLRQ LQ WHUPV RI DQ DOJHEUDLF 5LFFDWL�OLNH RSHUDWRU HTXDWLRQ�
ZKLFK JHQHUDOL]HV NQRZQ UHVXOWV IRU WKH OLQHDU FDVH �FI� >��@�� ,QGHHG� WKH
DOJHEUDLF 5LFFDWL�OLNH RSHUDWRU SUHVHQWHG LQ 6HFWLRQ � FRQWDLQV VRPH H[WUD
WHUPV� ZKLFK DUH IXQFWLRQ RI WKH FRUUHODWLRQ �6� DQG H[SHFWHG YDOXH �V�
RI WKH PXOWLSOLFDWLYH QRLVH� QRW IRXQG LQ WKH GHWHUPLQLVWLF FDVH� :KHQ ZH
VSHFLDOL]H WKH UHVXOW WR WKH FDVH ZLWK QR PXOWLSOLFDWLYH UDQGRP GLVWXUEDQFH
�V  � DQG 6  ��� WKHVH H[WUD WHUPV JR WR ]HUR DQG WKH UHVXOWLQJ DOJHEUDLF
5LFFDWL�OLNH RSHUDWRU UHGXFHV WR WKH XVXDO RQH IRU +� �FRQWURO�

'XH WR WKH LQWULQVLF SUREDELOLVWLF QDWXUH RI WKH PRGHO VWDWH� DGGLWLYH
VWRFKDVWLF LQSXWV KDYH WR EH FRQVLGHUHG� ,QGHHG� WKH +� �FRQWURO SUREOHP
ZDV RULJLQDOO\ GHpQHG IRU WKH OLQHDU FDVH RQ D GHWHUPLQLVWLF IUDPHZRUN� VLQFH
D ZRUVW �GLVWXUEDQFH��FDVH FRQWUROOHU ZDV EHLQJ GHVLJQHG DQG WKHUHIRUH WKHUH
ZDV QRWKLQJ WR JDLQ LQ FRQVLGHULQJ VWRFKDVWLF GLVWXUEDQFHV� ,Q IDFW LW KDV
EHHQ VKRZQ IRU WKH OLQHDU FDVH �FI� >�@�>�@�>��@�>��@� WKDW WKH ?PD[LPL]LQJ�
GLVWXUEDQFH RI WKH PLQLPD[ SUREOHP LV LQ WKH IRUP RI D VWDWH�IHHGEDFN� D UH�
VXOW WKDW ZLOO DOVR KROG IRU WKH ELOLQHDU VWRFKDVWLF FDVH �VHH H�J�� ���� 5HPDUN
� DQG SURRI RI /HPPD � EHORZ�� +RZHYHU� VLQFH WKH VWDWH RI WKH ELOLQHDU
PRGHO XQGHU FRQVLGHUDWLRQ LV D VWRFKDVWLF SURFHVV� DGGLWLYH VWRFKDVWLF LQSXWV
DUH QDWXUDOO\ LQFOXGHG DPRQJ WKH SRVVLEOH ?PD[LPL]LQJ� GLVWXUEDQFH� 7KLV
UHDVRQLQJ DOVR H[SODLQV WKH PDLQ GLoHUHQFH EHWZHHQ WKH UHVXOWV SUHVHQWHG
LQ WKLV SDSHU DQG WKRVH LQ >�@� ZKHUH DQ RSWLPL]DWLRQ FULWHULRQ VLPLODU WR
WKH RQH LQ SUREOHP 23 �6HFWLRQ � EHORZ� ZDV FRQVLGHUHG EXW WKH DGGLWLYH
LQSXW VHTXHQFHV ZHUH DVVXPHG WR EH ]HUR�PHDQ DQG LQGHSHQGHQW RI WKH SDVW
VWDWHV� WKXV H[FOXGLQJ VWDWH�IHHGEDFN DV SRVVLEOH ?PD[LPL]LQJ� DGGLWLYH LQ�
SXW GLVWXUEDQFH� 7KHVH DVVXPSWLRQV FRQVLGHUDEO\ VLPSOLpHG WKH SUREOHP
DQG DQ H[DFW VROXWLRQ WR SUREOHP 23 �LQVWHDG RI 623� YLD WKH DOJHEUDLF
5LFFDWL�OLNH RSHUDWRU HTXDWLRQ ZDV REWDLQHG LQ >�@�

7KH SUHVHQW ZRUN LV RUJDQL]HG LQ WKH IROORZLQJ ZD\� 6HFWLRQ � SUHVHQWV
WKH QRWDWLRQ� ERUURZHG IURP WKH GLVFUHWH�WLPH VWRFKDVWLF ELOLQHDU V\VWHP
OLWHUDWXUH� ,W LV QRW QHFHVVDULO\ VWDQGDUG� DV IDU DV WKH +� OLWHUDWXUH LV
FRQFHUQHG� EXW QHFHVVDU\ IRU SXUVXLQJ WKH SURSRVHG DSSURDFK� 7KH PRGHO
XQGHU FRQVLGHUDWLRQ LV GHVFULEHG LQ 6HFWLRQ �� DQG VRPH VWDELOLW\ UHVXOWV
WKDW ZLOO EH UHTXLUHG LQ WKH VHTXHO DUH SUHVHQWHG LQ 6HFWLRQ �� 7KH PDLQ
WKHRUHP LV VWDWHG LQ 6HFWLRQ �� ZKHUH D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ
IRU WKH VROXWLRQ WR D VWRFKDVWLF +� �FRQWURO SUREOHP LV IRUPXODWHG LQ WHUPV
RI D VROXWLRQ WR DQ DOJHEUDLF 5LFFDWL�OLNH RSHUDWRU HTXDWLRQ� DQG PLUURUV LWV
OLQHDU FRXQWHUSDUW �FI� >��@�� ,QGHHG WKH +� �FRQWURO RI GLVFUHWH�WLPH OLQ�
HDU V\VWHPV OHDGV WR VRPH H[WUD LQYHUWLELOLW\ FRQGLWLRQV QRW IRXQG LQ WKH
FRQWLQXRXV�WLPH FDVH DQG WKLV LV DOVR WKH FDVH IRU WKH GLVFUHWH�WLPH ELOLQHDU
VWRFKDVWLF PRGHOV WKURXJK FRQGLWLRQ �L� RI WKH 7KHRUHP �6HFWLRQ � EHORZ��
&RQGLWLRQ �LL� LV WKH DOJHEUDLF 5LFFDWL�OLNH RSHUDWRU HTXDWLRQ DQG FRQGLWLRQ



�LLL� DVVXUHV VWDELOLW\ RI WKH FORVHG ORRS V\VWHP DV ZHOO DV WKH VWULFW LQHTXDOLW\
LQ SUREOHP 623 �VHH 3URSRVLWLRQ � DQG 5HPDUN � EHORZ�� 7KH SURRI RI VXI�
pFLHQF\ LV HVWDEOLVKHG LQ 6HFWLRQ � ZKLOH QHFHVVLW\ LV SUHVHQWHG LQ 6HFWLRQ ��
2XU DQDO\VLV UHOLHV RQ WKH SURSHUWLHV RI WKH RSHUDWRUV ) DQG ) � �VHH 6HFWLRQ
�� HVWDEOLVKHG LQ >�@ DQG >��@� 7KH VWUXFWXUH RI SURRIV LV HVVHQWLDOO\ EDVHG RQ
WKH DSSURDFK RI >��@�>��@ EXW PDQ\ WHFKQLTXHV XVHG LQ GHWHUPLQLVWLF OLQHDU
V\VWHPV GR QRW JHQHUDOL]H WR RXU FDVH� ,Q SDUWLFXODU� WKH VROXWLRQV WR PLQL�
PD[ SUREOHPV LQ WKH SURRI RI QHFHVVLW\ UHTXLUH D UHVXOW GXH WR <DNXERYLFK
�3URSRVLWLRQ � EHORZ� VLQFH� XQOLNH WKH OLQHDU FDVH� DQ H[SOLFLW FKDUDFWHUL]D�
WLRQ RI VROXWLRQV WR WKHVH SUREOHPV DUH QRW HDVLO\ REWDLQHG� $OVR D WUXQFDWLRQ
RI WKH PLQLPD[ SUREOHP LV UHTXLUHG LQ WKH VWRFKDVWLF FDVH� 7KH FRQVWUXFWLRQ
RI WKH SUREDELOLW\ VSDFHV ZLWK WKH LQGHSHQGHQFH SURSHUWLHV DVVXPHG LQ WKH
SDSHU LV SUHVHQWHG LQ WKH $SSHQGL[�

�� 1RWDWLRQ

/HW ; DQG ; � EH %DQDFK VSDFHV DQG GHQRWH E\ %>;�; �@ WKH %DQDFK
VSDFH RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI ; LQWR ; �� )RU VLPSOLFLW\
ZH VHW %>;@  %>;�;@ DQG GHQRWH E\ *>;@ WKH JURXS RI DOO LQYHUWLEOH
RSHUDWRUV IURP %>;@� 7KH QRUPV LQ ;� ; � DQG WKH LQGXFHG XQLIRUP QRUP
LQ %>;�; �@ ZLOO DOO EH GHQRWHG E\ N c N� DQG U�c� ZLOO VWDQG IRU WKH VSHFWUDO
UDGLXV LQ WKH %DQDFK DOJHEUD %>;@� )RU DQ\ QRQWULYLDO FRPSOH[ +LOEHUW
VSDFH +� ZH VKDOO GHQRWH E\ Kc� cL WKH LQQHU SURGXFW LQ +� �Kc� cL+ � ZLWK
QRUP N c N+ � LI +� LV D SUREDELOLVWLF VSDFH� DQG DQ XSSHU VWDU

e ZLOO VWDQG
IRU DGMRLQW DV XVXDO� /HW % � >+�@  I7 � %>+�@� 7 y �J EH WKH ZHDNO\
FORVHG FRQYH[ FRQH RI DOO VHOI�DGMRLQW QRQQHJDWLYH RSHUDWRUV LQ %>+�@ DQG
GHpQH * � >+�@  % � >+�@ ? *>+�@� /HW +� EH VHSDUDEOH DQG %� >+�@ WKH
FODVV RI DOO FRPSDFW RSHUDWRUV IURP %>+�@� ,I 7 � %� >+�@� OHW IyN� N y �J
EH WKH QRQLQFUHDVLQJ QRQQHJDWLYH QXOO VHTXHQFH PDGH XS RI DOO HLJHQYDOXHV
RI �7 e7 �� � � %� >+�@� HDFK RI WKHP FRXQWHG DFFRUGLQJ WR LWV PXOWLSOLFLW\
DQG VHW N7N�  

3�
N  � yN� /HW %�>+�@  I7 � %� >+�@� N7N� � �J

GHQRWH WKH FODVV RI DOO QXFOHDU RSHUDWRUV IURP %>+�@ DQG VHW % �
� >+�@  

%�>+�@?% � >+�@� N c N� LV D QRUP LQ %�>+�@ DQG �%�>+�@� N c N�� LV D %DQDFK
VSDFH� 7KH WUDFH RI 7 � %�>+�@ LV GHpQHG DV WU�7 �  

3�
N  �K7HN� HNL� ZKLFK

GRHV QRW GHSHQG RQ WKH FKRLFH RI WKH RUWKRQRUPDO EDVLV IHN� N y �J IRU +��
MWU�7 �M x WU�7 e7 �� �  N7N�� VR WKDW WU�c� � %�>+�@� &, LV D ERXQGHG OLQHDU
IXQFWLRQDO� )RU I� J � +�� OHW I r J � %�>+�@ EH GHpQHG DV �I rJ�K  KK� JLI
IRU DOO K � +�� VR WKDW �I r I� � % �

� >+�@� 6HW O��+��  
/�

N  � +�� WKH
GLUHFW VXP RI FRXQWDEO\ LQpQLWH FRSLHV RI +�� ZKLFK LV D +LOEHUW VSDFH PDGH
XS RI DOO VHTXHQFHV I[N � +�� N y ��

3�
N  � N[NN

� � �J� /HW �n�h� z�
EH D SUREDELOLW\ VSDFH� ZKHUH h LV D ��pHOG RI VXEVHWV RI D QRQHPSW\ VHW
n DQG z D SUREDELOLW\ PHDVXUH RQ h� /HW +�  /��n�h� z�+�� GHQRWH
WKH +LOEHUW VSDFH RI DOO VHFRQG RUGHU +��YDOXHG UDQGRP YDULDEOHV ZLWK LQQHU
SURGXFW JLYHQ E\ K[� \L+ �  (�K[� \L� IRU DOO [� \ � +� ZKHUH ( VWDQGV IRU WKH



H[SHFWDWLRQ RI WKH XQGHUO\LQJ VFDODU YDOXHG UDQGRP YDULDEOHV� $FFRUGLQJO\�
WKH QRUP RI [ � +� LV JLYHQ E\ N[N+ �  �(�N[N���� �� )RU DQ\ [� \ � +��
WKH H[SHFWDWLRQ DQG FRUUHODWLRQ RSHUDWRUV ZLOO EH GHQRWHG E\ ([ � +� DQG
(�[r \� � %�>+�@ UHVSHFWLYHO\ �FI� >��@�� ,W LV HDV\ WR YHULI\ WKDW (�[ r[� �
% �

� >+�@ DQG K[� \L+ �  WU�(�[ r \��� )LQDOO\ IRU DQ\ IDPLO\ I[w � +�� w �
j � �J VHW ,I[ � � w� jJ  I\ � +�� \ LV LQGHSHQGHQW RI I[w � +�� w � jJJ�
,Q SDUWLFXODU IRU DQ\ [ � +�� ,[  I\ � +�� \ LV LQGHSHQGHQW RI [J�

�� 'HVFULSWLRQ RI WKH 0RGHO

7KURXJKRXW WKLV SDSHU +� + �� + �� DQG + ��� ZLOO VWDQG IRU VHSDUDEOH
FRPSOH[ +LOEHUW VSDFHV� 6HW +  /��n�h� z�+�� +�  /��n�h� z�+ ����
+��  /��n�h� z�+ ��� DQG +���  /��n�h� z�+ ����� ZKHUH �n�h� z� LV
WKH XQGHUO\LQJ SUREDELOLW\ VSDFH� :H DVVXPH WKDW IZL � +� L y �J LV D
VWDWLRQDU\ LQGHSHQGHQW UDQGRP VHTXHQFH ZLWK H[SHFWHG YDOXH DQG FRUUH�
ODWLRQ RSHUDWRU GHQRWHG E\ V � + DQG 6 � % �

� >+@ UHVSHFWLYHO\� DQG VHW
&  �6 b V r V� � % �

� >+@� :H DVVXPH WKDW ; ~ O��+�� ; Q ~
/Q

N  �+�
9 ~ O��+

��� 9 Q ~
/Q

N  �+
�� 8 ~ O��+

���� 8 Q ~
/Q

N  �+
��� = ~ O��+

�����
DQG =Q ~

/Q
N  �+

��� DUH +LOEHUW VSDFHV ZLWK WKH IROORZLQJ SURSHUW\� ,I
[  �[�� [�� ���� � ; � [Q  �[�� [�� ���� [Q� � ; Q� Y  �Y�� Y�� ���� � 9 �
YQ  �Y�� Y�� ���� YQ� � 9 Q� X  �X�� X�� ���� � 8 � XQ  �X�� X�� ���� XQ� �
8 Q� ]  �]�� ]�� ���� � =� DQG ]Q  �]�� ]�� ���� ]Q� � =Q� WKHQ ZM �
,I[ � �����[ � �Y � �����Y � ��X � �����X � �] � �����] � �Z � �����Z ����� J IRU DOO M y L� 1RWLFH WKDW LI
Y  �Y�� Y�� ���� � 9 WKHQ YL PD\ QRW EH LQGHSHQGHQW RI SDVW VWDWHV [N�
N x L� DQG WKLV LV D FUXFLDO GLoHUHQFH EHWZHHQ WKH DSSURDFK RI WKLV SDSHU
DQG WKH RQH LQ >�@� ,Q WKH $SSHQGL[ ZH VKRZ KRZ RQH FRXOG FRQVWUXFW D
SUREDELOLW\ VSDFH �n�h� z� DQG ; � ; Q� 9 � 9 Q� 8 � 8 Q� =� =Q� ZKLFK OHDG WR
WKH DERYH SURSHUWLHV�

&RQVLGHU D GLVFUHWH WLPH ELOLQHDU V\VWHP LQ D VWRFKDVWLF HQYLURQPHQW�
ZKRVH PRGHO LV JLYHQ E\ WKH IROORZLQJ LQpQLWH�GLPHQVLRQDO GLoHUHQFH HTXD�
WLRQ�

[L� �  

�
$� �

�;

N  �

$NKZL� HNL

�
[L �%XL �'YL� [� � ; � ���

ZKHUH Y  �Y�� Y�� ���� � 9 � X  �X�� X�� ���� � 8 � $� � %>+@� I$N �
%>+@� N y �J LV D ERXQGHG VHTXHQFH� ' � %>+ �� +@� % � %>+ ���+@ DQG
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ZLWK z WKH XQLTXH SUREDELOLW\ PHDVXUH GHpQHG RQ h ZLWK WKH SURSHUW\ VHHQ
DERYH� 7KLV GHpQHV WKH SUREDELOLW\ VSDFH �n�h� z� RI VHFWLRQ �� &RQVLGHU
Z � z+  /�� zn� zh� zz�+� DQG GHpQH WKH VWDWLRQDU\ VHTXHQFH RI UDQGRP
YDULDEOHV IZL � +� L y �J �VHH QRWDWLRQ LQ VHFWLRQ �� DV IROORZV� IRU
�  �z��� z��� ���� � n� VHW ZL���  Z�z�L� ��� L y �� ,Q WKLV ZD\� LW LV UHDGLO\
YHULpDEOH WKDW IZL� L y �J LV DQ LQGHSHQGHQW VWDWLRQDU\ UDQGRP VHTXHQFH�
'HpQH ; ~ O��+� LQ WKH IROORZLQJ ZD\� [  �[�� [�� ���� EHORQJV WR ; LI
[ � O��+� �L�H� [L � +� L y �� DQG N[N�O � �+ �  
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HDFK L y �� [L � /��n�hL� z�+�� :H KDYH WKDW ; LV D FORVHG OLQHDU VXEVSDFH
RI O��+� DQG WKHUHIRUH D +LOEHUW VSDFH� ,Q D VLPLODU ZD\ ZH GHpQH WKH +LOEHUW
VSDFHV 9 ~ O��+��� 8 ~ O��+��� DQG = ~ O��+���� E\ UHSODFLQJ + DQG + LQ
WKH GHpQLWLRQ RI ; E\ + � DQG+�� + �� DQG+��� DQG+ ��� DQG+��� UHVSHFWLYHO\�
)URP WKHVH GHpQLWLRQV LW LV HDV\ WR YHULI\ WKDW WKH LQGHSHQGHQFH SURSHUWLHV



RI VHFWLRQ � DUH VDWLVpHG� )LQDOO\ ZH VD\ WKDW [Q  �[�� [�� ���� [Q� � ; Q LI
[L � /��n�hL� z�+� IRU HDFK L  �� �� ���� Q� 7KH GHpQLWLRQV RI 9 Q� 8 Q DQG
=Q DUH PDGH LQ D VLPLODU ZD\� $JDLQ LW LV HDV\ WR YHULI\ IURP WKH DERYH
FRQVWUXFWLRQ WKH LQGHSHQGHQFH SURSHUWLHV RI VHFWLRQ ��
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