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7KH QRWLRQ RI RSHUDWRU VWDELOLW\ LV OLQNHG WR D GLVFUHWH� WLPH�LQYDULDQW� IUHH� OLQHDU
G\QDPLFDO V\VWHP PRGHOOHG E\ WKH DXWRQRPRXV KRPRJHQHRXV GLoHUHQFH HTXDWLRQ�

[ r�s�t  7[ r � Q  �� �� �� � � � � �����

ZLWK WKH LQLWLDO FRQGLWLRQ [ u  [ � &� ZKHUH & LV D QRUPHG VSDFH� [ LV D YHFWRU LQ
&DQG 7 LV D ERXQGHG OLQHDU RSHUDWRU RQ &� ZKRVH VROXWLRQ LV JLYHQ E\ WKH IRUPXOD

[ r  7
r
[� Q  �� �� �� � � � �

7KH DERYH GLVFUHWH V\VWHP LV DV\PSWRWLFDOO\ VWDEOH LI I7
r
[J vr�w�t FRQYHUJHV WR ]HUR

IRU HYHU\ LQLWLDO FRQGLWLRQ [� 2I FRXUVH� WKH PHDQLQJ RI WKH WHUP ?FRQYHUJHQFH�
GHSHQGV RQ WKH WRSRORJ\ ZLWK ZKLFK & LV HTXLSSHG� )RU D JLYHQ RSHUDWRU 7 � WKH
RSHUDWRU�YDOXHG SRZHU VHTXHQFH I7

r
J vr�w�t RI 7 PD\ FRQYHUJH WR ]HUR� LQ WKH VHQVH

WKDW WKH &�YDOXHG VHTXHQFH I7 r [J vr�w�t FRQYHUJHV WR ]HUR IRU HYHU\ [� HLWKHU LQ WKH
ZHDN RU QRUP WRSRORJ\ RI &� RU LQ WKH XQLIRUP QRUP WRSRORJ\ RI WKH FRUUHVSRQGLQJ
RSHUDWRU VSDFH� JLYLQJ ULVH WR WKH QRWLRQV RI ZHDN� VWURQJ� DQG XQLIRUP VWDELOLW\ IRU
WKH RSHUDWRU 7� �7KHVH QRWLRQV ZLOO EH FODULpHG LQ 6HFWLRQ ��� 7KXV� ZHDN VWDELOLW\
UHIHUV WR WKH ZHDNHVW ZD\ LQ ZKLFK WKH OLQHDU GLVFUHWH V\VWHP ����� DSSURDFKHV
DV\PSWRWLFDOO\ ]HUR IRU DOO LQLWLDO FRQGLWLRQV� ,Q LQpQLWH GLPHQVLRQV �ZKLFK LV RXU
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FDVH�� WKLV FRQFHSW KDV D FRQWLQXRXV FRXQWHUSDUW OLQNHG WR PLOG VROXWLRQV RI FHUWDLQ
SDUWLDO GLoHUHQWLDO HTXDWLRQV� :H UHIHU WKH UHDGHU WR >��@ IRU D EHDXWLIXO SUHVHQWDWLRQ
RI WKH OLPLW SURSHUWLHV RI GLVFUHWH�WLPH GLVWULEXWHG SDUDPHWHU V\VWHPV DQG WR >��@
IRU WKH JHQHUDO WKHRU\ RI GLVFUHWH WLPH�LQYDULDQW OLQHDU V\VWHPV�

7KH SXUSRVH RI WKLV SDSHU LV WR VWXG\ WKH FRQYHUJHQFH RI SRZHU VHTXHQFHV DQG
VWDELOLW\ RI RSHUDWRUV DFWLQJ RQ FRPSOH[ +LOEHUW VSDFHV� &RQYHUJHQFH DQG VWDELOLW\
UHIHU WR ZHDN� VWURQJ DQG QRUP WRSRORJLHV� 2QH RI WKH PDLQ UHVXOWV RI WKH SDSHU�
7KHRUHP ���� VWDWHV� LQWHU DOLD� WKH IROORZLQJ�

� ½ $Q RSHUDWRU KDV D ZHDNO\ �VWURQJO\� QRUP� FRQYHUJHQW SRZHU VHTXHQFH LI DQG

RQO\ LI LW LV D �QRW QHFHVVDULO\ RUWKRJRQDO� GLUHFW VXP RI WZR RSHUDWRUV� WKH

pUVW RI ZKLFK LV WKH LGHQWLW\ RQ D SUHFLVHO\ GHVFULEHG VSDFH� DQG WKH VHFRQG LV

ZHDNO\ �VWURQJO\� XQLIRUPO\� VWDEOH�

,Q RWKHU ZRUGV� WKH LVVXH RI ZHDN �VWURQJ� QRUP� FRQYHUJHQFH RI SRZHU VHTXHQFHV
UHGXFHV WR WKH VWXG\ RI ZHDN �VWURQJ� XQLIRUP� VWDELOLW\� $V DQ LPPHGLDWH FRQVH�
TXHQFH� ZH REWDLQ WKDW DQ RSHUDWRU LV ZHDNO\ �VWURQJO\� XQLIRUPO\� VWDEOH LI DQG
RQO\ LI LWV SRZHU VHTXHQFH FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� DQG � LV QRW LWV
HLJHQYDOXH �VHH >��� 7KHRUHP �@�� ,Q IDFW� RSHUDWRUV ZKRVH SRZHU VHTXHQFHV DUH
ZHDNO\ �VWURQJO\� QRUP� FRQYHUJHQW DUH FRPSOHWHO\ FKDUDFWHUL]HG E\ WKH VLPLODULW\
WR RSHUDWRUV ZKRVH SRZHU VHTXHQFHV FRQYHUJH ZHDNO\ �VWURQJO\� LQ QRUP� WR RUWKRJ�
RQDO SURMHFWLRQV �VHH &RUROODU\ ����� )RU WKLV UHDVRQ� D VLJQLpFDQW SDUW RI WKH SDSHU
LV GHYRWHG WR WKH VLWXDWLRQ ZKHQ WKH ZHDN �VWURQJ� QRUP� OLPLW RI WKH SRZHU VH�
TXHQFH RI DQ RSHUDWRU LV DQ RUWKRJRQDO SURMHFWLRQ �VHH 6HFWLRQ ��� %HORZ DUH VRPH
LPSRUWDQW H[FHUSWV IURP WKLV DUWLFOH�

� ½ $ K\SRQRUPDO RU D FRQWUDFWLYH RSHUDWRU ZLWK QR LGHQWLW\ SDUW LV ZHDNO\ �VWURQJO\�
XQLIRUPO\� VWDEOH LI DQG RQO\ LI LWV SRZHU VHTXHQFH FRQYHUJHV ZHDNO\ �VWURQJO\�
LQ QRUP� �VHH &RUROODU\ �����

� ½ ,I WKH SRZHU VHTXHQFH RI DQ RSHUDWRU 7 ZLWK OLP LQI r�¾ v N7
r
N � � LV ZHDNO\

FRQYHUJHQW� WKHQ LWV OLPLW LV DQ RUWKRJRQDO SURMHFWLRQ ZKLFK FRPPXWHV ZLWK 7
�VHH 7KHRUHP ������

� ½ $ XQLWDU\ RSHUDWRU KDV D ZHDNO\ FRQYHUJHQW SRZHU VHTXHQFH LI DQG RQO\ LI LWV

VLQJXODU�FRQWLQXRXV SDUW LV ZHDNO\ VWDEOH DQG LWV VLQJXODU�GLVFUHWH SDUW LV WKH

LGHQWLW\ RSHUDWRU� HDFK SDUW PD\ EH DEVHQW �VHH 7KHRUHP �����

� ½ &KDUDFWHUL]DWLRQV RI WKH ZHDN �VWURQJ� XQLIRUP� FRQYHUJHQFH RI SRZHU VH�

TXHQFHV DQG WKH FRUUHVSRQGLQJ VWDELOLW\ RI VXEQRUPDO RSHUDWRUV DUH VWDWHG LQ

WHUPV RI WKHLU VHPLVSHFWUDO PHDVXUHV �VHH 6HFWLRQ ���

7KH SUHVHQW SDSHU ZDV SDUWLDOO\ LQVSLUHG E\ >�@ DQG >��@� $OO FRQFHSWV XVHG DERYH
ZLOO EH GHpQHG LQ WKH VXEVHTXHQW VHFWLRQV� 7KH SDSHU LV RUJDQL]HG DV IROORZV� %DVLF
QRWDWLRQ DQG WHUPLQRORJ\ DUH VXPPDUL]HG LQ 6HFWLRQ �� 7KH ZHDN �VWURQJ� QRUP�
FRQYHUJHQFH RI SRZHU VHTXHQFHV DQG WKH FRUUHVSRQGLQJ VWDELOLW\ RI JHQHUDO RSHUD�
WRUV DUH VWXGLHG LQ 6HFWLRQ �� ,Q 6HFWLRQ �� ZH LQYHVWLJDWH WKH TXHVWLRQ RI ZKHQ WKH
ZHDN OLPLW RI WKH SRZHU VHTXHQFH RI DQ RSHUDWRU LV DQ RUWKRJRQDO SURMHFWLRQ� ,Q
SDUWLFXODU� UHJDUGLQJ � ½ � ZH JLYH DQ H[DPSOH RI D ZHDNO\ VWDEOH RSHUDWRU 7 VXFK
WKDW OLP LQI r�¾ v N7

r
N  � DQG OLP VXS r�¾ v N7

r
N WDNHV D SUHGHWHUPLQHG QXPHULFDO

YDOXH IURP WKH RSHQ LQWHUYDO ����� �VHH ([DPSOH ������ 7KH VSHFLDO FDVH RI XQL�
WDU\ RSHUDWRUV LV WUHDWHG LQ 6HFWLRQ �� 7KH ZHDN �VWURQJ� XQLIRUP� FRQYHUJHQFH RI
SRZHU VHTXHQFHV DQG WKH UHODWHG VWDELOLW\ RI VXEQRUPDO RSHUDWRUV LV LQYHVWLJDWHG LQ
6HFWLRQ �
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�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

:H ZULWH 7  I] � & � M]M  �J DQG '  I] � & � M]M � �J� %\ DQ RSHUDWRU 7
RQ D FRPSOH[ +LOEHUW VSDFH � ZLWK LQQHU SURGXFW K c� �L ZH PHDQ D ERXQGHG OLQHDU
WUDQVIRUPDWLRQ RI � LQWR LWVHOI� /HW %�� � VWDQG IRU WKH & Æ �DOJHEUD RI DOO RSHUDWRUV
RQ � � :H ZULWH , IRU WKH LGHQWLW\ RSHUDWRU RQ � � :H XVH WKH VDPH V\PERO N c N IRU
WKH QRUP RQ � DQG IRU WKH LQGXFHG RSHUDWRU QRUP RQ %�� �� /HW 7 � %�� �� 7KH
NHUQHO DQG WKH UDQJH RI 7 DUH GHQRWHG E\ ��7 � DQG  �7 �� UHVSHFWLYHO\� :H ZULWH
��7 �� U�7 � DQG Z�7 � IRU WKH VSHFWUXP� WKH VSHFWUDO UDGLXV DQG WKH QXPHULFDO UDGLXV
RI 7 � UHVSHFWLYHO\� 7KH RSHUDWRU 7 LV D QRUPDORLG LI U�7 �  N7N� D FRQWUDFWLRQ �RU D
FRQWUDFWLYH RSHUDWRU� LI N7N � �� D VWULFW FRQWUDFWLRQ LI N7N � �� DQG SRZHU ERXQGHG

LI VXS r9Ç�t N7 r N � ��

7KH SRZHU VHTXHQFH I7
r
J vr�w�t RI 7 � %�� � FRQYHUJHV ZHDNO\ LI WKH � �YDOXHG VH�

TXHQFH I7
r
[J vr�w�t FRQYHUJHV ZHDNO\ IRU HYHU\ [ � � � WKDW LV� WKH FRPSOH[ YDOXHG

VHTXHQFH IK7
r
[� \LJ vr�w�t FRQYHUJHV IRU DOO [� \ � � � 8VLQJ WKH XQLIRUP ERXQGHGQHVV

SULQFLSOH DQG WKH 5LHV] UHSUHVHQWDWLRQ WKHRUHP RQH FDQ YHULI\ WKDW I7
r
J vr�w�t FRQ�

YHUJHV ZHDNO\ LI DQG RQO\ LI WKHUH H[LVWV DQ RSHUDWRU $ � %�� � VXFK WKDW I7 r [J vr�w�t
FRQYHUJHV ZHDNO\ WR $[ IRU HYHU\ [ � � �QRWDWLRQ� 7

r
[ Èb� $[�� RU HTXLYDOHQWO\

WKDW K7
r
[� \L � K$[� \L DV Q � � IRU DOO [� \ � � � :LWK WKH DERYH GLVFXVVLRQ LQ

PLQG� ZH DUH UHDG\ WR GHpQH WKH NH\ FRQFHSWV RI WKLV SDSHU� /HW 7�$ � %�� �� :H
VD\ WKDW WKH SRZHU VHTXHQFH I7

r
J vr�w�t RI 7

s FRQYHUJHV ZHDNO\ WR $ �QRWDWLRQ� 7
r Èb� $� LI K7

r
[� \L � K$[� \L DV Q � �

IRU DOO [� \ � � �
s FRQYHUJHV VWURQJO\ WR $ LI I7

r
[J vr�w�t FRQYHUJHV WR $[ LQ QRUP DV Q � � IRU

HYHU\ [ � � �
$Q RSHUDWRU 7 � %�� � LV VDLG WR EH

s ZHDNO\ �VWURQJO\� XQLIRUPO\� VWDEOH LI WKH SRZHU VHTXHQFH I7
r
J vr�w�t RI 7 FRQ�

YHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� WR WKH ]HUR RSHUDWRU�

7KH IROORZLQJ IDFW LV ZHOO NQRZQ �FI� >��� S� ��@��

$Q RSHUDWRU 7 �%�� � LV XQLIRUPO\ VWDEOH LI DQG RQO\ LI U�7 � � �� 0RUH�
RYHU� LI 7 LV D QRUPDORLG� WKHQ 7 LV XQLIRUPO\ VWDEOH LI DQG RQO\ LI N7N� ��

�����

%\ WKH XQLIRUP ERXQGHGQHVV SULQFLSOH� WKH ZHDN FRQYHUJHQFH RI I7
r
J vr�w�t LPSOLHV

WKH SRZHU ERXQGHGQHVV RI 7� +HQFH� XVLQJ WKH VSHFWUDO UDGLXV IRUPXOD� ZH REWDLQ�

,I 7 �%�� � LV QRUPDORLG DQG I7
r
J vr�w�t LV ZHDNO\ FRQYHUJHQW�

WKHQ 7 LV D FRQWUDFWLRQ�
�����

:H UHIHU WKH UHDGHU WR >�@ DQG >��@ IRU PRUH LQIRUPDWLRQ RQ WKLV VXEMHFW�

5HFDOO WKDW DQ RSHUDWRU 7 � %�� � LV QRUPDO LI 77 Æ  7 Æ 7 � K\SRQRUPDO LI
77 Æ � 7 Æ 7 � DQ LVRPHWU\ LI 7 Æ 7  ,� DQG XQLWDU\ LI 77 Æ  7 Æ 7  ,� 7KH RSHUDWRU
7 LV VXEQRUPDO LI 7 LV WKH UHVWULFWLRQ RI D QRUPDO RSHUDWRU WR LWV LQYDULDQW VXEVSDFH
�L�H�� D FORVHG YHFWRU VXEVSDFH�� ,I WKH RQO\ VXEVSDFH RI � UHGXFLQJ 1 DQG FRQWDLQLQJ
� LV � LWVHOI� WKHQ 1 LV FDOOHG D PLQLPDO QRUPDO H[WHQVLRQ RI 7 � 7KHVH FODVVHV RI
RSHUDWRUV DUH UHODWHG WR HDFK RWKHU DV IROORZV �VHH >�� 3URSRVLWLRQV ,,���� DQG ,,����@��

6XEQRUPDO RSHUDWRUV DUH K\SRQRUPDO DQG K\SRQRUPDO RSHUDWRUV DUH
QRUPDORLG�

�����

0RUH GHWDLOV RQ WKH DERYH�PHQWLRQHG FODVVHV RI RSHUDWRUV FDQ EH IRXQG LQ >�@�
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,I & LV D VXEVHW RI � � WKHQ ZH ZULWH &Ê  I[ � � � [ " &J� /HW 7 � %�� ��
$ VXEVSDFH � RI D +LOEHUW VSDFH � LV UHGXFLQJ IRU 7 �RU � UHGXFHV 7 � LI � LV
LQYDULDQW IRU ERWK 7 DQG 7 Æ RU� HTXLYDOHQWO\� LI � DQG � Ê DUH ERWK LQYDULDQW
IRU 7� $ SDUW RI 7 LV XQGHUVWRRG DV WKH UHVWULFWLRQ RI 7 WR DQ\ RI LWV UHGXFLQJ
VXEVSDFHV� �6RPHWLPHV WKH WHUP ?SDUW� LV GHpQHG DV WKH UHVWULFWLRQ RI DQ RSHUDWRU
WR LWV LQYDULDQW VXEVSDFH� EXW WKLV LV QRW RXU FDVH�� :HDN FRQYHUJHQFH EHKDYHV ZHOO
ZLWK UHVSHFW WR RUWKRJRQDO SDUWV DQG VXPV� ,QGHHG� LI � j� LV WKH RUWKRJRQDO VXP
RI +LOEHUW VSDFHV � DQG �� 6 j 7 DQG $j% DUH WKH RUWKRJRQDO VXPV RI RSHUDWRUV
6�$ �%�� � DQG 7�% �%���� WKHQ �6j7 �

r
 6

r
j7

r
IRU HYHU\ LQWHJHU Q ! � DQG

�6 j 7 �
r Èb� $j% LI DQG RQO\ LI 6

r Èb� $ DQG 7
r Èb� %� �����

,Q SDUWLFXODU� 6 j 7 LV ZHDNO\ VWDEOH LI DQG RQO\ LI 6 DQG 7 DUH ZHDNO\ VWDEOH�
7KH VDPH SURSHUWLHV DUH VKDUHG E\ VWURQJ DQG RSHUDWRU QRUP WRSRORJLHV� 6LPLODU
DVVHUWLRQV FDQ EH VWDWHG IRU GLUHFW VXPV RI RSHUDWRUV� DV GLVFXVVHG LQ 6HFWLRQ ��

�� & RQYHU JHQF H RI 3RZ HU 6HTXHQF HV

,Q WKLV VHFWLRQ� ZH H[WHQG D UHVXOW IURP >�@ RQ WKH ZHDN FRQYHUJHQFH RI SRZHU
VHTXHQFHV RI XQLWDU\ RSHUDWRUV� VKRZLQJ WKDW LW LV LQ IDFW YDOLG IRU DUELWUDU\ RSHU�
DWRUV� KRZHYHU� DW WKH FRVW RI ORVLQJ WKH RUWKRJRQDOLW\ RI WKH OLPLW SURMHFWLRQ �VHH
7KHRUHP ����� )RU WKH FRQYHQLHQFH RI WKH UHDGHU� ZH VWDWH WKH RULJLQDO UHVXOW H[�
SOLFLWO\�

/HPPD ��� �>�� /HPPD ���@�� /HW 8 EH D XQLWDU\ RSHUDWRU RQ D +LOEHUW VSDFH�

�L� ,I 8
r Èb� 3 � WKHQ 3 LV DQ RUWKRJRQDO SURMHFWLRQ VXFK WKDW  �3 �  ��,b8��

�LL� 8 LV ZHDNO\ VWDEOH LI DQG RQO\ LI 8
r Èb� 3 DQG ��, b 8�  I�J�

,W LV ZRUWK SRLQWLQJ RXW WKDW SDUW �LL� RI /HPPD ��� KROGV IRU DUELWUDU\ RSHUDWRUV
�VHH >��� 7KHRUHP �@��

%HIRUH ZH IRUPXODWH WKH PDLQ UHVXOW RI WKLV VHFWLRQ� ZH ZLOO VXPPDUL]H WKH EDVLF
IDFWV DERXW �QRW QHFHVVDULO\ RUWKRJRQDO� SURMHFWLRQV LQ +LOEHUW VSDFHV� ZKHUH E\ D
SURMHFWLRQ ZH PHDQ DQ RSHUDWRU 3 �%�� � ZKLFK LV DQ LGHPSRWHQW� WKDW LV� 3

¦
 3 �

s ,I 3 � %�� � LV D SURMHFWLRQ� WKHQ  �3 � DQG  �, b 3 � DUH FORVHG DQG �  
 �3 � X  �, b 3 �� ZKHUH X PHDQV GLUHFW �DOJHEUDLF� VXP� 0RUHRYHU� �  
 �3 �j  �, b 3 � LI DQG RQO\ LI 3 LV VHOIDGMRLQW�

s &RQYHUVHO\� E\ WKH FORVHG JUDSK WKHRUHP� LI �  � t X � ¦ � ZKHUH � t DQG � ¦
DUH VXEVSDFHV RI � � WKHQ WKHUH H[LVWV D XQLTXH SURMHFWLRQ 3 � %�� � VXFK
WKDW  �3 �  � t DQG  �, b 3 �  � ¦ �

s /HW � t DQG � ¦ EH VXEVSDFHV RI � VXFK WKDW �  � t X � ¦ � 7 t �%�� t � DQG
7 ¦ � %�� ¦ �� :H ZULWH 7  7 t X 7 ¦ IRU WKH RSHUDWRU 7 � %�� � JLYHQ E\
7 �[ t � [ ¦ �  7 t [ t � 7 ¦ [ ¦ IRU [ t � � t DQG [ ¦ � � ¦ � 7KHQ 73  37 � ZKHUH
3 �%�� � LV D XQLTXH SURMHFWLRQ ZLWK  �3 �  � t DQG  �, b 3 �  � ¦ �

s &RQYHUVHO\� LI 73  37 IRU VRPH SURMHFWLRQ 3 � %�� �� WKHQ 7 GHFRPSRVHV
DV 7  7 t X 7 ¦ � ZKHUH 7 t �%� �3 �� DQG 7 ¦ �%� �, b 3 ���

7KHRUHP ���� /HW 7 �%�� �� 7KHQ WKH IROORZLQJ VWDWHPHQWV KROG�

�L� LI I7
r
J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� WR 3 � %�� �� WKHQ 3 LV D

SURMHFWLRQ ZLWK  �3 �  ��,b7 � DQG 7 GHFRPSRVHV DV 7  ,X/ ZLWK UHVSHFW

WR WKH GLUHFW GHFRPSRVLWLRQ �   �3 �X �,b3 �� ZKHUH / LV ZHDNO\ �VWURQJO\�
XQLIRUPO\� VWDEOH�
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�LL� LI 3 �%�� � LV D SURMHFWLRQ DQG 7 GHFRPSRVHV DV 7  , X / ZLWK UHVSHFW WR

WKH GLUHFW GHFRPSRVLWLRQ �   �3 �X  �, b 3 �� ZKHUH / LV ZHDNO\ �VWURQJO\�
XQLIRUPO\� VWDEOH� WKHQ I7

r
J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� WR 3 �

�LLL� 7 LV ZHDNO\ �VWURQJO\� XQLIRUPO\� VWDEOH LI DQG RQO\ LI ��, b 7 �  I�J DQG

I7
r
J vr�w�t LV ZHDNO\ �VWURQJO\� QRUP� FRQYHUJHQW�

3URRI� )LUVW� ZH GHDO ZLWK WKH FDVH RI ZHDN WRSRORJ\�

�L� 6XSSRVH WKDW I7
r
J vr�w�t FRQYHUJHV ZHDNO\ WR 3 � %�� �� ,W IROORZV IURP >���

7KHRUHP �@ WKDW 3 LV D SURMHFWLRQ ZKLFK FRPPXWHV ZLWK 7� )RU WKH UHDGHU
V FRQYH�
QLHQFH� ZH VNHWFK D VOLJKWO\ GLoHUHQW SURRI RI WKLV IDFW� 6LQFH 7

r Èb� 3 DV Q � ��
ZH VHH WKDW IRU N ! �� 7

r�s�Ì Èb� 3 DV Q � �� 8VLQJ WKH IDFW WKDW PXOWLSOLFDWLRQ
LQ%�� � LV VHSDUDWHO\ ZHDNO\ FRQWLQXRXV� ZH GHGXFH WKDW IRU N ! �� 7 r�s�Ì Èb� 37

Ì
DV Q � �� 7KXV� 3  37

Ì
IRU N ! �� 3DVVLQJ WR WKH OLPLW DV N � �� ZH FRQFOXGH

WKDW 3  3
¦
� $UJXLQJ DV DERYH� ZH JHW

37  �ZHDN� OLPr�¾ v 7
r
7  3  �ZHDN� OLPrl¾ v 77

r
 73� �����

+HQFH� 3 FRPPXWHV ZLWK 7 �

1RZ� ZH VKRZ WKDW  �3 �  ��,b7 �� 7DNH [ �  �3 �� 6LQFH 3  3
¦
� ZH VHH WKDW

3[  [� +HQFH� E\ ������ �, b 7 �[  �, b 7 �3  �� VR [ � ��, b 7 �� &RQYHUVHO\�
LI [ ���, b 7 �� WKHQ 7

r
[  [ IRU DOO Q ! �� 3DVVLQJ WR WKH OLPLW DV Q � � \LHOGV

3[  [� VR [ �  �3 �� 7KLV VKRZV WKDW  �3 �  ��, b 7 �� %\ ������ 7 GHFRPSRVHV
DV 7  , X / ZLWK UHVSHFW WR WKH GLUHFW GHFRPSRVLWLRQ �   �3 �X  �, b 3 ��

,W UHPDLQV WR VKRZ WKDW / LV ZHDNO\ VWDEOH� )RU� VLQFH I7
r
J vr�w�t LV ZHDNO\ FRQ�

YHUJHQW� VR LV I/
r
J vr�w�t � $SSO\LQJ ZKDW ZDV SURYHG DERYH WR / LQVWHDG RI 7 � ZH

VHH WKDW WKH ZHDN OLPLW RI I/
r
J vr�w�t LV D SURMHFWLRQ DFWLQJ RQ  �, b 3 � ZLWK UDQJH

��, b /�� 1RWLQJ WKDW ��, b /�  I�J� ZH FRQFOXGH WKDW / LV ZHDNO\ VWDEOH�

�LL� ,W LV HDV\ WR YHULI\ WKDW XQGHU WKH DVVXPSWLRQV RI �LL�� I7
r
J vr�w�t FRQYHUJHV

ZHDNO\ WR 4 � %�� �� ZKHUH 4 GHFRPSRVHV DV 4  , X � ZLWK UHVSHFW WR �  
 �3 �X  �, b 3 �� 7KLV LPSOLHV WKDW 4  3 �

�LLL� 7KLV VWDWHPHQW IROORZV HDVLO\ IURP �L��

2XU QH[W JRDO LV WR FRYHU WKH FDVHV RI VWURQJ DQG QRUP WRSRORJLHV� 'XH WR WKH
VLPLODULW\ RI WKH SURRI� ZH ZLOO RQO\ FRQVLGHU WKH FDVH RI VWURQJ WRSRORJ\� 7KXV� LI
I7
r
J vr�w�t LV VWURQJO\ FRQYHUJHQW WR 3 � %�� �� WKHQ LW LV ZHDNO\ FRQYHUJHQW WR 3

DQG VR� E\ �L�� 3 LV D SURMHFWLRQ ZLWK  �3 �  ��, b7 � DQG 7  , X/ ZLWK UHVSHFW
WR �   �3 �X �,b3 �� ZKHUH / LV ZHDNO\ VWDEOH� +RZHYHU� WKH VWURQJ FRQYHUJHQFH
RI I7

r
J vr�w�t LPSOLHV WKH VWURQJ FRQYHUJHQFH RI I/ r J vr�w�t � ZKLFK XOWLPDWHO\� GXH WR

WKH XQLTXHQHVV RI OLPLW� JLYHV WKH VWURQJ VWDELOLW\ RI /� 7KLV SURYHV �L� IRU VWURQJ
WRSRORJ\� 6LPLODU DUJXPHQWV FDQ EH XVHG WR SURYH VWDWHPHQWV �LL� DQG �LLL� LQ WKH
FDVH RI VWURQJ WRSRORJ\� 7KLV FRPSOHWHV WKH SURRI�

5HPDUN ���� ,W LV D PDWWHU RI URXWLQH WR YHULI\ WKDW VWDWHPHQWV �L� DQG �LL� RI
7KHRUHP ��� DUH HTXLYDOHQW WR �L Í � DQG �LL Í �� UHVSHFWLYHO\� ZKHUH
�L Í � LI I7 r J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� WR 3 � %�� �� WKHQ 3 LV D

SURMHFWLRQ ZLWK  �3 �  ��,b7 � VXFK WKDW 73  37 DQG 7 M Î�Ï Ð,Ñ(Ò�Ó LV ZHDNO\
�VWURQJO\� XQLIRUPO\� VWDEOH�
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�LL Í � LI 3 �%�� � LV D SURMHFWLRQ ZLWK  �3 �  ��, b 7 � VXFK WKDW 73  37 DQG
7 M Î�Ï Ð,Ñ(Ò�Ó LV ZHDNO\ �VWURQJO\� XQLIRUPO\� VWDEOH� WKHQ I7

r
J vr�w�t FRQYHUJHV

ZHDNO\ �VWURQJO\� LQ QRUP� WR 3 � `

&RUROODU\ ���� /HW 7 �%�� ��7KHQ I7
r
J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP�

WR 3 �%�� � LI DQG RQO\ LI 7 LV VLPLODU WR DQ RSHUDWRU 5 �%�� � ZLWK WKH SURSHUW\

WKDW I5
r
J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� WR DQ RUWKRJRQDO SURMHFWLRQ

4 �%�� �� ,I WKLV LV WKH FDVH� WKHQ 3 DQG 4 DUH VLPLODU YLD WKH VDPH VLPLODULW\ DV

7 DQG 5�

3URRI� 6XSSRVH WKDW I7
r
J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� WR 3 � %�� ��

7KHQ E\ 7KHRUHP ����L�� 3 LV D SURMHFWLRQ� 6HW �   �3 �j �, b3 � �WKH H[WHULRU
RUWKRJRQDO VXP� DQG GHpQH WKH RSHUDWRU 6 � %�� �� � E\ 6�[� \�  [ � \ IRU
[ �  �3 � DQG \ �  �,b3 �� 6LQFH 3 LV D SURMHFWLRQ� ZH KDYH �   �3 �X �,b3 ��
VR E\ WKH LQYHUVH PDSSLQJ WKHRUHP� 6 LV LQYHUWLEOH� ,W LV HDV\ WR YHULI\ WKDW WKH
RSHUDWRU 4  6

Ñ t
36 LV DQ RUWKRJRQDO SURMHFWLRQ� 6HW 5  6

Ñ t
76� 6LQFH WKH PDS

%�� � � ; �b� 6
Ñ t

;6 �%�� �
LV D XQLWDO DOJHEUD LVRPRUSKLVP ZKLFK LV D ZHDN �VWURQJ� QRUP� KRPHRPRUSKLVP�
ZH VHH WKDW I5

r
J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� WR 4 �%�� �� 5HYHUVLQJ

WKH DERYH UHDVRQLQJ FRPSOHWHV WKH SURRI�

5HPDUN ���� 5HJDUGLQJ WKH UHFHQWO\ SXEOLVKHG >�� 7KHRUHP ���@� LW LV ZRUWK QRWLQJ
WKDW WKH OLPLW RSHUDWRUV 3 DQG $ DSSHDULQJ WKHUH DUH� UHVSHFWLYHO\� WKH RUWKRJRQDO
SURMHFWLRQ RI � t�Õ RQWR ��, b 8� DQG WKH LGHPSRWHQW ZLWK  �$�  ��, b;�� 7KH
pUVW IDFW LV D GLUHFW FRQVHTXHQFH RI /HPPD ���� 7KH VHFRQG IROORZV LPPHGLDWHO\
IURP 7KHRUHP ���� `

�� 2U W KRJRQDO LW \ RI O LP LW SU RMHF W LRQ

,Q WKLV VHFWLRQ� ZH JHQHUDOL]H SDUW �L� RI /HPPD ��� WR FRYHU WKH FDVHV RI K\SRQRU�
PDO DQG FRQWUDFWLYH RSHUDWRUV �VHH &RUROODULHV ��� DQG ���� VHH DOVR 5HPDUN �����
DV ZHOO DV RSHUDWRUV 7 ZLWK OLP LQI r�¾ v N7

r
N � � �VHH 7KHRUHP ����� VHH DOVR 5H�

PDUN ������

,Q YLHZ RI 7KHRUHP ����L�� LI WKH SRZHU VHTXHQFH I7
r
J vr�w�t RI DQ RSHUDWRU 7

FRQYHUJHV ZHDNO\ WR 3 � WKHQ 3 LV D SURMHFWLRQ� 2Q WKH RWKHU KDQG� E\ &RUROODU\ ����
VXFK D 7 LV VLPLODU WR DQ RSHUDWRU ZKRVH SRZHU VHTXHQFH LV ZHDNO\ FRQYHUJHQW WR DQ
RUWKRJRQDO SURMHFWLRQ� ,W LV WKHUHIRUH RI LQWHUHVW WR DQVZHU WKH TXHVWLRQ RI ZKHQ WKH
ZHDN OLPLW RI SRZHU VHTXHQFH LV DQ RUWKRJRQDO SURMHFWLRQ� :H ZLOO EHJLQ ZLWK WKH
IROORZLQJ JHQHUDO REVHUYDWLRQ WKDW ZLOO VKHG PRUH OLJKW RQ WKH DQVZHU WR WKH DERYH
TXHVWLRQ�

3URSRVLWLRQ ���� /HW 7 �%�� �� 7KHQ WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

�L� ��, b 7 � UHGXFHV 7 �

�LL� 7 Æ M Ö"Ï Ð,Ñ�×�Ó LV WKH LGHQWLW\ RSHUDWRU�

�LLL� 7 Æ M Ö"Ï Ð,Ñ�×�Ó LV DQ LVRPHWU\�

�LY� ��, b 7 � v��, b 7 Æ ��
3URRI� )LUVW� REVHUYH WKDW

,M Ö"Ï Ð,Ñ�×�Ó  �7 M Ö"Ï Ð,Ñ�×�Ó � Æ  47 Æ M Ö"Ï Ð,Ñ�×�Ó � �����

ZKHUH 4 �%�� � LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 7 ��
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�L���LL� 7KLV LV D GLUHFW FRQVHTXHQFH RI ������

�LL���LLL� 7ULYLDO�

�LLL���L� 1RWH WKDW

N[N
Ï É,¨ t Ó
 N47 Æ [N � N7 Æ [N Ï Ù Ù Ù Ó N[N� [ ���, b 7 ��

+HQFH N47 Æ [N  N7 Æ [N IRU HYHU\ [ � ��, b 7 �� 7KLV LPSOLHV WKDW ��, b 7 � LV
LQYDULDQW IRU 7 Æ � DQG WKXV ��, b 7 � UHGXFHV 7 �

7KH HTXLYDOHQFH �LL���LY� LV REYLRXV�

7KH JHQHUDO DQVZHU WR RXU TXHVWLRQ LV DV IROORZV�

7KHRUHP ���� 6XSSRVH WKDW 7� 3 � %�� � DQG 7
r Èb� 3 DV Q � �� 7KHQ WKH

IROORZLQJ VWDWHPHQWV DUH HTXLYDOHQW�

�L� 3 LV DQ RUWKRJRQDO SURMHFWLRQ�

�LL� ��, b 7 �  ��, b 7 Æ ��
�LLL� ��, b 7 � UHGXFHV 7 �

,I �L� KROGV� WKHQ 3 LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 7 ��

3URRI� �L���LL� 6XSSRVH WKDW 3 LV DQ RUWKRJRQDO SURMHFWLRQ� 8VLQJ WKH IDFW WKDW
WKH DGMRLQW RSHUDWLRQ RQ %�� � LV ZHDNO\ FRQWLQXRXV� ZH VHH WKDW 7 Æ r Èb� 3 Æ DV
Q � �� 6LQFH 3  3 Æ � ZH GHGXFH IURP 7KHRUHP ����L� DSSOLHG WR 7 DQG 7 Æ WKDW

��, b 7 �   �3 �   �3 Æ �  ��, b 7 Æ ��
�LL���LLL� 7KLV LPSOLFDWLRQ LV REYLRXV�

�LLL���L� %\ �LLL�� 7 GHFRPSRVHV DV

7  , j / �����

ZLWK UHVSHFW WR WKH RUWKRJRQDO GHFRPSRVLWLRQ �  ��, b 7 � j��, b 7 � Ê � 6LQFH
I7
r
J vr�w�t LV ZHDNO\ FRQYHUJHQW� ZH LQIHU IURP ����� DQG ����� WKDW I/

r
J vr�w�t LV DOVR

ZHDNO\ FRQYHUJHQW� 1RWLQJ WKDW ��, b /�  I�J� ZH GHGXFH IURP 7KHRUHP ����LLL�
WKDW / LV ZHDNO\ VWDEOH� 8VLQJ ����� DJDLQ� ZH FRQFOXGH WKDW I7

r
J vr�w�t FRQYHUJHV

ZHDNO\ WR , j �� ZKLFK LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 7 ��

,W LV ZRUWK PHQWLRQLQJ WKDW LPSOLFDWLRQ �LL���LLL� RI 7KHRUHP ��� LV YDOLG IRU DQ\
+LOEHUW VSDFH RSHUDWRU 7 UHJDUGOHVV RI ZKHWKHU WKH VHTXHQFH I7

r
J vr�w�t LV ZHDNO\ FRQ�

YHUJHQW RU QRW �VHH DOVR 3URSRVLWLRQ ����� 7KH SURRIV RI WKH UHPDLQLQJ LPSOLFDWLRQV
�L���LL� DQG �LLL���L� DSSHDO WR 7KHRUHP ����

:LWK ~ GHQRWLQJ SURSHU LQFOXVLRQ� ZH REWDLQ WKH IROORZLQJ UHVXOW� ZKLFK LV D
GLUHFW FRQVHTXHQFH RI 3URSRVLWLRQ ��� DQG 7KHRUHP ����

&RUROODU\ ���� ,I 7 �%�� � LV VXFK WKDW ��, b 7 � ~��, b 7 Æ �� WKHQ ��, b 7 �
UHGXFHV 7 DQG WKH SRZHU VHTXHQFH I7

r
J vr�w�t LV QRW ZHDNO\ FRQYHUJHQW WR DQ RUWKRJ�

RQDO SURMHFWLRQ� DQG WKXV 7 LV QRW ZHDNO\ VWDEOH�

$Q H[SOLFLW H[DPSOH RI DQ RSHUDWRU 7 �%�� � IRU ZKLFK��,b7 � UHGXFHV 7 � EXW
��, b 7 � ~��, b 7 Æ �� LV JLYHQ LQ ([DPSOH ����
$FFRUGLQJ WR 7KHRUHP ���� LI WKH SRZHU VHTXHQFH I7

r
J vr�w�t RI DQ RSHUDWRU 7

FRQYHUJHV ZHDNO\ WR 3 � WKHQ WKH UHTXLUHPHQW WKDW ��, b 7 � UHGXFHV 7 LV QHFHVVDU\
DQG VXrFLHQW IRU 3 WR EH DQ RUWKRJRQDO SURMHFWLRQ� 8QGHU WKLV DVVXPSWLRQ� WKH
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ZHDN FRQYHUJHQFH RI WKH SRZHU VHTXHQFH I7
r
J vr�w�t LV FRPSOHWHO\ GHWHUPLQHG E\ WKH

ZHDN VWDELOLW\ RI /� ZKHUH / LV DV LQ ������

&RUROODU\ ���� /HW 7 �%�� � EH DQ RSHUDWRU VXFK WKDW ��,b7 � UHGXFHV 7 DQG OHW

7  , j /

EH WKH RUWKRJRQDO GHFRPSRVLWLRQ RI 7 ZLWK UHVSHFW WR WKH GHFRPSRVLWLRQ

�  ��, b 7 �j��, b 7 � Ê �
7KHQ WKH SRZHU VHTXHQFH I7

r
J vr�w�t LV ZHDNO\ �VWURQJO\� QRUP� FRQYHUJHQW LI DQG RQO\

LI / LV ZHDNO\ �VWURQJO\� XQLIRUPO\� VWDEOH� DQG LI WKLV LV WKH FDVH� WKHQ WKH ZHDN

�VWURQJ� QRUP� OLPLW RI I7
r
J vr�w�t LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 7 �

DQG ��, b 7 �  ��, b 7 Æ ��
3URRI� $V LQ WKH SURRI RI LPSOLFDWLRQ �LLL���L� RI 7KHRUHP ���� ZH VHH WKDW LI WKH
SRZHU VHTXHQFH I7

r
J vr�w�t LV ZHDNO\ �VWURQJO\� QRUP� FRQYHUJHQW� WKHQ / LV ZHDNO\

�VWURQJO\� XQLIRUPO\� VWDEOH� 7KH FRQYHUVH LPSOLFDWLRQ LV REYLRXV� ,W IROORZV IURP
7KHRUHP ��� WKDW WKH ZHDN �VWURQJ� QRUP� OLPLW RI I7

r
J vr�w�t LV WKH RUWKRJRQDO

SURMHFWLRQ RI � RQWR ��, b 7 ��

&RUROODU\ ���� /HW 7 �%�� � EH D K\SRQRUPDO �UHVS�� FRQWUDFWLYH� RSHUDWRU� 7KHQ

�L� ��, b 7 � UHGXFHV 7 DQG 7 GHFRPSRVHV DV 7  , j / ZLWK UHVSHFW WR WKH

RUWKRJRQDO GHFRPSRVLWLRQ �  ��,b7 �j��,b7 � Ê � ZKHUH / LV D K\SRQRUPDO

�UHVS�� FRQWUDFWLYH� RSHUDWRU RQ ��, b 7 � Ê �
�LL� I7

r
J vr�w�t LV ZHDNO\ �VWURQJO\� QRUP� FRQYHUJHQW LI DQG RQO\ LI / LV ZHDNO\

�VWURQJO\� XQLIRUPO\� VWDEOH� DQG LI WKLV LV WKH FDVH� WKHQ WKH ZHDN �VWURQJ�
QRUP� OLPLW RI I7

r
J vr�w�t LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 7 �

DQG ��, b 7 �  ��, b 7 Æ ��
3URRI� ,I 7 LV K\SRQRUPDO� WKHQ WKH UHVWULFWLRQ RI 7 WR LWV LQYDULDQW VXEVSDFH LV
K\SRQRUPDO DQG ��, b 7 � v ��, b 7 Æ � �VHH >�� 3URSRVLWLRQ ,,����@�� VR ��, b 7 �
UHGXFHV 7 � ,Q WXUQ� LI 7 LV FRQWUDFWLYH� WKHQ E\ >��� 3URSRVLWLRQ ,����@� ��, b 7 �  
��, b 7 Æ �� VR ��, b 7 � UHGXFHV 7 � 1RZ ZH FDQ DSSO\ &RUROODU\ ����

)RU DQ RSHUDWRU 7 � %�� � UHGXFHG E\ ��, b 7 �� WKH UHVWULFWLRQ RI 7 WR ��, b 7 �
LV FDOOHG WKH LGHQWLW\ SDUW RI 7� %\ &RUROODU\ ���� ZH JHW WKH IROORZLQJ�

$ K\SRQRUPDO RU D FRQWUDFWLYH RSHUDWRU ZLWK QR LGHQWLW\ SDUW LV ZHDNO\
�VWURQJO\� XQLIRUPO\� VWDEOH LI DQG RQO\ LI LWV SRZHU VHTXHQFH FRQYHUJHV
ZHDNO\ �VWURQJO\� LQ QRUP��

5HPDUN ���� 7KHUH DUH PRUH FODVVHV RI +LOEHUW VSDFH RSHUDWRUV 7 IRU ZKLFK WKH
HLJHQVSDFH ��, b 7 � UHGXFHV 7� )RU LQVWDQFH� WKLV LV WKH FDVH IRU RSHUDWRUV KDYLQJ
WKH SURSHUW\ WKDW ��o, b 7 � v ��o, b 7 Æ � IRU HYHU\ o � &� 7KLV SURSHUW\�
LQ WXUQ� LV SRVVHVVHG E\ VR�FDOOHG GRPLQDQW RSHUDWRUV� L�H�� RSHUDWRUV 7 VXFK WKDW
 �o, b 7 � v  �o, b 7 Æ � IRU HYHU\ o � & �VHH >��@�� /HW XV PHQWLRQ WKDW WKH FODVV
RI GRPLQDQW RSHUDWRUV RQ DQ LQpQLWH GLPHQVLRQDO +LOEHUW VSDFH LV HVVHQWLDOO\ ODUJHU
WKDQ WKH FODVV RI K\SRQRUPDO RSHUDWRUV� )RU WKH GLVFXVVLRQ RI WKH FDVH RI QXPHULFDO
FRQWUDFWLRQV� L�H�� RSHUDWRUV 7 ZLWK Z�7 � � � �OHVV UHVWULFWLYH WKDQ N7N � ��� ZH
UHIHU WKH UHDGHU WR 5HPDUN ����� `

([DPSOH ���� /HW � EH DQ LQpQLWH�GLPHQVLRQDO VHSDUDEOH +LOEHUW VSDFH DQG OHW
IH r J vrlw$u EH DQ RUWKRQRUPDO EDVLV RI � � 7DNH D ERXQGHG VHTXHQFH Iy r J vr�w(u RI
SRVLWLYH UHDO QXPEHUV� 7KHQ WKHUH H[LVWV D XQLTXH RSHUDWRU 7 � %�� �� FDOOHG D
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ZHLJKWHG VKLIW �ZLWK ZHLJKWV Iy r J vrlw(u �� VXFK WKDW 7H r  y r H r�s�t IRU DOO LQWHJHUV Q !
�� $VVXPH WKDW WKH VHTXHQFH Iy r J vr�w(u LV PRQRWRQLFDOO\ LQFUHDVLQJ WR y v � ������
7KHQ WKH ZHLJKWHG VKLIW 7 LV K\SRQRUPDO �VHH >��� S� ��� /HPPD@�� ,W LV ZHOO NQRZQ
WKDW WKH SRLQW VSHFWUXP RI 7 LV HPSW\ �VHH >��� 7KHRUHP ��L�@�� VR ��, b 7 �  I�J
UHGXFHV 7� ,W IROORZV IURP >��� 7KHRUHP �@ WKDW WKH SRLQW VSHFWUXP RI 7 Æ LV HTXDO
WR I] � & � M]M � y v J� 6LQFH y v ! �� ZH VHH WKDW � LV LQ WKH SRLQW VSHFWUXP RI 7 Æ �
+HQFH� ��, b 7 � ~��, b 7 Æ �� WKXV E\ &RUROODU\ ��� WKH SRZHU VHTXHQFH I7 r J vr�w�t
LV QRW ZHDNO\ FRQYHUJHQW WR DQ RUWKRJRQDO SURMHFWLRQ DQG VR 7 LV QRW ZHDNO\ VWDEOH�
8VLQJ >��� 7KHRUHP �@ DQG WKH IDFW WKDW VXEQRUPDO RSHUDWRUV DUH K\SRQRUPDO� ZH
FDQ PRGLI\ WKH ZHLJKWV Iy r J vrlw$u RI 7 VR WKDW 7 LV QRW RQO\ K\SRQRUPDO� EXW DOVR
VXEQRUPDO �VHH DOVR >��� 3URSRVLWLRQ ��@�� )LQDOO\� E\ FRQVLGHULQJ WKH RSHUDWRU ,j7
ZLWK WKH DERYH 7 � ZH REWDLQ DQ RSHUDWRU 6 ZLWK WKH SURSHUW\ WKDW��,b6� UHGXFHV
6� ��, b 6� � I�J DQG ��, b 6� ~��, b 6 Æ �� `

,Q 7KHRUHP ���� EHORZ� ZH ZLOO FRQWLQXH WKH GLVFXVVLRQ RI WKH TXHVWLRQ RI ZKHQ
WKH ZHDN OLPLW RI WKH SRZHU VHTXHQFH RI DQ RSHUDWRU 7 LV DQ RUWKRJRQDO SURMHFWLRQ�
:H ZLOO JLYH D VXrFLHQW FRQGLWLRQ IRU WKLV� DVVXPLQJ WKDW OLP LQI r�¾ v N7

r
N � � �VHH

DOVR 5HPDUN ������ %HIRUH VWDWLQJ WKH UHVXOW� ZH VKRZ WKDW WKH QHZ DVVXPSWLRQ LV
FORVHO\ UHODWHG WR WKH VSHFWUDO UDGLXV RI 7 DQG WR WKH XQLIRUP VWDELOLW\ RI 7� )RU WKH
UHDGHU
V FRQYHQLHQFH� ZH VNHWFK WKH SURRI RI WKH HTXLYDOHQFH RI FRQGLWLRQV �L���LY�
EHORZ �FI� WKH SURRI RI >��� 7KHRUHP �@��

/HPPD ���� 6XSSRVH WKDW 7 �%�� ��7KHQ WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

�L� 7 LV XQLIRUPO\ VWDEOH�

�LL� OLP LQI rl¾ v N7
r
N � ��

�LLL� LQI r9Ç(Ì N7 r N � � IRU VRPH LQWHJHU N ! ��
�LY� U�7 � � ��

0RUHRYHU� LI OLP LQI r�¾ v N7
r
N  �� WKHQ U�7 �  ��

3URRI� 7KH LPSOLFDWLRQV �L���LL� DQG �LL���LLL� DUH WULYLDO�

�LLL���LY� 6LQFH LQI r9Ç(Ì N7 r N� �� WKHUH H[LVWV DQ LQWHJHU C ! N VXFK WKDW N7 Ü N� ��
7KHQ� E\ WKH VSHFWUDO UDGLXV IRUPXOD �VHH >��� 7KHRUHP �����@�� ZH JHW

U�7 �  LQIr9Ç�t N7
r
N
tBÝOr � N7 Ü N tBÝ Ü � ��

�L���LY� 7KLV HTXLYDOHQFH LV ZHOO NQRZQ �VHH >��� S� ��@��

$VVXPH WKDW OLP LQI r�¾ v N7
r
N  �� 7KHQ WKHUH H[LVWV D VXEVHTXHQFH IN7

Ì
Þ
NJ vr�w�t

WHQGLQJ WR �� 6LQFH OLP r�¾ v o r  � LPSOLHV WKDW OLP r�¾ v o
tEÝ Ü Þr  � IRU DQ\ VHTXHQFH

Io r J vr�w�t RI SRVLWLYH UHDO QXPEHUV DQG DQ\ VHTXHQFH IC r J vr�w�t RI SRVLWLYH LQWHJHUV
WHQGLQJ WR �� ZH GHGXFH WKDW OLP r�¾ v N7

Ì Þ N tBÝ Ü Þ  �� $SSO\LQJ WKLV WR C r  N r
DQG XVLQJ WKH VSHFWUDO UDGLXV IRUPXOD� ZH VHH WKDW

U�7 �  OLPr�¾ v N7
r
N
tEÝOr
 OLPr�¾ v N7

Ì
Þ
N
tEÝ?Ì
Þ

 ��

7KLV FRPSOHWHV WKH SURRI�

&RUROODU\ ���� ,I 7 �%�� �� WKHQ WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

�L� OLP LQI rl¾ v N7
r
N � ��

�LL� HLWKHU 7 LV XQLIRUPO\ VWDEOH RU OLP LQI r�¾ v N7
r
N  ��
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$V VKRZQ LQ DQ H[DPSOH EHORZ� WKH FRQYHUVH RI WKH LPSOLFDWLRQ

OLP LQIr�¾ v N7
r
N  �  � U�7 �  �

DSSHDULQJ LQ WKH ?PRUHRYHU� SDUW RI /HPPD ��� GRHV QRW KROG LQ JHQHUDO�

([DPSOH ����� /HW 7 �%�� � EH D ��LVRPHWU\ RQ D +LOEHUW VSDFH � � WKDW LV�
, b �7 Æ 7 � 7 Æ ¦ 7 ¦  �� ,W IROORZV IURP >��� 3URSRVLWLRQ ���@ WKDW WKHUH H[LVWV D
SRVLWLYH RSHUDWRU & �%�� � VXFK WKDW

7 Æ r 7 r  , � Q& IRU DOO LQWHJHUV Q ! �� �����

8VLQJ WKH VSHFWUDO UDGLXV IRUPXOD� ZH GHGXFH WKDW U�7 �  � �LQ IDFW� WKLV LV D
FRQVHTXHQFH RI D PRUH JHQHUDO IDFW� VHH >�� /HPPD ����@�� $VVXPH WKDW 7 LV QRW DQ
LVRPHWU\� WKDW LV� & � �� 7KHQ� E\ ������ OLP r�¾ v N7

r
N  �� 7R KDYH DQ H[DPSOH RI

D QRQ�LVRPHWULF ��LVRPHWU\� FRQVLGHU WKH ZHLJKWHG VKLIW 7 ZLWK ZHLJKWV I� r �y�J vr�w(u
GHpQHG E\

� r �y�  
V

� � �Q� ���y
¦
b ��

� � Q�y
¦
b ��

� Q ! ��

ZKHUH y � ����� �VHH� H�J�� >��� /HPPD ���@� VHH DOVR >��� ([DPSOH ���@�� `

1H[W� ZH QHHG WKH IROORZLQJ FKDUDFWHUL]DWLRQ RI RUWKRJRQDO SURMHFWLRQV�

/HPPD ���� �>��� /HPPD@�� /HW � EH D +LOEHUW VSDFH DQG 3 �%�� � EH DQ LGHP�

SRWHQW� 7KHQ WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

�L� 3 LV DQ RUWKRJRQDO SURMHFWLRQ�

�LL� MK3[� [LM � N[N
¦
IRU DOO [ � � � RU� HTXLYDOHQWO\� Z�3 � � ��

1RZ ZH SURYLGH \HW DQRWKHU FULWHULRQ IRU WKH OLPLW RI D ZHDNO\ FRQYHUJHQW SRZHU
VHTXHQFH RI DQ RSHUDWRU WR EH DQ RUWKRJRQDO SURMHFWLRQ�

7KHRUHP ����� 6XSSRVH WKDW 7�3 �%�� � DUH VXFK WKDW 7
r Èb� 3 DV Q � � DQG

OLP LQIr�¾ v N7
r
N � �� �����

7KHQ 3 LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��,b7 �� ��,b7 � UHGXFHV 7 � DQG
��, b 7 �  ��, b 7 Æ ��
3URRI� %\ 7KHRUHP ����L�� 3  3

¦
DQG  �3 �  ��, b 7 �� 6LQFH

MK3[� [LM  OLPr�¾ v MK7
r
[� [LM � OLP LQIr�¾ v N7

r
NN[N

¦ � N[N
¦
� [ � � �

ZH GHGXFH IURP /HPPD ���� WKDW 3 LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR��,b7 ��
7KH UHPDLQLQJ SDUW RI WKH FRQFOXVLRQ LV D GLUHFW FRQVHTXHQFH RI 7KHRUHP ����

5HPDUN ����� $UJXLQJ DV LQ WKH DERYH SURRI� ZH VHH WKDW 7KHRUHP ���� UHPDLQV
YDOLG LI WKH DVVXPSWLRQ ����� LV UHSODFHG E\

OLP LQIr�¾ v N7
r
[N � N[N� [ � � � �����

5HSHDWLQJ WKH DERYH UHDVRQLQJ DJDLQ� ZH GHGXFH WKDW 7KHRUHP ���� LV DOVR WUXH LI
WKH DVVXPSWLRQ ����� LV UHSODFHG E\

OLP LQIr�¾ v Z�7
r
� � �� �����
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,Q WXUQ� XVLQJ WKH %HUJHU LQHTXDOLW\ Z�7
r
� � Z�7 �

r
� ZKLFK KROGV IRU DOO QRQQHJDWLYH

LQWHJHUV Q �VHH >��� 3UREOHP ���@�� ZH FRQFOXGH WKDW WKH LQHTXDOLW\

Z�7 � � � �����

LPSOLHV ������ ZKLFK JLYHV \HW DQRWKHU YHUVLRQ RI 7KHRUHP ����� ,W LV REYLRXV WKDW
����� LPSOLHV ERWK ����� DQG ������ 1RWH DOVR WKDW DQ\ FRQWUDFWLRQ 7 VDWLVpHV FRQ�
GLWLRQV ������������ DQG WKDW IRU DQ\ 7 ZLWK Z�7 � � �� ��, b 7 � UHGXFHV 7 DQG
��, b 7 �  ��, b 7 Æ � �WKH VHFRQG IDFW LV ZHOO NQRZQ� DOWKRXJK QRW HDV\ WR pQG
LQ WKH OLWHUDWXUH� VHH $SSHQGL[ IRU WKH SURRI�� 7KHUHIRUH� LW LV DQ RSHQ TXHVWLRQ
ZKLFK RI WKH FRQGLWLRQV ����������� LPSOLHV WKDW WKH VSDFH��,b7 � UHGXFHV 7 RU�DQG
��, b 7 �  ��, b 7 Æ �� `

:H FRQFOXGH WKLV VHFWLRQ E\ VKRZLQJ WKDW IRU HYHU\ � � ����@� WKHUH H[LVWV DQ
RSHUDWRU 7 �%�� � VXFK WKDW

OLP LQIr�¾ v N7
r
N  � �VR 7 LV QRW XQLIRUPO\ VWDEOH�� �����

OLP VXSr�¾ v
N7
r
N  � �VR 7 LV QRW D FRQWUDFWLRQ�� �����

7 LV ZHDNO\ VWDEOH LI DQG RQO\ LI � � �� ������

&HUWDLQO\� E\ ����� DQG WKH PRUHRYHU SDUW RI /HPPD ���� U�7 �  � UHJDUGOHVV RI
ZKHWKHU � LV pQLWH RU QRW�

([DPSOH ����� /HW 7 � %�� � EH D ZHLJKWHG VKLIW ZLWK SRVLWLYH UHDO ZHLJKWV
Iy r J vr�w(u UHODWLYH WR WKH RUWKRQRUPDO EDVLV IH r J vr�w(u RI � �VHH ([DPSOH ����� 7KHQ

7
Ì
H r  y r c c cy r�s�Ì Ñ t H r�s�Ì � N ! �� Q ! �� ������

N7
Ì
N  VXSr9Ç$u y r c c cy r�s�Ì Ñ t � N ! �� ������

/HW IT r J vr�w�t EH D VWULFWO\ GHFUHDVLQJ VHTXHQFH RI SRVLWLYH UHDO QXPEHUV VXFK WKDW
OLP r�¾ v T r  �� 7R GHWHUPLQH WKH ZHLJKWV WKDW PHHW RXU UHTXLUHPHQWV� ZH ZLOO
XVH WKH LQqDWLRQ PHWKRG� ZKLFK DPRXQWV WR FRQVWUXFWLQJ WKH VHTXHQFHV I[ ß J vß?w�t �
IW ß J vßOw�t DQG IO ß J vßOw�t RI LQWHJHUV JUHDWHU WKDQ � VXFK WKDW

W ß  V ß [ ß � O ß ! P ß  W ß �
ß Ñ t
;

à w�t
�W à � O à � DQG [ ß?s�t ! P ß � O ß IRU DOO M ! �� ������

ZLWK FRQYHQWLRQ
3 uà w�t | à  �� ZKHUH IV ß J vß?w�t LV DQ DUELWUDU\ VHTXHQFH RI LQWHJHUV

JUHDWHU WKDQ � �ODWHU LQ WKH SURRI� D FRQGLWLRQ ZLOO EH LPSRVHG RQ WKH IV ß J vß?w�t ��
1DPHO\� XVLQJ LQGXFWLRQ� ZH FDQ FRQVWUXFW D VHTXHQFH RI pQLWH VHJPHQWV 3 ß DQG
4 ß � M ! �� RI WKH IRUP

á�â`ã
ä&âEåZæ9çfè
] `_ ^

T ß � �� � � � � �
_ ^] `é è

� T ß � �� � � � � �
_ ^] `é è

� � � � � T ß � �� � � � � �
_ ^] `é è

� T ß � �� � � � � �� T Ñ(ê èß
_ ^] `é è

_ ^] `ë è w ê è é è

�

á�â`ã
ä&âEå�æ$ì è
] `_ ^

�� � � � � � � � � � � � � � �
_ ^] `í è

� ������

DUUDQJHG LQ WKH RUGHU 3 t �4 t �3 ¦ �4 ¦ � � � � �3 r �4 r � � � � � ZKHUH WKH OHQJWK RI WKH M�WK
VHJPHQW 3 ß LV W ß DQG WKH OHQJWK WKH M�WK VHJPHQW 4 ß LV O ß � WKH M�WK VHJPHQW 3 ß LWVHOI
LV SDUWLWLRQHG LQWR V ß b � VHJPHQWV RI WKH IRUP T ß � �� � � � � �� HDFK RI OHQJWK [ ß � SOXV
D VLQJOH VHJPHQW RI WKH IRUP T ß � �� � � � � �� T Ñ(ê èß RI WKH VDPH OHQJWK [ ß � pQDOO\� WKH
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VHJPHQW 4 ß FRQVLVWV RI O ß XQLWV �� +DYLQJ GRQH WKLV� ZH GHpQH WKH ZHLJKWV Iy r J vr�w(u
RI WKH ZHLJKWHG VKLIW 7 YLD FRQFDWHQDWLRQ RI WKH �pQLWH� VHTXHQFHV 3 t �4 t �3 ¦ �4 ¦ � � � �
DV IROORZV

y u � y t � y ¦ � � � �  3 t �4 t �3 ¦ �4 ¦ � � � � �3 r �4 r � � � � � ������

%\ ������� ZH KDYH

[ ß?s�t ! P ß ! W ß  V ß [ ß ! [ ß � M ! �� ������

7KH QXPEHU RI RFFXUUHQFHV RI T ß LQ WKH M�WK VHJPHQW 3 ß LV HTXDO WR V ß �WKH H[SUHVVLRQ
T
Ñ(ê èß LV QRW FRXQWHG�� )LUVW� ZH SURYH WKDW OLP LQI r�¾ v N7

r
N  �� 6LQFH IT r J vr�w�t LV

GHFUHDVLQJ� ZH GHGXFH IURP ������������� WKDW

N7
r
N  

�
T ß?s�t LI P ß � Q � P ß � O ß ZLWK M ! ��
T
ê èß LI P ß b [ ß � � � Q � P ß ZLWK M ! ��

������

DQG

T ß � N7
r
N � T

ê èß LI P ß b W ß � � � Q � P ß b [ ß � � ZLWK M ! �� ������

%\ ������� ������ DQG WKH IDFW WKDW T ß 	 � DV M � �� ZH KDYH

OLP LQIr�¾ v N7
r
N  OLPß?¾ v

T ß  � DQG OLP VXSr�¾ v
N7
r
N  OLP VXSß?¾ v

T
ê èß � ������

,Q SDUWLFXODU� WKLV SURYHV ������ :ULWH T ß DV T ß  H î è ZLWK � ß  ORJ T ß � 7KHQ I� r J vr�w�t
LV D VWULFWO\ GHFUHDVLQJ VHTXHQFH RI SRVLWLYH UHDO QXPEHUV VXFK WKDW OLP r�¾ v � r  ��
$VVXPH WKDW IV ß J vß?w�t LV VWULFWO\ LQFUHDVLQJ� 7KHQ OLP ß?¾ v V ß  ��:H VKRZ WKDW IRU

HYHU\ � � ����@� WKHUH H[LVWV I� ß J vß?w�t VXFK WKDW OLP ß?¾ v V ß � ß  ORJ �� )RU� FRQVLGHU
WZR FDVHV� ,I �  �� WKHQ ZH VHW � ß  tï ê è IRU M ! �� ,Q WXUQ� LI � � ������ WKHQ ZH

VHW � ß  ð ñOòfóê è IRU M ! �� 6LQFH T ê èß  H ê è î è � ZH GHGXFH IURP ������ WKDW ����� KROGV�
$V ZHDN VWDELOLW\ DOZD\V LPSOLHV XQLIRUP ERXQGHGQHVV� ZKLFK E\ ����� LV HTXLY�

DOHQW WR � � �� LW UHPDLQV WR SURYH WKDW 7 LV ZHDNO\ VWDEOH SURYLGHG � � ��
8VLQJ ������� ZH VHH WKDW OLP r�¾ v K7

r
H Ì � H í L  � IRU DOO LQWHJHUV N� O ! �� +HQFH�

OLP r�¾ v K7
r
[� \L  � IRU DOO [� \ �&� ZKHUH&VWDQGV IRU WKH OLQHDU VSDQ RI IH r J vr�w(u �

$VVXPH WKDW � � �� 6LQFH & LV GHQVH LQ � DQG� E\ ������ VXS r9Ç�t N7 r N � �� ZH
FRQFOXGH WKDW 7 LV ZHDNO\ VWDEOH �VHH H�J�� >��� /HPPD �@�� WKDW LV ������ KROGV� `

7KHRUHP ���� DQG &RUROODU\ ��� QDWXUDOO\ KROG IRU XQLWDU\ RSHUDWRUV� 2XWJURZWKV
RI VXFK D SDUWLFXODULVDWLRQ WR XQLWDU\ RSHUDWRUV DUH WKH VXEMHFW RI WKH QH[W VHFWLRQ�

�� : HDN & RQYHU JHQF H RI 3RZ HU 6HTXHQF HV RI 8QLW DU \ 2SHU DW RU V

7DNH D XQLWDU\ RSHUDWRU 8 �%�� � RQ D +LOEHUW VSDFH � � 6LQFH 8 LV K\SRQRUPDO�
��, b 8� UHGXFHV 8 � VR 8 GHFRPSRVHV UHODWLYH WR �  ��, b 8� j��, b 8� Ê DV
8  , j: � ZKHUH : LV XQLWDU\ RQ ��, b 8� Ê �DQ\ SDUW RI WKH GHFRPSRVLWLRQ RI
8 PD\ EH DEVHQW�� 7KXV� E\ &RUROODU\ ��� ZH REWDLQ WKH IROORZLQJ�

3URSRVLWLRQ ��� �>�� &RUROODU\ ���@�� /HW 8 �%�� � EH D XQLWDU\ RSHUDWRU RQ D

+LOEHUW VSDFH � � 7KHQ ��,b8� UHGXFHV 8 DQG 8 GHFRPSRVHV DV WKH RUWKRJRQDO VXP

8  , j:

UHODWLYH WR WKH RUWKRJRQDO GHFRPSRVLWLRQ �  ��, b 8�j��, b 8� Ê � ZKHUH : LV

D XQLWDU\ RSHUDWRU RQ ��, b 8� Ê � 0RUHRYHU� I8
r
J vr�w�t LV ZHDNO\ FRQYHUJHQW LI DQG
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RQO\ LI : LV ZHDNO\ VWDEOH� DQG LI WKLV LV WKH FDVH� WKHQ WKH ZHDN OLPLW RI I8
r
J vr�w�t

LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 8��

1RWH WKDW WKH SRZHU VHTXHQFHV I8
r
J vr�w�t DQG I:

r
J vr�w�t PD\ QRW FRYHUDJH DW DOO�

IRU H[DPSOH� WKLV LV WKH FDVH LI 8 LV D V\PPHWU\ �L�H�� D XQLWDU\ LQYROXWLRQ� VXFK DV

8  

x
� �
� b�

y

 �j �b���

$FFRUGLQJ WR 3URSRVLWLRQ ���� WKH IROORZLQJ KROGV�

7KH SRZHU VHTXHQFH RI D XQLWDU\ RSHUDWRU ZLWK QR LGHQWLW\ SDUW
LV ZHDNO\ FRQYHUJHQW LI DQG RQO\ LI LW LV ZHDNO\ VWDEOH�

7KH ZHDN VWDELOLW\ RI D XQLWDU\ RSHUDWRU 8 FDQ EH FRPSOHWHO\ FKDUDFWHUL]HG E\
WKH UHTXLUHPHQW WKDW WKH VSHFWUDO PHDVXUH RI 8 LV 5DMFKPDQ �VHH &RUROODU\ ���� VHH
DOVR ������� /HW XV DOVR QRWH WKDW� VLQFH XQLWDU\ RSHUDWRUV DUH FOHDUO\ QRW VWURQJO\
VWDEOH �DQG WKHUHIRUH QRW XQLIRUPO\ VWDEOH�� LW IROORZV IURP &RUROODU\ ��� WKDW WKH
RQO\ XQLWDU\ RSHUDWRU ZKRVH SRZHU VHTXHQFH LV VWURQJO\ RU QRUP FRQYHUJHQW LV WKH
LGHQWLW\ RSHUDWRU�

/HW y DQG z EH ��pQLWH PHDVXUHV RQ WKH ��DOJHEUD � ô RI %RUHO VXEVHWV RI WKH XQLW
FLUFOH 7 FHQWHUHG DW WKH RULJLQ RI WKH FRPSOH[ SODQH &� 7KH /HEHVJXH GHFRPSRVLWLRQ
WKHRUHP LPSOLHV WKDW WKH PHDVXUH z KDV D XQLTXH GHFRPSRVLWLRQ z  z õ � z ê UHOD�
WLYH WR y� ZKHUH z õ DQG z ê DUH PHDVXUHV RQ � ô WKDW DUH DEVROXWHO\ FRQWLQXRXV DQG
VLQJXODU UHODWLYH WR y� UHVSHFWLYHO\� ,Q WXUQ� WKH PHDVXUH z ê KDV D XQLTXH GHFRPSRVL�
WLRQ z ê  z ê�ö �z ê�÷ � ZKHUH z ê�ö DQG z êE÷ DUH PHDVXUHV RQ � ô WKDW DUH FRQWLQXRXV DQG
GLVFUHWH �L�H�� SXUH SRLQW�� UHVSHFWLYHO\ �FI� >��� 7KHRUHP ,���@�� &DOO WKH PHDVXUHV
z ê�ö DQG z êE÷ VLQJXODU�FRQWLQXRXV DQG VLQJXODU�GLVFUHWH UHODWLYH WR y� UHVSHFWLYHO\ �FI�
>��� 3URSRVLWLRQ ����@��

$ XQLWDU\ RSHUDWRU LV DEVROXWHO\ FRQWLQXRXV� VLQJXODU�FRQWLQXRXV� RU VLQJXODU�

GLVFUHWH LI LWV VSHFWUDO PHDVXUH LV DEVROXWHO\ FRQWLQXRXV� VLQJXODU�FRQWLQXRXV� RU
VLQJXODU�GLVFUHWH UHODWLYH WR WKH QRUPDOL]HG /HEHVJXH PHDVXUH RQ � ô � UHVSHFWLYHO\�
%\ WKH VSHFWUDO WKHRUHP� HYHU\ XQLWDU\ RSHUDWRU 8 �%�� � RQ D +LOEHUW VSDFH �
GHFRPSRVHV DV WKH RUWKRJRQDO VXP

8  8 õ j 8 ê�ö j 8 êE÷ �����

RI XQLWDU\ RSHUDWRUV UHODWLYH WR WKH RUWKRJRQDO GHFRPSRVLWLRQ �  � õ j� êEö j� êE÷
RI +LOEHUW VSDFHV� ZKHUH 8 õ �%�� õ � LV DEVROXWHO\ FRQWLQXRXV� 8 ê�ö �%�� êEö � LV
VLQJXODU�FRQWLQXRXV DQG 8 ê�÷ �%�� ê�÷ � LV VLQJXODU�GLVFUHWH� 1RWH WKDW DQ\ SDUW LQ
WKH GHFRPSRVLWLRQ ����� PD\ EH DEVHQW�

7KH ZHDN VWDELOLW\ RI XQLWDU\ RSHUDWRUV FDQ EH FKDUDFWHULVHG LQ WHUPV RI WKH
GHFRPSRVLWLRQ ����� DV IROORZV�

5HPDUN ���� &RQVLGHU WKH GHFRPSRVLWLRQ ����� RI D XQLWDU\ RSHUDWRU 8 �%�� �
UHODWLYH WR WKH GHFRPSRVLWLRQ �  � õ j � ê�ö j � êE÷ � 7KH IROORZLQJ IDFWV DUH ZHOO
NQRZQ �VHH� H�J�� >��� S� ��@��

�L� $Q DEVROXWHO\ FRQWLQXRXV XQLWDU\ LV DOZD\V ZHDNO\ VWDEOH� L�H�� 8
rõ Èb� ��

�LL� $ VLQJXODU�GLVFUHWH XQLWDU\ LV QHYHU ZHDNO\ VWDEOH� L�H�� 8
rêE÷ Èb�ø ��

7KLV LQ WXUQ LV HTXLYDOHQW WR WKH IROORZLQJ VWDWHPHQW�
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$ XQLWDU\ RSHUDWRU LV ZHDNO\ VWDEOH LI DQG RQO\ LI LWV VLQJXODU�FRQWLQXRXV
SDUW LV ZHDNO\ VWDEOH DQG LWV VLQJXODU�GLVFUHWH SDUW LV DEVHQW�

�����

5HFDOO DOVR WKH IROORZLQJ WZR REVHUYDWLRQV IURP >��� 3URSRVLWLRQV ��� DQG ���@�

�LLL� 7KHUH H[LVW ZHDNO\ VWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV�

�LY� 7KHUH H[LVW ZHDNO\ XQVWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV �

1RZ� ZH SURYLGH PRUH GHWDLOV�

�L Í � $EVROXWHO\ FRQWLQXRXV XQLWDULHV DV SDUWV RI ELODWHUDO VKLIWV� $ XQLWDU\ RSHUDWRU
LV DEVROXWHO\ FRQWLQXRXV LI DQG RQO\ LI LW LV D SDUW RI D ELODWHUDO VKLIW �VHH >�� S� ���
([HUFLVH �@��

�LL Í � 6LQJXODU�GLVFUHWH XQLWDULHV YLD HLJHQYDOXHV� $ FRPSOH[ QXPEHU o LV DQ HLJHQ�
YDOXH RI D XQLWDU\ RSHUDWRU 8 ZLWK WKH VSHFWUDO PHDVXUH ( LI DQG RQO\ LI (�IoJ� � �
�VHH >��� 7KHRUHP �����@�� +HQFH� 8 KDV QR VLQJXODU�GLVFUHWH �HTXLYDOHQWO\� GLVFUHWH�
SDUW LI DQG RQO\ LI LW KDV DQ HLJHQYDOXH�

�LL Í Í �:HDNO\ XQVWDEOH VLQJXODU�GLVFUHWH XQLWDULHV ZLWK IXOO VSHFWUXP� ,I Io Ì J vÌ,w�t LV DQ
HQXPHUDWLRQ RI WKH UDWLRQDOV LQ >�� ��� WKHQ WKH GLDJRQDO RSHUDWRU 8 ZLWK GLDJRQDO
IH
¦Bù àWú�û

J vÌ,w�t RQ C
¦ s LV D VLQJXODU�GLVFUHWH XQLWDU\ ZKRVH VSHFWUXP LV WKH ZKROH XQLW

FLUFOH 7� DQG ZKLFK LV QRW ZHDNO\ VWDEOH DFFRUGLQJ WR �LL� �VHH DOVR >�� ([DPSOH ����@��
�LLL Í � :HDNO\ VWDEOH VLQJXODU�FRQWLQXRXV XQLWDULHV� /HW z EH D pQLWH PHDVXUH RQ � ô

DQG OHW /
¦
�7� z� EH WKH +LOEHUW VSDFH RI VTXDUH LQWHJUDEOH %RUHO FRPSOH[ IXQFWLRQV

RQ 7 ZLWK UHVSHFW WR z� &RQVLGHU WKH XQLWDU\ PXOWLSOLFDWLRQ RSHUDWRU 8 ü�ý þ RQ
/
¦
�7� z�� ZKLFK LV GHpQHG E\

8 ü&ý þ �  
 c � D�H� >z@� � � /
¦
�7� z��

ZKHUH 
 � 7 � 7 LV WKH LGHQWLW\ PDS� 1RWH WKDW WKH PHDVXUH z FDQ EH UHJDUGHG
DV WKH VFDODU VSHFWUDO PHDVXUH RI 8 ü&ý þ � 5HFDOO WKDW D pQLWH PHDVXUH { RQ � ô LV D
5DMFKPDQ PHDVXUH LI

5

ô ] Ì G{�]�� � DV MNM � � �HTXLYDOHQWO\ DV N � ��� )RU WKH
RSHUDWRU 8 ü&ý þ � ZH KDYH

z LV D 5DMFKPDQ PHDVXUH LI DQG RQO\ LI 8
rü&ý þ Èb� �� �����

�,QGHHG� 8
rü&ý þ Èb� �  � K8

rü&ý þ �� �L � � ��
5

ô ] r Gz�]� � �  � 8
rü�ý þ Èb� �� WKH

SURRI RI WKH ODVW LPSOLFDWLRQ LV VWUDLJKWIRUZDUG �FI� >�� SS� ���������@�� $ 5DMFKPDQ
PHDVXUH L DOZD\V FRQWLQXRXV �VHH >��@� VHH DOVR >��� S� ���@�� KRZHYHU WKHUH DUH
VLQJXODU 5DMFKPDQ PHDVXUHV >��� 7KHRUHP ���@� 7KXV D VLQJXODU 5DMFKPDQ PHDVXUH
LV VLQJXODU�FRQWLQXRXV� VR� E\ ������ ZH KDYH

LI z LV D VLQJXODU 5DMFKPDQ PHDVXUH� WKHQ WKH PXOWLSOLFDWLRQ RSHUDWRU 8 ü&ý þ
RQ /

¦
�7� z� LV D ZHDNO\ VWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\ �

�LY Í � :HDNO\ XQVWDEOH VLQJXODU�FRQWLQXRXV XQLWDULHV� /HW z EH WKH %RUHO�6WLHOWMHV
PHDVXUH RQ � ô JHQHUDWHG E\ WKH &DQWRU IXQFWLRQ DVVRFLDWHG ZLWK WKH &DQWRU
VHW b RYHU WKH XQLW FLUFOH 7 �FI� >��� S� ��� ([DPSOH �@ DQG >��� S� ���� 3URE�
OHP �����F�@�� 7KHQ z LV VLQJXODU�FRQWLQXRXV� DQG WKXV WKH PXOWLSOLFDWLRQ RSHUDWRU
8 ü&ý þ RQ /

¦
�7� z� LV D VLQJXODU�FRQWLQXRXV XQLWDU\ ZKRVH VSHFWUXP LV b � EXW z LV

QRW D 5DMFKPDQ PHDVXUH �VHH >��� S� ���@�� VR E\ ������ WKH RSHUDWRU 8 ü&ý þ LV QRW
ZHDNO\ VWDEOH� `

1RZ� ZH DSSO\ 3URSRVLWLRQ ��� WR WKH GHFRPSRVLWLRQ ����� RI D XQLWDU\ RSHUDWRU
8 DQG FRQFOXGH WKDW WKH SRZHU VHTXHQFH I8

r
J vr�w�t LV ZHDNO\ FRQYHUJHQW LI DQG RQO\

LI LWV VLQJXODU�FRQWLQXRXV SDUW 8 ê�ö LV ZHDNO\ VWDEOH DQG 8 ê�÷  , �VHH 7KHRUHP �����
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/HPPD ���� 7KH SRZHU VHTXHQFH RI D VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU 8 FRQ�

YHUJHV ZHDNO\ LI DQG RQO\ LI 8 LV ZHDNO\ VWDEOH�

3URRI� 2QO\ WKH QHFHVVLW\ SDUW UHTXLUHV SURRI� 'HFRPSRVH 8 DV LQ 3URSRVLWLRQ ����
WKDW LV 8  , j :� 6LQFH 8 LV VLQJXODU�FRQWLQXRXV� 8 KDV QR HLJHQYDOXH �VHH 5H�
PDUN ����LL Í ��� DQG WKXV 8  :� 8VLQJ WKH ?PRUHRYHU� SDUW RI 3URSRVLWLRQ ���
FRPSOHWHV WKH SURRI�

/HPPD ���� 7KH SRZHU VHTXHQFH RI D VLQJXODU�GLVFUHWH XQLWDU\ RSHUDWRU 8 FRQ�

YHUJHV ZHDNO\ LI DQG RQO\ LI 8 LV WKH LGHQWLW\ RSHUDWRU�

3URRI� $V DERYH� ZH RQO\ GLVFXVV WKH QHFHVVLW\ SDUW� 'HFRPSRVH 8 DV LQ 3URSRVL�
WLRQ ���� 6LQFH 8 LV VLQJXODU�GLVFUHWH� VR LV :� 7KHUHIRUH� E\ WKH ?PRUHRYHU� SDUW RI
3URSRVLWLRQ ��� DQG 5HPDUN ����LL�� 8  ,�

7KHRUHP ���� /HW 8 EH D XQLWDU\ RSHUDWRU RQ D +LOEHUW VSDFH � DQG OHW 8  
8 õ j 8 ê�ö j 8 ê�÷ EH WKH GHFRPSRVLWLRQ DV LQ ������ 7KHQ I8

r
J vr�w�t LV ZHDNO\ FRQYHU�

JHQW LI DQG RQO\ LI 8 ê�ö LV ZHDNO\ VWDEOH DQG 8 ê�÷ LV WKH LGHQWLW\ RSHUDWRU �DQ\ RI 8 õ �
8 êEö � DQG 8 ê�÷ PD\ EH DEVHQW�� 0RUHRYHU� LI WKLV LV WKH FDVH� WKHQ WKH ZHDN OLPLW RI

I8
r
J vr�w�t LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 8�  � ê�÷ �

3URRI� %\ ������ I8
r
J vr�w�t FRQYHUJHV ZHDNO\ LI DQG RQO\ LI HYHU\ VHTXHQFH I8 rõ J vr�w�t �

I8
rê�ö J vrlw�t � DQG I8

rê�÷ J vr�w�t FRQYHUJHV ZHDNO\� ,W IROORZV IURP 5HPDUN ����L� WKDW

8
rõ Èb� � DV Q � �� 1RZ� XVLQJ /HPPDV ��� DQG ���� ZH FDQ SURYH WKH ?LI DQG

RQO\ LI� SDUW� 7KH ?PRUHRYHU� SDUW IROORZV IURP WKH ?LI DQG RQO\ LI� SDUW DQG
3URSRVLWLRQ ����

2EVHUYH WKDW 7KHRUHP ��� H[WHQGV WKH ZHDN VWDELOLW\ FULWHULRQ ������

�� 7 KH F DVH RI VXEQRU P DO RSHU DW RU V

,Q WKLV VHFWLRQ� ZH FKDUDFWHUL]H WKH ZHDN� VWURQJ DQG XQLIRUP VWDELOLW\ RI VXE�
QRUPDO RSHUDWRUV LQ WHUPV RI WKHLU VHPLVSHFWUDO PHDVXUHV� $V D FRQVHTXHQFH� ZH
REWDLQ UHVXOWV RQ WKH FRQYHUJHQFH RI WKH SRZHU VHTXHQFH RI D VXEQRUPDO RSHUDWRU
ZLWK UHVSHFW WR WKH ZHDN� VWURQJ DQG QRUP WRSRORJLHV�

:H EHJLQ E\ UHYLHZLQJ WKH FRQFHSWV RI WKH VHPLVSHFWUDO LQWHJUDO DQG WKH VHPLVSHF�
WUDO PHDVXUH RI D VXEQRUPDO RSHUDWRU� 6XSSRVH WKDW ) � � ÿ �%�� � LV D VHPLVSHF�
WUDO PHDVXUH RQ D ��DOJHEUD � ÿ RI VXEVHWV RI D VHW n� L�H�� z é  K) �c�[� [L LV D SRVLWLYH
PHDVXUH IRU HYHU\ [ � � � DQG ) �n�  ,� $OVR UHFDOO WKDW LI 
 �

7 é���� /
t
�n�z é ��

WKHQ WKHUH H[LVWV D XQLTXH RSHUDWRU LQ%�� �� GHQRWHG E\
5

ÿ 
���) �G��� VXFK WKDW

'=

ÿ 
���) �G��[� [
(

 

=

ÿ 
���K) �G��[� [L� [ � � � �����

7KH VDPH DSSOLHV WR SRVLWLYH RSHUDWRU YDOXHG PHDVXUHV�

,I 7 �%�� � LV D VXEQRUPDO RSHUDWRU DQG ( LV WKH VSHFWUDO PHDVXUH RI D PLQLPDO
QRUPDO H[WHQVLRQ 1 � %�� � RI 7 � WKHQ WKH %RUHO VHPLVSHFWUDO PHDVXUH ) RQ &
ZLWK YDOXHV LQ %�� � GHpQHG E\

) �c�  3 � (�c�M � � c�%RUHO VXEVHW RI &� �����

ZKHUH 3 � � %�� � LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR � � LV FDOOHG WKH VHPLV�

SHFWUDO PHDVXUH RI 7� 7KH GHpQLWLRQ RI ) LV LQGHSHQGHQW RI WKH FKRLFH RI D PLQLPDO
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QRUPDO H[WHQVLRQ RI 7 DQG ) LV D XQLTXH UHSUHVHQWLQJ VHPLVSHFWUDO PHDVXUH RI WKH
RSHUDWRU YDOXHG FRPSOH[ PRPHQW VHTXHQFH I7 Æ r 7 �

J v� ý r�w(u � L�H��
7 Æ r 7 �

 

=

� ]
�
z]
r
) �G]�� P� Q ! �� �����

7KH FORVHG VXSSRUW RI ) LV HTXDO WR ��1�� 6HH >��� $SSHQGL[@ DQG >��� 6HFWLRQ �@
�VHH DOVR >�� �@� IRU PRUH LQIRUPDWLRQ�

,I ) LV D %�� ��YDOXHG %RUHO VHPLVSHFWUDO PHDVXUH RQ &� WKHQ ) ô GHQRWHV WKH
SRVLWLYH RSHUDWRU�YDOXHG PHDVXUH GHpQHG DV ) ô �c�  ) �c?7� IRU DQ\ %RUHO VXEVHW
RI &�
:H EHJLQ E\ GLVFXVVLQJ WKH ZHDN VWDELOLW\ RI VXEQRUPDO RSHUDWRUV�

3URSRVLWLRQ ���� /HW 7 � %�� � EH D VXEQRUPDO RSHUDWRU ZLWK WKH VHPLVSHFWUDO

PHDVXUH )� 7KHQ 7 LV ZHDNO\ VWDEOH LI DQG RQO\ LI N7N � � DQG K) ô �c�[� [L LV D

5DMFKPDQ PHDVXUH IRU HYHU\ [ � � � WKDW LV�

OLPr�¾ v
=

ô ]
r
K) �G]�[� [L  �� [ � � � �����

3URRI� ,I 7 LV ZHDNO\ VWDEOH� WKHQ E\ ����� DQG ������ N7N � �� +HQFH� ��7 � v 'W7
DQG WKXV� E\ ����� DQG ������ WKH IROORZLQJ LGHQWLW\ KROGV

K7
r
[� [L  

=

� ]
r
K) �G]�[� [L�

=

ô ]
r
K) �G]�[� [L� [ � � � Q ! �� �����

%\ WKH /HEHVJXH GRPLQDWHG FRQYHUJHQFH WKHRUHP� WKH pUVW VXPPDQG LQ ����� WHQGV
WR ]HUR DV Q � �� 7KHUHIRUH� 7 LV ZHDNO\ VWDEOH LI DQG RQO\ LI ����� KROGV�

7KH IROORZLQJ UHVXOW LV D GLUHFW FRQVHTXHQFH RI 3URSRVLWLRQ ��� DQG WKH REYLRXV
REVHUYDWLRQ WKDW VHPLVSHFWUDO PHDVXUHV RI QRUPDO �DQG WKHUHIRUH XQLWDU\� RSHUDWRUV
DUH VSHFWUDO� ,W FDQ DOVR EH GHULYHG IURP ����� DQG WZR IDFWV� WKH pUVW RI ZKLFK VD\V
WKDW DQ\ XQLWDU\ RSHUDWRU LV DQ RUWKRJRQDO VXP �RI DUELWUDU\ FDUGLQDOLW\� RI XQLWDU\
PXOWLSOLFDWLRQ RSHUDWRUV� DV LQ 5HPDUN ����LLL Í �� DQG WKH VHFRQG VWDWHV WKDW D pQLWH
%RUHO PHDVXUH RQ 7� ZKLFK LV WKH VXP RI D VHULHV RI DQ\ �QRW QHFHVVDULO\ FRXQWDEOH�
IDPLO\ RI 5DMFKPDQ PHDVXUHV� LV D 5DMFKPDQ PHDVXUH�

&RUROODU\ ���� $ XQLWDU\ RSHUDWRU 8 � %�� � ZLWK WKH VSHFWUDO PHDVXUH ( LV

ZHDNO\ VWDEOH LI DQG RQO\ LI K(�c�[� [L LV D 5DMFKPDQ PHDVXUH IRU HYHU\ [ � � �

6LQFH DEVROXWHO\ FRQWLQXRXV PHDVXUHV ZLWK UHVSHFW WR WKH QRUPDOL]HG /HEHVJXH
PHDVXUH RQ � ô DUH 5DMFKPDQ PHDVXUHV �VHH >��� S� ���@�� ZH JHW
&RUROODU\ ���� /HW 7 � %�� � EH D VXEQRUPDO FRQWUDFWLRQ ZLWK WKH VHPLVSHFWUDO

PHDVXUH)� ,I ) ô LV DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR WKH QRUPDOL]HG /HEHVJXH

PHDVXUH RQ � ô � WKHQ 7 LV ZHDNO\ VWDEOH� ,Q SDUWLFXODU� WKLV LV WKH FDVH LI ) ô  ��
8VLQJ &RUROODU\ ��� DQG 3URSRVLWLRQ ��� �VHH DOVR ������� ZH FDQ FKDUDFWHUL]H WKH

ZHDN FRQYHUJHQFH RI WKH SRZHU VHTXHQFH RI D VXEQRUPDO RSHUDWRU DV IROORZV�

3URSRVLWLRQ ���� /HW 7 �%�� � EH D VXEQRUPDO RSHUDWRU� 7KHQ I7
r
J vr�w�t LV ZHDNO\

FRQYHUJHQW LI DQG RQO\ LI 7 GHFRPSRVHV DV 7  ,j/ ZLWK UHVSHFW WR D GHFRPSRVLWLRQ

�  � t j� ¦ � ZKHUH / LV D VXEQRUPDO FRQWUDFWLRQ ZLWK WKH VHPLVSHFWUDO PHDVXUH *
VXFK WKDW K* ô �c�[� [L LV D 5DMFKPDQ PHDVXUH IRU HYHU\ [ � � ¦ � ,I WKLV LV WKH FDVH�

WKHQ WKH ZHDN OLPLW RI I7
r
J vr�w�t LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 7 ��

0RUHRYHU� WKH RUWKRJRQDO GHFRPSRVLWLRQ RI 7 LV XQLTXH DQG � t  ��, b 7 ��
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$V IRU WKH VWURQJ VWDELOLW\ RI VXEQRUPDO RSHUDWRUV� ZH KDYH WKH IROORZLQJ UHVXOW�

3URSRVLWLRQ ��� �>��� 3URSRVLWLRQ ����LL�@�� /HW 7 �%�� � EH D VXEQRUPDO RSHUD�

WRU ZLWK WKH VHPLVSHFWUDO PHDVXUH )� 7KHQ 7 LV VWURQJO\ VWDEOH LI DQG RQO\ LI N7N � �
DQG ) �7�  �� RU HTXLYDOHQWO\� LI DQG RQO\ LI 7 LV SRZHU ERXQGHG DQG ) �7�  ��
,W WXUQV RXW WKDW ZHDNO\ VWDEOH QRUPDO RSHUDWRUV DUH VLPSO\ RUWKRJRQDO VXPV RI

ZHDNO\ VWDEOH XQLWDU\ RSHUDWRUV DQG VWURQJO\ VWDEOH QRUPDO RSHUDWRUV� ,Q IDFW� DV
WKH SURRI RI &RUROODU\ ��� VKRZV� DQ\ QRUPDO FRQWUDFWLRQ 7 KDV WKH IRUP 7  8j6�
ZKHUH 8 LV XQLWDU\ DQG 6 LV D VWURQJO\ VWDEOH VXEQRUPDO FRQWUDFWLRQ� 7KLV NLQG RI
RUWKRJRQDO GHFRPSRVLWLRQV IRU D FODVV RI FRQWUDFWLRQV� FRYHULQJ WKH FDVH RI QRUPDO
RSHUDWRUV� FDQ EH IRXQG LQ >��@�

&RUROODU\ ���� $ QRUPDO RSHUDWRU 7 � %�� � LV ZHDNO\ VWDEOH LI DQG RQO\ LI 7  
8j6� ZKHUH 8 LV D ZHDNO\ VWDEOH XQLWDU\ RSHUDWRU DQG 6 LV D VWURQJO\ VWDEOH QRUPDO

RSHUDWRU�

3URRI� )LUVW� REVHUYH WKDW WKH VHPLVSHFWUDO PHDVXUH ( RI 7 LV WKH VSHFWUDO PHDVXUH
RI 7 � 6XSSRVH WKDW 7 LV ZHDNO\ VWDEOH� $FFRUGLQJ WR 3URSRVLWLRQ ���� N7N � � DQG

K( ô �c�[� [L LV D 5DMFKPDQ PHDVXUH IRU HYHU\ [ � � � �����

%\ >�� 7KHRUHP �����@� WKH VSDFHV �   �(�7�� DQG �  �(�'�� UHGXFH 7 � �  
� j� DQG 7  8 j 6� ZKHUH 8  7 M � DQG 6  7 M � � &OHDUO\� 8 LV XQLWDU\ �VHH
>�� 7KHRUHP �����@� DQG 6 LV D QRUPDO FRQWUDFWLRQ� ,W LV HDV\ WR VHH WKDW ( ô LV WKH
VSHFWUDO PHDVXUH RI 8 DQG WKH PHDVXUH ( � GHpQHG E\ ( � �c�  (�c ? '� IRU DQ\
%RUHO VXEVHW c RI & LV WKH VSHFWUDO PHDVXUH RI 6� +HQFH� E\ ����� DQG &RUROODU\ ����
8 LV ZHDNO\ VWDEOH� 6LQFH ( � �7�  �� ZH GHGXFH IURP 3URSRVLWLRQ ��� WKDW 6 LV
VWURQJO\ VWDEOH� ,Q YLHZ RI ������ WKH FRQYHUVH LPSOLFDWLRQ LV REYLRXV�

%HIRUH ZH GHDO ZLWK WKH VWURQJ FRQYHUJHQFH RI SRZHU VHTXHQFHV RI VXEQRUPDO
RSHUDWRUV� ZH SURYH WKH IROORZLQJ

/HPPD ���� /HW ) EH D %�� ��YDOXHG %RUHO VHPLVSHFWUDO PHDVXUH RQ &� 7KHQ
~=

� ]
r
) �G]�

� v
r�w�t FRQYHUJHV VWURQJO\ WR �� �����

3URRI� %\ 1DLPDUN
V GLODWLRQ WKHRUHP �VHH >��@ DQG >��� 7KHRUHP ���@��� WKHUH H[LVW
D +LOEHUW VSDFH � DQG D VSHFWUDO PHDVXUH ( � � � �%�� � VXFK WKDW � v � DQG

K) �c�[� \L  K(�c�[� \L� [� \ � � � c � � � �
ZKHUH � � VWDQGV IRU WKH ��DOJHEUD RI DOO %RUHO VXEVHWV RI &� 7KLV� WRJHWKHU ZLWK
������ LPSOLHV WKDW
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r
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$V D FRQVHTXHQFH� ZH KDYH

q
q
q

=

� ]
r
) �G]�[

q
q
q �

t=

� M]M
¦ r
K) �G]�[� [L

u tEÝ ¦
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%\ WKH /HEHVJXH GRPLQDWHG FRQYHUJHQFH WKHRUHP�
5 � M]M

¦ r
K) �G]�[� [L � � DV

Q � �� VR ����� KROGV�

1RZ ZH FDQ FKDUDFWHUL]H WKH VWURQJ FRQYHUJHQFH RI SRZHU VHTXHQFHV RI VXEQRUPDO
RSHUDWRUV�

7KHRUHP ���� /HW 7 �%�� � EH D VXEQRUPDO RSHUDWRU ZLWK WKH VHPLVSHFWUDO PHD�

VXUH )� 7KHQ WKH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW�

�L� I7
r
J vr�w�t LV VWURQJO\ FRQYHUJHQW�

�LL� 7 GHFRPSRVHV DV 7  , j / ZLWK UHVSHFW WR D GHFRPSRVLWLRQ �  � t j � ¦ �
ZKHUH / LV D VXEQRUPDO FRQWUDFWLRQ ZKRVH VHPLVSHFWUDO PHDVXUH YDQLVKHV

RQ 7�
�LLL� 7 LV D FRQWUDFWLRQ DQG

) �c�  r t �c�) �7� IRU HYHU\ %RUHO VXEVHW c RI 7� �����

ZKHUH r t LV WKH 'LUDF PHDVXUH DW ��

0RUHRYHU� LI �L� KROGV� WKHQ ) �7� LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 7 �
DQG WKH VWURQJ OLPLW RI I7

r
J vr�w�t LV HTXDO WR ) �7�� )XUWKHUPRUH� WKH RUWKRJRQDO

GHFRPSRVLWLRQ RI 7 LQ �LL� LV XQLTXH DQG � t  ��, b 7 ��

3URRI� 7KHUH LV QR ORVV RI JHQHUDOLW\ LQ DVVXPLQJ WKDW N7N � � �VHH WKH SURRI RI
3URSRVLWLRQ �����

�L���LL� ,W IROORZV IURP &RUROODU\ ��� WKDW 7 GHFRPSRVHV DV 7  , j / ZLWK
UHVSHFW WR WKH RUWKRJRQDO GHFRPSRVLWLRQ �  ��, b 7 � j ��, b 7 � Ê � ZKHUH /
LV D VXEQRUPDO FRQWUDFWLRQ� +HQFH� LI I7

r
J vr�w�t LV VWURQJO\ FRQYHUJHQW� WKHQ E\

&RUROODU\ ���� / LV VWURQJO\ VWDEOH� 1RZ ZH FDQ DSSO\ 3URSRVLWLRQ ��� WR JHW �LL��

�LL���LLL� 'HQRWH E\ * WKH VHPLVSHFWUDO PHDVXUH RI /� 7KHQ �VHH >�� /HPPD ���@�

) �c�  r t �c�, j*�c�� c�%RUHO VXEVHW RI&� �����

6XEVWLWXWLQJ c  7 DQG XVLQJ *�7�  �� ZH JHW ) �7�  , j �� 6LQFH *�7�  �
LPSOLHV WKDW *�c�  � IRU HYHU\ %RUHO VXEVHW c RI 7� ZH VHH WKDW ����� LPSOLHV ������
VR �LLL� KROGV� $FFRUGLQJ WR 3URSRVLWLRQ ���� WKH VXEQRUPDO FRQWUDFWLRQ / LV VWURQJO\
VWDEOH� VR I7

r
J vr�w�t FRQYHUJHV VWURQJO\ WR , j �� ,Q WXUQ� E\ &RUROODU\ ���� , j �  

) �7� LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR ��, b 7 �� 7KLV LPSOLHV WKDW � t  
��, b 7 �� DQG FRQVHTXHQWO\ VKRZV WKDW WKH RUWKRJRQDO GHFRPSRVLWLRQ RI 7 LQ �LL� LV
XQLTXH� ,Q VXPPDU\� ZH KDYH SURYHQ ERWK WKH ?PRUHRYHU� DQG ?IXUWKHUPRUH� SDUWV�

�LLL���L� ,W IROORZV IURP WKH LQFOXVLRQ ��7 � v ' W 7 WKDW
7
r Ï Ô!¨ Å Ó
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r
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7KHUHIRUH� E\ /HPPD ���� I7
r
J vr�w�t FRQYHUJHV VWURQJO\ WR ) �7��



µf(®�¿(¼�¶f´(¼�®(µf¼�(À_Á�fÂp¼9¶Ã¯
¼&Ä(³$¼�®(µ&¼&¯ t Û

5HPDUN ���� ,W LV SRVVLEOH WR SURYH WKH LPSOLFDWLRQ �LLL���LL� RI 7KHRUHP ���
GLUHFWO\ ZLWKRXW XVLQJ /HPPD ���� :H DUH VWLOO DVVXPLQJ WKDW N7N � �� /HW 7  ,j/
EH WKH RUWKRJRQDO GHFRPSRVLWLRQ RI 7 DV LQ &RUROODU\ ���� $FFRUGLQJ WR �������
ZH KDYH

7
r
 

=

� ]
r
) �G]� � ) �7�� Q ! �� ������

,W IROORZV IURP ����� DQG WKH /HEHVJXH GRPLQDWHG FRQYHUJHQFH WKHRUHP WKDW WKH

VHTXHQFH
j5 � ]

r
) �G]�

k vr�w�t FRQYHUJHV ZHDNO\ WR � DV Q � � �WKLV LV OHVV WKDQ ZKDW

LV SRVWXODWHG LQ ������� +HQFH� E\ ������� WKH SRZHU VHTXHQFH I7
r
J vr�w�t RI 7 FRQYHUJHV

ZHDNO\ WR ) �7�� ,Q YLHZ RI &RUROODU\ ���� ) �7� LV WKH RUWKRJRQDO SURMHFWLRQ RI �
RQWR ��, b 7 �� /HW * EH WKH VHPLVSHFWUDO PHDVXUH RI /� 7KHQ

�
Ï Ô!¨ Ú Ó
 ) �7 Q I�J�

Ï Ô!¨ Û Ó
 �j*�7 Q I�J��

VR * ô �c�  r t �c�*�I�J� IRU DOO %RUHO VXEVHWV c RI 7� +RZHYHU� E\ 3URSRVLWLRQ ����
K* ô �c�[� [L LV D 5DMFKPDQ PHDVXUH IRU HYHU\ [ � � � VR K*�7�[� [L  � IRU DOO [ � �
RU� HTXLYDOHQWO\� *�7�  �� 7KLV \LHOGV �LL�� `

,Q WKH ODVW SDUW RI WKH SDSHU� ZH ZLOO IRFXV RQ WKH XQLIRUP VWDELOLW\ DQG WKH
DVVRFLDWHG QRUP FRQYHUJHQFH RI SRZHU VHTXHQFHV RI VXEQRUPDO RSHUDWRUV� ,W IROORZV
IURP ����� DQG ����� WKDW

D VXEQRUPDO RSHUDWRU LV XQLIRUPO\ VWDEOH LI DQG RQO\ LI
LW LV D VWULFW FRQWUDFWLRQ�

������

)LUVW� ZH VKRZ WKDW WKH XQLIRUP VWDELOLW\ RI VXEQRUPDO RSHUDWRUV FDQ EH FKDUDFWHU�
L]HG LQ WHUPV RI VWURQJ VWDELOLW\ DV IROORZV�

7KHRUHP ����� /HW 7 �%�� � EH D VXEQRUPDO RSHUDWRU ZLWK WKH VHPLVSHFWUDO PHDV�

XUH )� 7KHQ WKH IROORZLQJ VWDWHPHQWV DUH HTXLYDOHQW�

�L� 7 LV XQLIRUPO\ VWDEOH�

�LL� 7 LV VWURQJO\ VWDEOH DQG
5 � tt Ñ
	 ��	 � K) �G]�[� [L � � IRU HYHU\ [ � � �

�LLL� U�7 � � �� ) �7�  � DQG
5 � tt Ñ	 ��	 � K) �G]�[� [L � � IRU HYHU\ [ � � �

0RUHRYHU� LI 7 LV XQLIRUPO\ VWDEOH� 1 �%�� � LV D PLQLPDO QRUPDO H[WHQVLRQ RI 7
DQG 3 � LQ %�� � LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR � � WKHQ N1N � � DQG

v;
ß?w(u

7 Æ ß 7 ß  
=

�
�

�b M]M
¦ ) �G]�  3 � �, b1 Æ 1� Ñ t M � � ������

ZKHUH WKH VHULHV LV QRUP FRQYHUJHQW�

3URRI� /HW ( EH WKH VSHFWUDO PHDVXUH RI 1� 8VLQJ ����� DQG >�� &RUROODU\ ,,�����@�
ZH GHGXFH WKDW

v � N1N  N7N  U�7 � DQG ERWK PHDVXUHV ( DQG ) DUH
VXSSRUWHG LQ I] � & � M]M � vJ�

������

�L���LLL� 7KLV LV D GLUHFW FRQVHTXHQFH RI �������

�LLL���L� %\ ������� 7 Æ 7 � ,� 6LQFH
5 � tt Ñ
	 ��	 � K) �G]�[� [L � � IRU HYHU\ [ � � �

WKHUH H[LVWV WKH VHPLVSHFWUDO LQWHJUDO 5  
5 � tt Ñ
	 ��	 � ) �G]� � %�� � �VHH >��� 7KHR�

UHP $��@�� ,W IROORZV IURP �LLL� WKDW

) �& Q '�  �� ������
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+HQFH� ZH KDYH

K5[� [L
Ï Ô!¨ t Ó
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�b M]M
¦ K) �G]�[� [L ! N[N

¦
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DQG WKXV 5QHT�� 8VLQJ WKH &DXFK\�6FKZDU] LQHTXDOLW\� ����� DQG ������ ZH REWDLQ

N[N
¦ Ï Ô!¨ t Ë Ó
 

=

� � K) �G]�[� [L

�
v=

� ��b M]M
¦
�K) �G]�[� [L

w tEÝ ¦ v=

�
�

�b M]M
¦ K) �G]�[� [L

w tEÝ ¦

 K�, b 7 Æ 7 �[� [L tEÝ ¦ K5[� [L
tEÝ ¦

� N�, b 7 Æ 7 � tEÝ ¦ [NN5N
tEÝ ¦

N[N� [ � � �

7KHUHIRUH� ZH KDYH

N�, b 7 Æ 7 � tBÝ ¦ [N ! �

N5N tEÝ ¦ N[N� [ � � �

7KLV LPSOLHV WKDW �, b 7 Æ 7 � tEÝ ¦ LV LQYHUWLEOH� 7KXV� �  � ��, b 7 Æ 7 �� RU HTXLYDOHQWO\
�  � ��7 Æ 7 �� 6LQFH 7 Æ 7 � , � ZH FRQFOXGH WKDW N7N � �� +HQFH� LQ YLHZ RI �������
VWDWHPHQW �L� KROGV�

�LL���LLL� 7KLV HTXLYDOHQFH LV D GLUHFW FRQVHTXHQFH RI 3URSRVLWLRQ ��� DQG ������

,W UHPDLQV WR SURYH WKH ?PRUHRYHU� SDUW� $VVXPH WKDW 7 LV XQLIRUPO\ VWDEOH� %\
������� N7N � �� VR WKH VHULHV

3 vßOw(u 7 Æ ß 7 ß LV QRUP FRQYHUJHQW� 8VLQJ ������ ZH JHW
�v v;

ßOw(u
7 Æ ß 7 ß

w

[� [

�

 
v;
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� TXDG[ � � �

7KLV SURYHV WKH pUVW HTXDOLW\ LQ ������� %\ ������� WKH RSHUDWRU , b1 Æ 1 LV LQYHUW�
LEOH� +HQFH� E\ ������ ������ ������ DQG WKH 6WRQH�YRQ 1HXPDQQ FDOFXOXV� ZH KDYH

'=

�
�

�b M]M
¦ ) �G]�[� [

(

 
'=

�
�

�b M]M
¦ (�G]�[� [

(

 K�, b1 Æ 1� Ñ t [� [L
 K3 � �, b1 Æ 1� Ñ t M � [� [L� [ � � �

7KLV SURYHV WKH VHFRQG HTXDOLW\ LQ ������ DQG FRPSOHWHV WKH SURRI�

1RZ� ZH FDQ GHVFULEH WKH QRUP FRQYHUJHQFH RI SRZHU VHTXHQFHV RI VXEQRUPDO
RSHUDWRUV� 7KH UHVXOW EHORZ LV D GLUHFW FRQVHTXHQFH RI ������ DQG &RUROODU\ ����

3URSRVLWLRQ ����� /HW 7 � %�� � EH D VXEQRUPDO RSHUDWRU� 7KHQ I7
r
J vr�w�t LV

QRUP FRQYHUJHQW LI DQG RQO\ LI 7 GHFRPSRVHV DV 7  , j /� ZKHUH / LV D VWULFW

FRQWUDFWLRQ�

:H FRQFOXGH WKH SDSHU E\ UHODWLQJ WKH VWDELOLW\ RI D VXEQRUPDO RSHUDWRU WR WKH
VWDELOLW\ RI LWV PLQLPDO QRUPDO H[WHQVLRQ�
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7KHRUHP ����� /HW 7 � %�� �� EH D VXEQRUPDO RSHUDWRU DQG 1 � %�� � EH D

PLQLPDO QRUPDO H[WHQVLRQ RI 7� 7KHQ WKH IROORZLQJ DVVHUWLRQV KROG�

�L� 7 LV ZHDNO\ �VWURQJO\� XQLIRUPO\� VWDEOH LI DQG RQO\ LI 1 LV ZHDNO\ �VWURQJO\�
XQLIRUPO\� VWDEOH�

�LL� I7
r
J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP� LI DQG RQO\ LI I1

r
J vr�w�t FRQ�

YHUJHV ZHDNO\ �VWURQJO\� LQ QRUP��

�LLL� LI I7
r
J vr�w�t FRQYHUJHV ZHDNO\ �VWURQJO\� LQ QRUP�� WKHQ ��, b7 �  ��, b1��

7  , j/ UHODWLYH WR �  ��, b 7 �j��, b 7 � Ê DQG 1  , j0 UHODWLYH WR

�  ��,b1�j��,b1� Ê � ZKHUH / DQG 0 DUH ZHDNO\ �VWURQJO\� XQLIRUPO\�
VWDEOH DQG 0 LV D PLQLPDO QRUPDO H[WHQVLRQ RI /�

3URRI� �L� )LUVW� ZH ZLOO DGGUHVV WKH LVVXH RI ZHDN VWDELOLW\� 6XSSRVH WKDW 7 LV
ZHDNO\ VWDEOH� 7KHQ N1N  N7N � � �VHH ������ DQG 3URSRVLWLRQ ����� ,W IROORZV
IURP >�� 3URSRVLWLRQ ,,����@ WKDW

�  
vB
ß?w(u

1 Æ ß � � ������

7KHQ IRU DOO M� N ! � DQG Q ! ��
K1

r
�1 Æ ß [�� 1 Æ Ì \L  K1

r�s�Ì
[�1

ß
\L  K7

r
�7
Ì
[�� 7

ß
\L� [� \ � � �

%\ WKH ZHDN VWDELOLW\ RI 7 � WKLV LPSOLHV WKDW K1
r
I� JL � � DV Q � � IRU DOO I� J �&�

ZKHUH & LV WKH OLQHDU VSDQ RI 6 vß?w$u 1 Æ ß � � 6LQFH E\ ������� & LV GHQVH LQ � � DQG
VXS r���t N1 r

N � �� ZH FRQFOXGH WKDW 1 LV ZHDNO\ VWDEOH �VHH H�J�� >��� /HPPD �@��
7KH FRQYHUVH LPSOLFDWLRQ LV REYLRXV�

7KH FDVH RI VWURQJ VWDELOLW\ FDQ EH FRQVLGHUHG VLPLODUO\ �VHH DOVR >��� 3URSR�
VLWLRQ ����LLL�@�� ,Q WXUQ� WKH FDVH RI XQLIRUP VWDELOLW\ IROORZV IURP WKH IDFW WKDW
N7
r
N  N1

r
N IRU DOO Q ! � �VHH >�� &RUROODU\ ,,�����@��

�LL� 	 �LLL� $VVXPH WKDW I7
r
J vr�w�t FRQYHUJHV ZHDNO\ WR 3 �%�� �� 7KHQ� E\ &RURO�

ODU\ ���� 3 LV DQ RUWKRJRQDO SURMHFWLRQ ZLWK  �3 �  ��, b 7 � DQG 7 GHFRPSRVHV
DV 7  , j/ ZLWK UHVSHFW WR WKH RUWKRJRQDO GHFRPSRVLWLRQ �   �3 �j �, b3 ��
ZKHUH / LV D ZHDNO\ VWDEOH VXEQRUPDO RSHUDWRU� ,W IROORZV IURP >�� /HPPD ���@ WKDW
1  ,j0 UHODWLYH WR �   �3 �j �3 � Ê � ZKHUH0 LV D PLQLPDO QRUPDO H[WHQVLRQ
RI /� %\ �L��0 LV ZHDNO\ VWDEOH� VR I1

r
J vr�w�t FRQYHUJHV ZHDNO\ WR 4 �%�� ��� ZKHUH

4 LV WKH RUWKRJRQDO SURMHFWLRQ RI � RQWR  �3 � �FOHDUO\� 4 H[WHQGV 3 �� $SSO\LQJ
&RUROODU\ ��� WR 1 LQ SODFH RI 7 � ZH FRQFOXGH WKDW

��, b1�   �4�   �3 �  ��, b 7 ��

7KH ?LI� SDUW RI �LL� IRU WKH ZHDN WRSRORJ\ LV DJDLQ REYLRXV� 7KLV SURYHV ERWK �LL�
DQG �LLL� LQ WKH FDVH RI ZHDN WRSRORJ\� $ VLPLODU DUJXPHQW FDQ EH XVHG LQ WKH FDVH
RI VWURQJ DQG QRUP WRSRORJLHV�

$SSHQGL[ $� 1XP HU LF DO F RQW U DF W LRQV

,Q WKLV DSSHQGL[ ZH SURYH WKH IDFW DQQRXQFHG LQ 5HPDUN �����

3URSRVLWLRQ $��� 6XSSRVH WKDW 7 � %�� � LV VXFK Z�7 � � �� 7KHQ WKH HLJHQVSDFH
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