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�� ,QW U RGXF W LRQ

7KLV LV DQ H[SRVLWRU\�VXUYH\ SDSHU IRFXVLQJ RQ ZHDN IRUPV RI VXSHUF\FOLFLW\
DQG WKHLU FRQQHFWLRQ ZLWK ZHDN VWDELOLW\ RI ERXQGHG OLQHDU RSHUDWRUV RQ D QRUPHG
VSDFH� ,W KDV EHHQ GHYLVHG WR RoHU DQ RUJDQLVHG� VXPPDULVHG� DQG XQLpHG FROOHFWLRQ
RI UHVXOWV LQ VXFK D UHFHQW UHVHDUFK DUHD� DV ZHOO DV WR H[KLELW VRPH PRWLYDWLQJ RSHQ
TXHVWLRQV RQ LW� 7KH WDUJHW LV ZHDN VXSHUF\FOLFLW\� LQ SDUWLFXODU� ZHDN O�VHTXHQWLDO
VXSHUF\FOLFLW\� ZKRVH UHODWLYHO\ UHFHQW PDWKHPDWLFDO GHYHORSPHQWV EHJDQ DURXQG
����� DQG KDYH EHFRPH D SDUWLFXODUO\ DFWLYH UHVHDUFK pHOG VLQFH WKHQ�

,W KDV EHHQ NQRZQ IRU VRPH WLPH WKDW VXSHUF\FOLFLW\ LQ WKH QRUP WRSRORJ\� DOVR
UHIHUUHG WR DV VWURQJ VXSHUF\FOLFLW\� LPSOLHV VWURQJ VWDELOLW\� 7KLV PHDQV WKDW LI WKH
SURMHFWLYH RUELW RI D SRZHU ERXQGHG OLQHDU RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV GHQVH
LQ ; IRU VRPH YHFWRU \ LQ ; � WKHQ 7 � [ � � IRU HYHU\ [ � ; � ZLWK ERWK GHQVLW\ DQG
FRQYHUJHQFH LQ WKH QRUP WRSRORJ\� 6\PEROLFDOO\� 2 � �>\@� �  ;  � 7 ���b� 2� 7KLV
LV DQ LPSRUWDQW UHVXOW IURP >�� 7KHRUHP ���@� ZKLFK EHFRPHV D PDMRU PRWLYDWLRQ
EHKLQG WKH TXHVW IRU D SRVVLEOH UHODWLRQVKLS EHWZHHQ VRPH IRUP RI ZHDN VXSHU�
F\FOLFLW\ DQG ZHDN VWDELOLW\� 'RHV VXFK DQ LPSOLFDWLRQ VXUYLYH WKH WUDQVLWLRQ IURP
QRUP WRSRORJ\ WR ZHDN WRSRORJ\" ,Q IDFW� LW ZDV DVNHG LQ >��@ ZKHWKHU D VWURQJHU
YHUVLRQ RI ZHDN VXSHUF\FOLFLW\� YL]�� ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� LPSOLHV ZHDN
VWDELOLW\� $V GLVFXVVHG LQ 6HFWLRQ �� ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ LV ZHDNHU WKDQ
VXSHUF\FOLFLW\ LQ WKH QRUP WRSRORJ\ EXW VWURQJHU WKDQ VXSHUF\FOLFLW\ LQ WKH ZHDN
VHTXHQWLDO WRSRORJ\� DQG VR VWURQJHU WKDQ VXSHUF\FOLFLW\ LQ WKH ZHDN WRSRORJ\�

7KH SUHVHQW SDSHU EULQJV DQ H[SRVLWLRQ RQ ZHDN VXSHUF\FOLFLW\ LQ JHQHUDO� LQ�
FOXGLQJ D VXUYH\ RI WKH UHFHQW OLWHUDWXUH RQ ZHDN VXSHUF\FOLFLW\ DQG� LQ SDUWLFXODU�
D GLVFXVVLRQ RQ WKH DERYH PHQWLRQHG TXHVWLRQ�

$OO WHUPV XVHG DERYH ZLOO EH GHpQHG KHUH LQ GXH FRXUVH� 7KH SDSHU LV RUJDQLVHG
LQWR VL[ PRUH VHFWLRQV� 6LQFH LW GHDOV ZLWK PDQ\ DVSHFWV UHODWHG WR OLQHDU G\QDPLFV�
LQYROYLQJ D ODUJH DPRXQW RI VSHFLpF MDUJRQ DQG FRQFHSWV� D VHFWLRQ RQ QRWDWLRQ DQG
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WHUPLQRORJ\ ZLOO EH VSOLW LQWR WZR SDUWV LQ RUGHU WR PDNH LW HDVLHU WR UHDG� %DVLF QR�
WDWLRQ DQG WHUPLQRORJ\ DUH SRVHG LQ 6HFWLRQ �� ZKLOH QRWLRQV LQYROYLQJ F\FOLFLW\� K\�
SHUF\FOLFLW\� VXSHUF\FOLFLW\� DQG WKUHH IRUPV RI ZHDN VXSHUF\FOLFLW\ DUH FRQVLGHUHG LQ
6HFWLRQ �� 7KDW EHLQJ VDLG� WKH OLWHUDWXUH VSHFLpFDOO\ RQ IRUPV RI ZHDN VXSHUF\FOLFLW\

LV VXUYH\HG LQ 6HFWLRQ �� 6XFK OLWHUDWXUH LV FODVVLpHG DFFRUGLQJ WR WKH PDLQ WDUJHW
RI HDFK SDSHU� URXJKO\ LQ FKURQRORJLFDO RUGHU� LQWR HLJKW VXEJURXSV� QDPHO\�

��� SUH�ZHDN VXSHUF\FOLFLW\�

��� WKH EHJLQQLQJ RI ZHDN VXSHUF\FOLFLW\�

��� IXUWKHU IRUPV RI ZHDN VXSHUF\FOLFLW\�

��� FODULI\LQJ WKUHH IRUPV RI ZHDN VXSHUF\FOLFLW\�

��� ZHDN VXSHUF\FOLFLW\ IRU RSHUDWRUV FORVH WR QRUPDO�

��� ZHDN VXSHUF\FOLFLW\ IRU FRPSDFW RSHUDWRUV�

��� ZHDN VXSHUF\FOLFLW\ IRU FRPSRVLWLRQ RSHUDWRUV�

��� ZHDN VXSHUF\FOLFLW\ DQG ZHDN VWDELOLW\�

7KH IXQGDPHQWDO DUJXPHQWV HQVXULQJ WKDW VWURQJ VXSHUF\FOLFLW\ LPSOLHV VWURQJ VWD�
ELOLW\ DUH FRQVLGHUHG LQ GHWDLO LQ 6HFWLRQ �� 7KH VSHFLDO WKHPHV RI ZHDN VXSHUF\FOLFLW\
�LQ SDUWLFXODU� ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� DQG ZHDN VWDELOLW\ DUH UHYLHZHG LQ
&KDSWHU �� :H FORVH WKH SDSHU E\ SURYLQJ D FKDUDFWHULVDWLRQ RI WKH VSHFWUXP RI
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRUV LQ 6HFWLRQ ��

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\� 3DU W ,� %DVLF 1RW LRQV

7KURXJKRXW WKH SDSHU� OLQHDU VSDFHV DUH RYHU D VFDODU pHOG )� ZKLFK KHUH LV DOZD\V
5 RU &� /HW %> ; @ GHQRWH WKH QRUPHG DOJHEUD RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV
RI D QRUPHG VSDFH ; RQWR LWVHOI� (OHPHQWV RI %> ; @ ZLOO EH UHIHUUHG WR DV RSHUDWRUV�
%RWK QRUPV RQ D QRUPHG VSDFH ; DQG WKH LQGXFHG XQLIRUP QRUP RQ %> ; @ ZLOO EH
GHQRWHG E\ WKH VDPH V\PERO N c N� /HW ; ª EH WKH GXDO RI D QRUPHG VSDFH ; � DQG OHW
7 ª � %> ; ª @ VWDQG IRU WKH QRUPHG�VSDFH DGMRLQW RI 7 � %> ; @�:H XVH WKH VDPH QRWD�
WLRQ 7 ª � %>+@ IRU WKH +LOEHUW�VSDFH DGMRLQW LI 7 � %>+@ DFWV RQ D +LOEHUW VSDFH +�

7KH QXOO RSHUDWRU DQG WKH LGHQWLW\ RSHUDWRU ZLOO EH GHQRWHG E\ 2 DQG ,� UHVSHFWLYHO\�

:H EHJLQ ZLWK D VWDQGDUG GHpQLWLRQ �VHH� H�J�� >��� 'HpQLWLRQ ������@��

'HpQLWLRQ� /HW ; EH D QRUPHG VSDFH� $Q ; �YDOXHG VHTXHQFH I[ � J FRQYHUJHV ZHDN�
O\� RU I[ � J LV ZHDNO\ FRQYHUJHQW� LI WKH VFDODU�YDOXHG VHTXHQFH II�[ � �J FRQYHUJHV
IRU HYHU\ I � ; ª LQ WKH VHQVH WKDW WKHUH H[LVWV ] � ; IRU ZKLFK WKH VFDODU�YDOXHG
VHTXHQFH II�[ � �J FRQYHUJHV WR I�]� IRU HYHU\ I � ; ª �
7KHUHIRUH� DQ ; �YDOXHG VHTXHQFH I[ � J FRQYHUJHV ZHDNO\ LI OLP � I�[ � �� I�]�

IRU VRPH ] � ; � IRU HYHU\ I � ; ª � 8VXDO QRWDWLRQ� [ �
«

b� ] RU ]  Z � OLP � [ � � $Q
; �YDOXHG VHTXHQFH I[ � J LV VWURQJO\ FRQYHUJHQW� RU FRQYHUJHV LQ WKH QRUP WRSRORJ\�
LI OLP � N[ � b ]N � � IRU VRPH ] � ; � 8VXDO QRWDWLRQ� [ � � ]�

)RU DQ\ 7 � %> ; @� WDNH LWV %> ; @�YDOXHG SRZHU VHTXHQFH I7 � J �ZLWK Q UXQQLQJ
RYHU WKH QRQQHJDWLYH LQWHJHUV� DQG� IRU HDFK [ � ; � FRQVLGHU WKH ; �YDOXHG VHTXHQFH
I7 � [J� $Q RSHUDWRU 7 LV SRZHU ERXQGHG LI VXS � N7 � N � �� ,I ; LV D %DQDFK VSDFH�
WKHQ WKLV LV HTXLYDOHQW WR VXS � N7 � [N � � IRU HYHU\ [ � ; E\ WKH %DQDFK 6WHLQKDXV
7KHRUHP� 0RUHRYHU� DQ RSHUDWRU 7 LV RI FODVV & � c LI

7 � [ �� � IRU HYHU\ QRQ]HUR [ � ;
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�L�H�� N7 � [N �� � IRU HYHU\ � � [ � ; �� 7KH RSSRVLWH QRWLRQ LV WKDW RI VWURQJO\ VWDEOH
RSHUDWRUV� $Q RSHUDWRU 7 LV VWURQJO\ VWDEOH� RU 7 LV RI FODVV & ´ c� LI

7 � [ � � IRU HYHU\ [ � ;

�L�H�� N7 � [N � � IRU HYHU\ [ � ; �� 2Q WKH RWKHU KDQG� 7 LV ZHDNO\ VWDEOH LI

7 � [ «
b� � IRU HYHU\ [ � ; �

(TXLYDOHQWO\� DQ RSHUDWRU 7 LV ZHDNO\ VWDEOH LI

OLP � MI�7 � [�M  � IRU HYHU\ [ � ; � IRU HYHU\ I � ; ª �
8VXDO QRWDWLRQ IRU VWURQJ DQG ZHDN VWDELOLW\� 7 ���b� 2 DQG 7 � «

b� 2� UHVSHFWLYHO\�

,Q JHQHUDO� VWURQJ FRQYHUJHQFH LPSOLHV ZHDN FRQYHUJHQFH� DQG VR� LQ SDUWLFXODU�
VWURQJ VWDELOLW\ LPSOLHV ZHDN VWDELOLW\� ,I ; LV D %DQDFK VSDFH� WKHQ ZHDN VWDELOLW\
LPSOLHV SRZHU ERXQGHGQHVV E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP� ,I ; LV D FRPSOH[
%DQDFK VSDFH� WKHQ OHW ��7 � GHQRWH WKH VSHFWUXP RI 7 DQG OHW U�7 �  VXS µG¶�·°¸ ��¹ MyM
VWDQG IRU WKH VSHFWUDO UDGLXV RI 7� 5HFDOO WKDW � x U�7 � x M7N� DQG 7 LV TXDVLQLOSR�
WHQW RU QRUPDORLG LI U�7 �  � RU U�7 �  N7N� UHVSHFWLYHO\� 7KH VSHFWUXP RI D SRZHU
ERXQGHG RSHUDWRU LV LQFOXGHG LQ WKH FORVHG XQLW GLVN� 6XPPLQJ XS�

7 � �b� 2  � 7 � «
b� 2  � VXS � N7 � N � �  � U�7 � x ��

$ pQDO QRWH RQ EDVLF QRWDWLRQ� ZH ZULWH C º IRU C º �=� DQG C º » IRU C º �1� RU C º �1 ´ ��
IRU DQ\ S y �� ZKHUH =� 1� DQG 1 ´ VWDQG IRU WKH VHWV RI DOO LQWHJHUV� DOO SRVLWLYH
LQWHJHUV� DQG DOO QRQQHJDWLYH LQWHJHUV� UHVSHFWLYHO\�

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\� 3DU W ,,� 1RW LRQV RI & \F O LF LW \

7KLV VHFWLRQ SXOOV WRJHWKHU WKH VSHFLpF QRWDWLRQ DQG WHUPLQRORJ\ UHTXLUHG WR
GHVFULEH DOO NLQGV RI F\FOLFLW\� %HIRUH LQWURGXFLQJ WKH VWDQGDUG QRWLRQV RI K\SHU�
F\FOLFLW\� VXSHUF\FOLFLW\� DQG F\FOLFLW\� DQG DOVR WKH YDULDQWV RI ZHDN VXSHUF\FOLFLW\�
ZH QHHG WKH QRWLRQV RI ZHDN O�VHTXHQWLDO GHQVHQHVV DQG SURMHFWLYH RUELW�

���� Z HDN O �VHTXHQW LDO GHQVHQHVV� /HW $ EH D VXEVHW RI D QRUPHG VSDFH ; � ,WV
FORVXUH LQ WKH QRUP WRSRORJ\ RQ ; LV GHQRWHG E\ $ � � DQG LWV ZHDN FORVXUH LQ WKH
ZHDN WRSRORJ\ RQ ; LV GHQRWHG E\ $ � «

� 7KXV $ LV GHQVH �LQ WKH QRUP WRSRORJ\� RU
ZHDNO\ GHQVH �LQ WKH ZHDN WRSRORJ\� LI $ �  ; RU $ � «

 ; � UHVSHFWLYHO\� 6LQFH WKH
ZHDN WRSRORJ\ LV QRW PHWUL]DEOH� WKH QRWLRQV RI ZHDN FORVXUH DQG ZHDN VHTXHQWLDO
FORVXUH GR QRW QHFHVVDULO\ FRLQFLGH� $ VHW $ LV ZHDNO\ VHTXHQWLDOO\ FORVHG LI HYHU\
$�YDOXHG ZHDNO\ FRQYHUJHQW VHTXHQFH KDV LWV OLPLW LQ $� /HW WKH ZHDN VHTXHQWLDO
FORVXUH RI $ EH GHQRWHG E\ $ � « � � ZKLFK LV WKH VPDOOHVW ZHDNO\ VHTXHQWLDOO\ FORVHG
VXEVHW RI ; LQFOXGLQJ $� 7KDW LV� $ � « � LV WKH LQWHUVHFWLRQ RI DOO ZHDNO\ VHTXHQWLDOO\
FORVHG VXEVHWV RI ; WKDW LQFOXGH $� 6R D VHW $ LV ZHDNO\ VHTXHQWLDOO\ GHQVH LI
$ � « �  ; � 'LoHUHQWO\� WKH ZHDN OLPLW VHW $ � «�¼

RI $ LV WKH VHW RI DOO ZHDN OLPLWV RI
ZHDNO\ FRQYHUJHQW $�YDOXHG VHTXHQFHV� WKDW LV�

$ � «�¼
 

j
[ � ; � [  Z �OLP � [ � ZLWK [ � � $

k
�

:H VD\ WKDW $ LV ZHDNO\ O�VHTXHQWLDOO\ GHQVH LI $ � «�¼
 ; � ,W LV NQRZQ WKDW �VHH�

H�J�� >��� 3URSRVLWLRQ ���@�

$ � v $ � «�¼
v $ � « � v $ � «

�

7KHVH LQFOXVLRQV PD\ EH SURSHU LQ JHQHUDO �VHH� H�J�� >��� SS������@� >�� SS��������@�
>��� SS������@�� &RQVHTXHQWO\� LI $ LV GHQVH LQ WKH QRUP WRSRORJ\ �L�H�� $ �  ; ��
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WKHQ LW LV GHQVH ZLWK UHVSHFW WR DOO QRWLRQV RI GHQVHQHVV GHpQHG DERYH� 5HFDOO WKDW
LI D VHW $ LV FRQYH[� WKHQ $ �  $ � «

�VHH� H�J�� >��� 7KHRUHP ������@�� 7KXV� LI $ LV
FRQYH[� WKHQ WKH DERYH LQFOXVLRQV EHFRPH LGHQWLWLHV� DQG VR IRU D FRQYH[ VHW DOO WKH
DERYH QRWLRQV RI GHQVHQHVV FRLQFLGH�

$ YHFWRU [ � ; LV D ZHDN OLPLW SRLQW RI D VHW $ v ; LI [ � $ � «�¼
� DQG LW LV D ZHDN

DFFXPXODWLRQ SRLQW RI $ LI [ � $ � «
� 7KXV WKH DERYH LQFOXVLRQV VKRZ WKDW ZHDN OLPLW

SRLQWV DUH ZHDN DFFXPXODWLRQ SRLQWV� EXW WKH FRQYHUVH� LQ JHQHUDO� IDLOV�

���� SU RMHF W LYH RU ELW �*LYHQ DQ RSHUDWRU 7 �%> ; @ RQ D QRUPHG VSDFH ; � FRQVLGHU
DJDLQ LWV SRZHU VHTXHQFH I7 � J �ZLWK Q UXQQLQJ RYHU WKH QRQQHJDWLYH LQWHJHUV�� 7KH
RUELW 2 � �\� RU 2UE�7� \� RI D YHFWRU \ � ; XQGHU 7 LV WKH VHW

2 � �\�  >

� 7 � I\J  >

� I7 � \J  j
7 � \ � ; � IRU HYHU\ QRQQHJDWLYH LQWHJHU Q

k
�

7KH RUELW 2 � �$� RI D VHW $ v ; XQGHU 7 LV OLNHZLVH GHpQHG� 2 � �$�  6
� 7 � �$� 6 ¾ ¶G¿ 2 � �]�� /HW >[@  VSDQI[J VWDQG IRU WKH VXEVSDFH RI ; VSDQQHG E\ D VLQJOHWRQ

I[J DW D YHFWRU [ � ; � ZKLFK LV D RQH�GLPHQVLRQDO VXEVSDFH RI ; ZKHQHYHU [ LV
QRQ]HUR� 7KH SURMHFWLYH RUELW RI D YHFWRU \ � ; XQGHU DQ RSHUDWRU 7 �%> ; @ LV WKH
RUELW RI VSDQ RI I\J� WKDW LV� WKH RUELW 2 � �>\@� RI >\@�

2 � �>\@�  2 � �VSDQI\J�  > ¾ ¶>À Á�Â 2 � �]�  j
o7 � \ � ; � o � )� Q � 1 ´ k�

���� K\SHU F \F O LF LW \� VXSHU F \F O LF LW \� DQG F \F O LF LW \� ,W LV QDWXUDO DQG XVXDO
WR FODVVLI\ WKH FRQFHSWV RI F\FOLFLW\ LQWR WKUHH FODVVHV� QDPHO\� K\SHUF\FOLFLW\� VXSHU�
F\FOLFLW\� DQG F\FOLFLW\� $FFRUGLQJ WR WKH W\SH RI GHQVLW\ �FI� 6XEVHFWLRQ ���� XSRQ
ZKLFK WKHVH QRWLRQV DUH GHpQHG� D IXUWKHU VSOLW JRHV DV IROORZV�

�$� $ YHFWRU \ LQ ; LV D K\SHUF\FOLF YHFWRU IRU 7 LI LWV RUELW 2 � �\� LV GHQVH LQ ;
�L�H�� GHQVH LQ WKH QRUP WRSRORJ\��

2 � �\� �  ; �

$V WKH QRUP WRSRORJ\ LV PHWUL]DEOH� D QRQ]HUR YHFWRU \ LQ WKH QRUPHG VSDFH
; LV D K\SHUF\FOLF YHFWRU IRU 7 LI IRU HYHU\ [ LQ ; WKHUH LV D VHTXHQFH ZLWK
HOHPHQWV LQ 2 � �\� FRQYHUJLQJ WR LW� 7KDW LV� \ � ; LV D K\SHUF\FOLF YHFWRU IRU
7 LI IRU HYHU\ [ LQ ; WKHUH LV D VHTXHQFH I7 �NÃ J Ä�Å�´ �ZKLFK GHSHQGV RQ [� ZLWK
HQWULHV IURP I7 � J � Å�´ VXFK WKDW

7 �NÃ \ � [ �L�H�� N7 �NÃ \ b [N � ���

$Q RSHUDWRU 7 LV D K\SHUF\FOLF RSHUDWRU LI LW KDV D K\SHUF\FOLF YHFWRU� &OHDUO\�
D K\SHUF\FOLF RSHUDWRU LV QRW SRZHU ERXQGHG�

�%� $ YHFWRU \ LQ ; LV D VXSHUF\FOLF YHFWRU IRU 7 LI LWV SURMHFWLYH RUELW 2 � �>\@� LV
GHQVH LQ ; � 7KDW LV� LI WKH RUELW RI WKH VSDQ RI I\J LV GHQVH LQ ; �L�H�� GHQVH
LQ WKH QRUP WRSRORJ\��

2 � �>\@� �  ; �L�H�� 2 � �VSDQI\J� �  ; ��

$JDLQ� DV WKH QRUP WRSRORJ\ LV PHWUL]DEOH� D QRQ]HUR YHFWRU \ LQ ; LV D VXSHU�
F\FOLF YHFWRU IRU DQ RSHUDWRU 7 LI IRU HYHU\ [ LQ ; WKHUH LV DQ )�YDOXHG VHTXHQFH
Io Ä J Ä&Å�´ VXFK WKDW� IRU VRPH VHTXHQFH I7 �NÃ J Ä&Å�´ ZLWK HQWULHV IURP I7 � J � Å�´ �
WKH VHTXHQFH Io Ä 7 � Ã \J Ä�Å�´ FRQYHUJHV WR [ �LQ WKH QRUP WRSRORJ\��

o Ä 7 �NÃ \ � [ �L�H�� No Ä 7 �NÃ \ b [N � ���
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7KH VFDODU VHTXHQFH Io Ä J Ä&Å�´ FRQVLVWV RI QRQ]HUR QXPEHUV LI [ � �� %RWK VH�
TXHQFHV Io Ä J Ä&Å�´ DQG I7 �NÃ J Ä�Å�´ GHSHQG RQ [ IRU HDFK \� $Q RSHUDWRU 7 LV D
VXSHUF\FOLF RSHUDWRU LI LW KDV D VXSHUF\FOLF YHFWRU�

7KH QH[W WZR GHpQLWLRQV DUH ZHDN FRXQWHUSDUWV RI WKH DERYH FRQYHUJHQFH FULWHULD�

�&� $ QRQ]HUR YHFWRU \ LQ ; LV D ZHDNO\ O�VHTXHQWLDOO\ K\SHUF\FOLF YHFWRU IRU 7 LI
IRU HYHU\ [ LQ ; WKHUH H[LVWV D VHTXHQFH I7 �NÃ J Ä�Å�´ ZLWK HQWULHV IURP I7 � J � Å�´
VXFK WKDW WKH ; �YDOXHG VHTXHQFH I7 � Ã \J Ä&Å�´ FRQYHUJHV ZHDNO\ WR [�

7 �NÃ \ «
b� [ �L�H�� I�7 �NÃ \ b [�� � IRU HYHU\ I � ; ª ��

7KH VHTXHQFH I7 �NÃ J Ä�Å�´ GHSHQGV RQ [ IRU HDFK \ EXW GRHV QRW GHSHQG RQ I�

7KLV PHDQV WKH RUELW 2 � �\� RI \ XQGHU 7 LV ZHDNO\ O�VHTXHQWLDOO\ GHQVH LQ ;
LQ WKH VHQVH WKDW WKH ZHDN OLPLW VHW RI 2 � �\� FRLQFLGHV ZLWK ; �

2 � �\� � «�¼
 ; �

$Q RSHUDWRU 7 LV VDLG WR EH D ZHDNO\ O�VHTXHQWLDOO\ K\SHUF\FOLF RSHUDWRU LI LW
KDV D ZHDNO\ O�VHTXHQWLDOO\ K\SHUF\FOLF YHFWRU�

�'� $ QRQ]HUR YHFWRU \ LQ ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7
LI IRU HYHU\ [ LQ ; WKHUH H[LVWV DQ )�YDOXHG VHTXHQFH Io Ä J Ä�Å�´ VXFK WKDW� IRU
VRPH VHTXHQFH I7 �NÃ J Ä&Å�´ ZLWK HQWULHV IURP I7 � J � Å�´ � WKH ; �YDOXHG VHTXHQFH
Io Ä 7 �NÃ \J Ä�Å�´ FRQYHUJHV ZHDNO\ WR [� ,Q RWKHU ZRUGV� LI

o Ä 7 �NÃ \ «
b� [ �L�H�� I�o Ä 7 �NÃ \ b [�� � IRU HYHU\ I � ; ª ��

7KH VFDODU VHTXHQFH Io Ä J Ä&Å�´ FRQVLVWV RI QRQ]HUR QXPEHUV LI [ � �� DQG ERWK
VHTXHQFHV Io Ä J Ä�Å�´ DQG I7 �NÃ J Ä&Å�´ GHSHQG RQ [ IRU HDFK \ EXW GR QRW GHSHQG RQ
I� 7KLV PHDQV WKH SURMHFWLYH RUELW 2 � �>\@� RI \ XQGHU 7 LV ZHDNO\ O�VHTXHQWLDOO\
GHQVH LQ ; LQ WKH VHQVH WKDW WKH ZHDN OLPLW VHW RI 2 � �>\@� FRLQFLGHV ZLWK ; �

2 � �>\@� � «�¼
 ; �

$Q RSHUDWRU 7 LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU�

%HIRUH SURFHHGLQJ� LW LV FRQYHQLHQW WR FRPPHQW RQ WZR LPSRUWDQW SRLQWV� 5HPDUN
� EHORZ VKRZV WKDW ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ DQG ZHDN O�VHTXHQWLDO K\SHU�
F\FOLFLW\ DUH QRW WRSRORJLFDO QRWLRQV � ,Q WKH VXEVHTXHQW 5HPDUN �� LW LV UHFDOOHG WKDW
DQ\ IRUP RI F\FOLFLW\ PDNHV QRQWULYLDO VHQVH RQO\ ZKHQ DSSURDFKLQJ SRLQWV RXWVLGH
WKH SURMHFWLYH RUELW� RU RXWVLGH WKH RUELW� UHVSHFWLYHO\�

5HPDUN �� Z HDN O �VHTXHQW LDO VXSHU F \F O LF LW \� ,W ZDV REVHUYHG LQ >��@ WKDW�
IRU DQ\ VXEVHW $ RI ; � WKH PDS $ �� $ � «�¼

LV QRW D WRSRORJLFDO FORVXUH RSHUDWLRQ�
7KXV ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ �DQG ZHDN O�VHTXHQWLDO K\SHUF\FOLFLW\� DUH QRW
WRSRORJLFDO QRWLRQV� ,QGHHG� DV GHpQHG LQ �'� �DQG LQ �&�� DERYH� ZHDN O�VHTXHQWLDO
VXSHUF\FOLFLW\ �DQG ZHDN O�VHTXHQWLDO K\SHUF\FOLFLW\� FRPH DV ZHDN YHUVLRQV RI D
QRUP FRQYHUJHQFH FULWHULRQ� EXW QRW DV GHQVHQHVV RI WKH SURMHFWLYH RUELW �RU RI WKH
RUELW� LQ DQ\ WRSRORJ\� ,Q SDUWLFXODU� ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ �DQG ZHDN
O�VHTXHQWLDO K\SHUF\FOLFLW\� GR QRW PHDQ GHQVHQHVV RI WKH SURMHFWLYH RUELW �RU RI
WKH RUELW� LQ WKH ZHDN WRSRORJ\ RU LQ WKH ZHDN VHTXHQWLDO WRSRORJ\� 7KHUHIRUH�
ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ �DQG ZHDN O�VHTXHQWLDO K\SHUF\FOLFLW\� DUH QRW ZHDN
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WRSRORJ\ QRWLRQV� &RQVHTXHQWO\� LW LV QRW WKH FDVH RI DSSO\LQJ ZHDN WRSRORJ\ WHFK�
QLTXHV ZKHQ GHDOLQJ ZLWK ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ �RU ZLWK ZHDN O�VHTXHQWLDO
K\SHUF\FOLFLW\�� )RU D GLVFXVVLRQ DORQJ WKLV OLQH� VHH DOVR >��@�

5HPDUN �� VHTXHQF H Z LW K HQW U LHV I U RP D VHTXHQF H� 7DNH D QRQ]HUR [ � ; �

,I [ � 2 � �>\@� �RU [ � 2 � �\�� IRU VRPH YHFWRU \� WKHQ WKH VHTXHQFH I7 �NÃ J Ä&Å�´ PHQ�
WLRQHG LQ �$� WR �'� FDQ EH WKRXJKW RI DV D FRQVWDQW LQpQLWH VHTXHQFH RU� HTXLY�
DOHQWO\� DV D RQH�HQWU\� WKXV pQLWH� VXEVHTXHQFH RI I7 � J � Å�´ � )RU LQVWDQFH� LQ WKH
VXSHUF\FOLFLW\ FDVHV GHVFULEHG LQ �%� DQG �'�� LI [ � 2 � �>\@�� WKHQ [  o ´ 7 ��È \ IRU
VRPH o ´ � � DQG VRPH Q ´ y �� ,Q VXFK FDVHV� ERWK QRWLRQV RI o Ä 7 �NÃ \ «

b� [ DQG
o Ä 7 �NÃ \ � [� DVVRFLDWHG ZLWK ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ DQG VXSHUF\FOLFLW\�
FRLQFLGH� ZKHUH FRQYHUJHQFH RI WKH FRQVWDQW RU pQLWH VHTXHQFH Io Ä 7 � Ã \J PHDQV
WKDW D OLPLW LV HYHQWXDOO\ UHDFKHG� 7KXV� LQ JHQHUDO� ZH XVH WKH H[SUHVVLRQ

I7 �NÃ J Ä�Å�´ LV D VHTXHQFH ZLWK HQWULHV IURP I7 � J � Å�´ �
+RZHYHU� LI [ �� 2 � �>\@� �RU [ �� 2 � �\��� WKLV PHDQV

I7 �NÃ J Ä�Å�´ LV D VXEVHTXHQFH RI I7 � J � Å�´ �
6LQFH WKH ZHDN WRSRORJ\ LV QRW PHWUL]DEOH� WKH QRWLRQV RI ZHDN FORVXUH DQG ZHDN

VHTXHQWLDO FORVXUH GR QRW QHFHVVDULO\ FRLQFLGH�

�(� $ YHFWRU \ LQ ; LV D ZHDNO\ VHTXHQWLDOO\ K\SHUF\FOLF YHFWRU IRU 7 LI LWV RUELW
2 � �\� LV ZHDNO\ VHTXHQWLDOO\ GHQVH LQ ; �L�H�� GHQVH LQ WKH ZHDN VHTXHQWLDO
WRSRORJ\��

2 � �\� � « �  ; �

$Q RSHUDWRU 7 LV D ZHDNO\ VHTXHQWLDOO\ K\SHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\
VHTXHQWLDOO\ K\SHUF\FOLF YHFWRU�

�)� $ YHFWRU \ LQ ; LV D ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7 LI LWV SURMHF�
WLYH RUELW 2 � �>\@� LV ZHDNO\ VHTXHQWLDOO\ GHQVH LQ ; �L�H�� GHQVH LQ WKH ZHDN
VHTXHQWLDO WRSRORJ\��

2 � �>\@� � « �  ; �

$Q RSHUDWRU 7 LV D ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\
VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU�

�*� $ YHFWRU \ LQ ; LV D ZHDNO\ K\SHUF\FOLF YHFWRU IRU 7 LI LWV RUELW 2 � �\� LV
ZHDNO\ GHQVH LQ ; �L�H�� GHQVH LQ WKH ZHDN WRSRORJ\��

2 � �\� � «
 ; �

$Q RSHUDWRU 7 LV D ZHDNO\ K\SHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\ K\SHUF\FOLF
YHFWRU�

�+� $ YHFWRU \ LQ ; LV D ZHDNO\ VXSHUF\FOLF YHFWRU IRU 7 LI LWV SURMHFWLYH RUELW
2 � �>\@� LV ZHDNO\ GHQVH LQ ; �L�H�� GHQVH LQ WKH ZHDN WRSRORJ\��

2 � �>\@� � «
 ; �

$Q RSHUDWRU 7 LV D ZHDNO\ VXSHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\ VXSHUF\FOLF
YHFWRU�

�,� $ YHFWRU \ LQ ; LV D F\FOLF YHFWRU IRU DQ RSHUDWRU 7 LI WKH VSDQ RI LWV RUELW
VSDQ 2 � �\� LV GHQVH LQ ; �L�H�� GHQVH LQ WKH QRUP WRSRORJ\��

b
VSDQ 2 � �\�c �  ; �

$Q RSHUDWRU 7 LV D F\FOLF RSHUDWRU LI LW KDV D F\FOLF YHFWRU�
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���� 7 KH U HO DW LRQ DP RQJ K\SHU F \F O LF LW \� VXSHU F \F O LF LW \� DQG F \F O LF LW \�

6LQFH VSDQ 2 � �\� LV D FRQYH[ VXEVHW RI D QRUPHG VSDFH� LWV �QRUP� FORVXUH FRLQFLGHV
ZLWK LWV ZHDN FORVXUH� �VSDQ 2 � �\�� �  �VSDQ 2 � �\�� � «

� DQG KHQFH ZHDN F\FOLFLW\
ERLOV GRZQ WR F\FOLFLW\� DQG VR GR WKH LQWHUPHGLDWH FRQFHSWV�

b
VSDQ 2 � �\�c �  b

VSDQ 2 � �\�c � «�¼
 

b
VSDQ 2 � �\�c � « �  b

VSDQ 2 � �\�c � «
�

7KH DERYH QRWLRQV DUH UHODWHG DV IROORZV�
Ê&ËNÌJÍ S�U Ë U6Î8Ï U  �

Q Ð ÌJÍ S�U Ë U6Î8Ï U  �
U Ë U&Î8Ï U

Z� Z�ÑsÍ T�ÒNÎ Ë Î8ÓfQ ÍJÔ Ð ÍJÕ R6Ï TGÎ�Î ËÊ&ËNÌJÍ S�U Ë U&Î8Ï U  �
ÑsÍ TGÒGÎ Ë Î�ÓfQ ÍJÔ Ð ÍJÕ R&Ï TGÎ�Î ËQ*Ð ÌJÍ S�U Ë U&Î�Ï U

Z� Z�
aZ�Ñ�Í TGÒGÎ Ë Q ÍJÔ Ð ÍJÕ R&Ï TGÎ�Î ËÊ�ËNÌJÍ S&U Ë U&Î8Ï U  �

ÑsÍ T�ÒNÎ Ë Q ÍJÔ Ð ÍJÕ R&Ï T�Î�Î ËQ Ð ÌJÍ S&U Ë U&Î8Ï U
Z� Z�Ñ�Í TGÒGÎ ËlÊ�ËNÌJÍ S&U Ë U&Î8Ï U  � ÑsÍ T�ÒNÎ Ë Q*Ð ÌJÍ S&U Ë U&Î8Ï U  � Ñ�Í TGÒGÎ Ë U Ë U&Î8Ï U �

,W LV NQRZQ WKDW WKHUH LV QR K\SHUF\FOLF RSHUDWRU RQ D pQLWH�GLPHQVLRQDO QRUPHG
VSDFH �VHH� H�J��>�� 3URSRVLWLRQ ���@ DQG >��� 7KHRUHP ����@�� DOWKRXJK HYHU\ QRQ]HUR
YHFWRU LV WULYLDOO\ VXSHUF\FOLF IRU HYHU\ RSHUDWRU RQ D RQH�GLPHQVLRQDO VSDFH� 5HFDOO
WKDW ZHDN DQG QRUP WRSRORJLHV FRLQFLGH LQ D pQLWH�GLPHQVLRQDO VSDFH� DQG DOVR WKDW
F\FOLFLW\ LPSOLHV VHSDUDELOLW\ IRU DQ\ QRUPHG VSDFH� DV LW LV VSDQQHG E\ D FRXQWDEOH
RUELW� DQG WKHUHIRUH DOO IRUPV RI F\FOLFLW\ LQ WKH DERYH GLDJUDP LPSO\ VHSDUDELOLW\�
7KLV SDSHU IRFXVHV PDLQO\ RQ WKUHH IRUPV RI ZHDN VXSHUF\FOLFLW\� DQG VR DOO QRUPHG
VSDFHV KHUH DUH VXSSRVHG WR EH LQpQLWH�GLPHQVLRQDO DQG VHSDUDEOH�

)RU EDVLF SURSHUWLHV FRQFHUQLQJ WKHVH QRWLRQV RI F\FOLFLW\� VHH� H�J�� >��� SS������@�
>�� SS��������@� >��� SS��������@� >��� SS������@� ,Q SDUWLFXODU� TXHVWLRQV UHODWHG WR
VRPH FRQYHUVHV LQ WKH DERYH GLDJUDP DVNLQJ� IRU LQVWDQFH� ZKHWKHU ZHDN O�VHTXHQWLDO
VXSHUF\FOLFLW\ GLoHUV IURP ZHDN VHTXHQWLDO VXSHUF\FOLFLW\�

LV WKHUH D ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF "

DV ZHOO DV ZKHWKHU ZHDN O�VHTXHQWLDO K\SHUF\FOLFLW\ GLoHUV IURP ZHDN VHTXHQWLDO
K\SHUF\FOLFLW\� KDYH EHHQ DGGUHVVHG LQ >��� SS������@� +RZHYHU� E\ RPLWWLQJ WKH
IRXU HQWULHV LQ WKH DERYH GLDJUDP FRQWDLQLQJ WKH WHUP ?VHTXHQWLDOO\�� WKH UHPDLQLQJ
FRQYHUVHV KDYH EHHQ VKRZQ WR IDLO� ZKLFK KDV EHHQ VXPPDULVHG LQ >��� 3URSRVLWLRQ
���@� :H ZLOO UHWXUQ WR VRPH RI WKHVH QRQUHYHUVLEOH LPSOLFDWLRQV LQ 6HFWLRQ ��

�� $ 5HYLHZ RI ) RU P V RI : HDN 6XSHU F \F O LF LW \

7KHUH LV QR UHDVRQ WR LQYHVWLJDWH DQ\ IRUP RI ZHDN F\FOLFLW\ VLQFH� DV ZH VDZ
DERYH� ZHDN F\FOLFLW\ FRLQFLGHV ZLWK �VWURQJ� F\FOLFLW\� 2XU IRFXV LQ WKLV VHFWLRQ LV
QDUURZHG H[FOXVLYHO\ WR

IRUPV RI ZHDN VXSHUF\FOLFLW\ RQO\�

DV GHVFULEHG LQ 6HFWLRQ �� +LVWRULFDOO\� ZHDN VXSHUF\FOLFLW\ IROORZHG WKH pUVW ZRUNV
RQ ZHDN K\SHUF\FOLFLW\� 6R� EHIRUH GLVFXVVLQJ IRUPV RI ZHDN VXSHUF\FOLFLW\ SURSHUO\�
ZH WDNH DV D VWDUWLQJ SRLQW D IHZ SLRQHHULQJ ZRUNV RQ ZHDN K\SHUF\FOLFLW\ WKDW H[�
SOLFLWO\ PRWLYDWHG ZHDN VXSHUF\FOLFLW\�6LQFH WKH SXUSRVH RI WKLV VHFWLRQ LV WR SUHVHQW
D VXUYH\ RQ IRUPV RI ZHDN VXSHUF\FOLFLW\� DLPLQJ WR GLVFXVV WKH OLWHUDWXUH LQ D URXJK
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FKURQRORJLFDO RUGHU� DOO UHIHUHQFHV FLWHG LQ WKLV VHFWLRQ ZLOO EH IROORZHG E\ WKHLU
UHVSHFWLYH \HDU RI SXEOLFDWLRQ�

���� SU H�Z HDN VXSHU F \F O LF LW \� � � � � ^ � � � � � )HOGPDQ >��@ ������ DVNHG ZKHWKHU
HYHU\ ZHDNO\ K\SHUF\FOLF RSHUDWRU LV K\SHUF\FOLF �L�H�� VWURQJ K\SHUF\FOLF _ LQ WKH
QRUP WRSRORJ\�� &KDQ DQG 6DQGHUV >��@ ������ DQVZHUHG WKDW TXHVWLRQ E\ H[KLE�
LWLQJ D ZHDNO\ K\SHUF\FOLF RSHUDWRU WKDW LV QRW K\SHUF\FOLF� DQG WKH\ KDYH DVNHG LI
WKH VSHFWUXP RI D ZHDNO\ K\SHUF\FOLF RSHUDWRU PHHWV WKH XQLW FLUFOH� $V LW KDSSHQHG
LQ WKH QRUP WRSRORJ\ FDVH VKRZQ E\ .LWDL >��@ �������� 'LOZRUWK DQG 7URLWVN\ >��@
������ KDYH VKRZQ WKDW HYHU\ FRPSRQHQW RI WKH VSHFWUXP RI D ZHDNO\ K\SHUF\FOLF
RSHUDWRU LQWHUVHFWV WKH XQLW FLUFOH� WKXV DQVZHULQJ WKH TXHVWLRQ SRVHG LQ >��@ �������
$OWKRXJK WKH DERYH PHQWLRQHG ZRUNV GLG QRW GHDO ZLWK ZHDN VXSHUF\FOLFLW\� EXW
ZLWK K\SHUF\FOLFLW\� ZHDN RU VWURQJ� WKH\ PRWLYDWHG DQG LQqXHQFHG WKH VXEVHTXHQW
ZRUNV RQ WKH VHYHUDO IRUPV RI ZHDN VXSHUF\FOLFLW\�

���� W KH EHJLQQLQJ RI Z HDN VXSHU F \F O LF LW \� � � � � ^ � � � � � ,W VHHPV WKDW WKH
pUVW UHVXOWV VSHFLpFDOO\ RQ ZHDN VXSHUF\FOLFLW\ DUH GXH WR 6DQGHUV LQ >��@ ������ DQG
LQ >��@ ������� ,Q >��@ ������ VKH FRQVWUXFWHG D ZHDNO\ VXSHUF\FOLF FRXQWHUSDUW RI WKH
DERYH PHQWLRQHG UHVXOW IURP >��@ ������ E\ H[KLELWLQJ D ZHDNO\ VXSHUF\FOLF RSHUDWRU
WKDW LV QRW ZHDNO\ K\SHUF\FOLF� $OVR� LW ZDV H[KLELWHG LQ >��@ ������ D ZHDNO\ VXSHU�
F\FOLF RSHUDWRU WKDW LV QRW VXSHUF\FOLF� DQG LW ZDV DOVR VKRZQ WKDW WKH VHW RI ZHDNO\
VXSHUF\FOLF YHFWRUV LV GHQVH LQ WKH QRUP WRSRORJ\� 0RUHRYHU� LW ZDV VKRZQ LQ >��@
������ WKDW K\SRQRUPDO RSHUDWRUV RQ D +LOEHUW VSDFH DUH QRW ZHDNO\ K\SHUF\FOLF�
QHLWKHU VXSHUF\FOLF DV VKRZQ E\ %RXUGRQ >��@ ������� DQG WKH TXHVWLRQ RI ZKHWKHU
WKHUH H[LVWV D ZHDNO\ VXSHUF\FOLF K\SRQRUPDO RSHUDWRU FORVHG WKH SDSHU >��@ ������
�ZKLFK ZDV DrUPDWLYHO\ DQVZHUHG ODWHU� DV ZH ZLOO VHH EHORZ�� ,Q FRQWUDVW ZLWK D
UHVXOW E\ $QVDUL DQG %RXUGRQ >�@ ������� ZKLFK VD\V WKDW WKHUH LV QR VXSHUF\FOLF
LVRPHWU\ RQ %DQDFK VSDFHV� LW ZDV H[KLELWHG LQ >��@ ������ D ZHDNO\ VXSHUF\FOLF
LVRPHWU\ RQ WKH %DQDFK VSDFH F ´ �=� RI ELODWHUDO VHTXHQFHV FRQYHUJLQJ WR ]HUR RQ
ERWK VLGHV� ,Q >��@ ������ 3UxDMLWXUxD JDYH D FROOHFWLRQ RI VSHFWUDO SURSHUWLHV IRU ZHDNO\
VXSHUF\FOLF RSHUDWRUV RQ D +LOEHUW VSDFH+� �)RU VXSHUF\FOLF RSHUDWRUV� D VSHFWUDO GH�
VFULSWLRQ KDG EHHQ JLYHQ E\ +HUUHUR LQ >��@ �������� ,W ZDV DOVR VKRZQ LQ >��@ ������
WKDW WKH FROOHFWLRQ RI DOO RSHUDWRUV WKDW DUH QRW ZHDNO\ VXSHUF\FOLF LV GHQVH LQ %>+@�

���� I XU W KHU I RU P V RI Z HDN VXSHU F \F O LF LW \� � � � � ^ � � � � � $OWKRXJK WKH WHUP
ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ KDG QRW EHHQ FRLQHG DW WKDW WLPH� %vHV� &KDQ� DQG
6DQGHUV FRQVLGHUHG WKH QRWLRQ LQ >�@ ������ WR VKRZ WKDW D ELODWHUDO ZHLJKWHG VKLIW�
RQ C º IRU � x S � � RU RQ F ´ �=�� LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LI DQG RQO\ LI
LW LV �VWURQJ� VXSHUF\FOLF� )RUPV RI ZHDN
 VHTXHQWLDO VXSHUF\FOLFLW\ KDYH DOVR EHHQ
LQYHVWLJDWHG E\ %vHV� &KDQ� DQG 6DQGHUV LQ DQRWKHU SDSHU >�@ ������� 7KH QRWLRQ RI
ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ ZDV DOVR LPSOLFLWO\ XVHG LQ DW OHDVW RQH SDUW �SURRI
RI /HPPD ���� RI >�@ ������� %D\DUW DQG 0DWKHURQ >�@ ������ SURYHG WKDW LI D K\SR�
QRUPDO RSHUDWRU LV ZHDNO\ VXSHUF\FOLF� WKHQ LW LV D PXOWLSOH RI D XQLWDU\ 7KH\ DOVR
SURYHG WKH H[LVWHQFH RI D ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU� LQ IDFW� WKH H[LVWHQFH
RI D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU� WKXV DQVZHULQJ WKH TXHVWLRQ
SRVHG LQ >��@ ������ _ WKHUH DUH ZHDNO\ VXSHUF\FOLF K\SRQRUPDO RSHUDWRUV _ DQG
DOVR H[WHQGLQJ WR +LOEHUW VSDFHV WKH H[LVWHQFH RI ZHDNO\ VXSHUF\FOLF LVRPHWULHV RQ
F ´ �=� SURYHG LQ >��@ ������� 7KH TXHVWLRQ RI ZKHWKHU WKHUH H[LVWV D ZHDNO\ K\SHU�
F\FOLF RSHUDWRU WKDW LV QRW ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF FORVHG WKH SDSHU >�@ ������
�ZKLFK ZDV DrUPDWLYHO\ DQVZHUHG ODWHU� DV ZH ZLOO VHH EHORZ��
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���� F O DU LI \LQJ W KU HH I RU P V RI Z HDN VXSHU F \F O LF LW \� � � � � � 7KH QRWLRQV
RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� ZHDN VHTXHQWLDO VXSHUF\FOLFLW\� DQG ZHDN VXSHU�
F\FOLFLW\� DV SUHVHQWHG LQ 6HFWLRQ �� KDYH EHHQ FRQVLGHUHG E\ 6KNDULQ >��@ �������
ZKHUH WKH QRWLRQ RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� VWURQJHU WKDQ WKH XVXDO ZHDN
VHTXHQWLDO VXSHUF\FOLFLW\ EXW ZHDNHU WKDQ �VWURQJ� VXSHUF\FOLFLW\� ZDV GLVFXVVHG LQ
GHWDLO� WKXV DPRXQWLQJ WR WKH IROORZLQJ LQFOXVLRQV�

ÑsÍ TGÒCÎ8ÓfQ ÍJÔ Ð ÍJÕ R&Ï T�Î+Q*Ð ÌJÍ S�U Ë U&Î�Ï U�Ï R ËÙØÚÑsÍ T�Ò]Q ÍJÔ Ð ÍJÕ R&Ï TGÎ+Q*Ð ÌJÍ S&U Ë U&Î8Ï U&Ï R Ë
Û Ñ�Í TGÒ]Q Ð ÌJÍ S�U Ë U6Î8Ï U�Ï R Ë>Ü

6SHFLDO DWWHQWLRQ ZDV JLYHQ WR ZKHWKHU WKHVH ZHUH SURSHU LQFOXVLRQV� ,W ZDV VKRZQ LQ
>��@ ������ WKH H[LVWHQFH RI D ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU WKDW LV QRW ZHDNO\
VHTXHQWLDOO\ VXSHUF\FOLF� DQG VR QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� ,W ZDV DOVR
DVNHG LQ >��@ ������ ZKHWKHU WKHUH LV D ZHDNO\ VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU
WKDW LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� �,V WKHUH"� 7KH RULJLQDO WHUPLQRORJ\
IRU ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ LV GLoHUHQW IURP RXUV� ZH XVH WKH OHWWHU ?O� IRU
?OLPLW�� ERUURZHG IURP >��@ ������� ZKLOH WKH QXPHUDO ?�� ZDV XVHG LQ >��@ ������
_ DQG WKHUH DUH UHDVRQV IRU ERWK WHUPLQRORJLHV�

���� Z HDN VXSHU F \F O LF LW \ I RU RSHU DW RU V F O RVH W R QRU P DO � � � � � ^ � � � � �
&RQVLGHU WKH ZHOO�NQRZQ FKDLQ RI FODVVHV RI +LOEHUW�VSDFH RSHUDWRUV�Ð Õ Ï R@TGS Ë Û Õ�Ý S6Þ�T�Î Û Ê&ËGÌJÝNÕ6Ý S6Þ�TGÎ Û Ô Ð6TNQ�Ï Ê&ËNÌJÝGÕ�Ý S6Þ�T�Î

Û Q Í Þ�Ï Ó Ô Ð6TNQ�Ï Ê&ËNÌJÝGÕ�Ý S6Þ�TGÎ Û Ì TGS&T Õ�Ý S6Þ�TGÎ Û Õ�Ý S6Þ�T�Î Ý Ï ß Ü
)RU WKH DERYH FODVVHV� VHW M7 M  �7 ª 7 � �dà8� DQG UHFDOO WKDW DQ RSHUDWRU 7 RQ D +LOEHUW
VSDFH + LV� E\ GHpQLWLRQ� XQLWDU\ LI M7 ª M �  M7 M

�
 ,� QRUPDO LI M7 ª M �  M7 M

�
� K\SR�

QRUPDO LI M7 ª M � x M7 M
�
� TXDVLK\SRQRUPDO LI M7 M

½
x M7

�
M
�
� VHPL�TXDVLK\SRQRUPDO LI

M7 M
�
x M7

�
M �DOVR NQRZQ DV FODVV $�� SDUDQRUPDO LI N7[N

�
x N7

�
[N N[N IRU HYHU\ [

LQ +� DQG QRUPDORLG LI N7 � N  N7N � IRU HYHU\ Q y �� HTXLYDOHQWO\� LI U�7 �  N7N�

7KHUH LV QR VXSHUF\FOLF XQLWDU\ RSHUDWRU� ,QGHHG� DV ZH KDYH VHHQ LQ 6XEVHFWLRQ ����
$QVDUL DQG %RXUGRQ >�� 3URRI RI 7KHRUHP ���@ ������ KDYH VKRZQ WKDW WKHUH LV QR
VXSHUF\FOLF LVRPHWU\ RQ D %DQDFK VSDFH _ DV D PDWWHU RI IDFW� +LOGHQ DQG :DOOHQ
>��� S����@ ������ KDG DOUHDG\ VKRZQ WKDW WKH XQLODWHUDO VKLIW LV QRW VXSHUF\FOLF�
$FWXDOO\� %RXUGRQ >��� 7KHRUHP ���@ ������ KDG VKRZQ WKDW WKHUH LV QR VXSHUF\FOLF
K\SRQRUPDO RSHUDWRU RQ D +LOEHUW VSDFH� DV ZH KDYH DOVR VHHQ LQ 6XEVHFWLRQ ����
H[WHQGLQJ .LWDL
V UHVXOW >��� &RUROODU\ ���@ ������ ZKHUH VKH KDG VKRZQ WKDW WKHUH
LV QR K\SHUF\FOLF K\SRQRUPDO RSHUDWRU� DQG DOVR H[WHQGLQJ +LOGHQ DQG :DOOHQ
V
UHVXOW >��� S����@ ������ ZKHUH WKH\ KDG VKRZQ WKDW WKHUH LV QR VXSHUF\FOLF QRUPDO
RSHUDWRU� ,Q VSLWH RI WKLV� WKHUH DUH ZHDNO\ VXSHUF\FOLF XQLWDU\ �WKXV QRUPDO� DQG
KHQFH K\SRQRUPDO� RSHUDWRUV RQ D +LOEHUW VSDFH� ,Q IDFW� ZH VDZ LQ 6XEVHFWLRQ ���
WKDW %D\DUW DQG 0DWKHURQ >�� ([DPSOH ���@ ������ KDYH VKRZQ WKDW WKHUH H[LVW
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF �WKXV ZHDNO\ VXSHUF\FOLF� XQLWDU\ RSHUDWRUV� DQG
DOVR WKDW LI D K\SRQRUPDO RSHUDWRU LV ZHDNO\ VXSHUF\FOLF� WKHQ LW LV D PXOWLSOH RI
D XQLWDU\ RSHUDWRU >�� 7KHRUHP ���@ ������� 6KNDULQ >��� &RUROODU\ ���@ ������ KDV
VKRZQ WKH H[LVWHQFH RI D ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU WKDW LV QRW ZHDNO\
VHTXHQWLDOO\ �WKXV QRW ZHDNO\ O�VHTXHQWLDOO\� VXSHUF\FOLF� 5HVXOWV DERXW UHGXFWLRQ
WR PXOWLSOHV RI XQLWDU\ RSHUDWRUV KDYH EHHQ H[WHQGHG EH\RQG WKH K\SRQRUPDO RS�
HUDWRUV� )RU LQVWDQFH� -XQJ� .LP� DQG .R >��� 7KHRUHP ���@ ������ SURYHG WKDW LI DQ
LQMHFWLYH VHPL�TXDVLK\SRQRUPDO �L�H�� FODVV $� RSHUDWRU LV ZHDNO\ VXSHUF\FOLF� WKHQ
LW LV D VFDODU PXOWLSOH RI D XQLWDU\� 7KLV ZDV IROORZHG E\ 'XJJDO� .XEUXVO\� DQG .LP
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>��� 7KHRUHP ���@ ������� ZKHUH WKH LQMHFWLYLW\ DVVXPSWLRQ ZDV GLVPLVVHG� 'XJJDO
>��� &RUROODU\ ���@ ������ KDV VKRZQ WKDW LI 7 LV VXFK WKDW N7 ª [N � x N7

�
[NN[N IRU

HYHU\ [�+ �VXFK RSHUDWRUV DUH FDOOHG e�SDUDQRUPDO� DQG LV ZHDNO\ VXSHUF\FOLF� WKHQ
LW LV D VFDODU PXOWLSOH RI D XQLWDU\ �DPRQJ RWKHU UHVXOWV�� 6WLOO DORQJ WKLV OLQH� 6KHQ
DQG -L >��@ ������ KDYH VKRZQ WKDW ZHDNO\ VXSHUF\FOLF TXDVL���H[SDQVLYH RSHUDWRU
�L�H�� DQ RSHUDWRU 7 IRU ZKLFK 7 ª ³ 7 ³

b�7 ª � 7 �
�7 ª 7 x2� LV XQLWDU\�$OO WKH DERYH

FODVVHV LQFOXGH WKH XQLWDU\ RSHUDWRUV� DV GLVFXVVHG LQ >�@� >��@� >��@� >��@� >��@� >��@�
:HDN IRUPV RI VXSHUF\FOLFLW\ IRU XQLWDU\ RSHUDWRUV ZLOO EH FRQVLGHUHG LQ 6HFWLRQ ��

���� Z HDN VXSHU F \F O LF LW \ I RU F RP SDF W RSHU DW RU V� � � � � ^ � � � � � ,W KDG DO�
UHDG\ EHHQ VKRZQ E\ /HwRQ�6DDYHGUD DQG 3LTXHLUDV�/HUHQD >��@ ������ DQG *DOODUGR�
*XWLwHUUH] DQG 0RQWHV�5RGUwtTXHV >��@ ������ WKDW WKH 9ROWHUUD RSHUDWRU RQ / º >�� �@�
S y � LV QRW VXSHUF\FOLF� $ QRQHOHPHQWDU\ SURRI WKDW WKH 9ROWHUUD RSHUDWRU LV QRW
HYHQ ZHDNO\ VXSHUF\FOLF ZDV JLYHQ E\ 0RQWHV�5RGUwtJXHV DQG 6KNDULQ >��@ �������
DQG VR� LQ SDUWLFXODU� LW LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� 6KNDULQ >��@ ������
KDV VKRZQ WKDW DQ\ RSHUDWRU RQ / º >�� �@ FRPPXWLQJ ZLWK WKH 9ROWHUUD RSHUDWRU LV
QRW ZHDNO\ VXSHUF\FOLF� $OVR� LQ D SDSHU OLQNHG WR 9ROWHUUD RSHUDWRUV� +HGD\DWLDQ
DQG )DJKLK�$KPDGL >��@ KDYH REVHUYHG WKDW WKHUH LV QR ZHDNO\ VXSHUF\FOLF RSHUDWRU
LQ WKH FRPPXWDQW RI D F\FOLF FRQYROXWLRQ RSHUDWRU� ,W KDV EHHQ YHULpHG E\ .XEUXVO\
DQG 'XJJDO >��@ ������ WKDW IRU D FRPSDFW RSHUDWRU RQ D QRUPHG VSDFH� ZHDN O�
VHTXHQWLDO VXSHUF\FOLFLW\ FRLQFLGHV ZLWK VXSHUF\FOLF� 7KXV� VLQFH 9ROWHUUD RSHUDWRUV
DUH FRPSDFW DQG QRW VXSHUF\FOLF� DV ZH VDZ DERYH� WKH QRQ�ZHDN O�VHTXHQWLDO VXSHU�
F\FOLFLW\ FRPHV DW RQFH� ,W ZDV DOVR VKRZQ LQ >��@ ������ WKDW D ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF FRPSDFW RSHUDWRU RQ DQ LQpQLWH�GLPHQVLRQDO %DQDFK VSDFH LV TXDVLQLOSR�
WHQW �UHFDOO WKDW 9ROWHUUD RSHUDWRUV DUH DOVR TXDVLQLOSRWHQW��

5HPDUN �� VW LO O RQ F RP SDF W RSHU DW RU V�

�L� $V ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ FRLQFLGHV ZLWK VXSHUF\FOLFLW\ IRU FRPSDFW
RSHUDWRUV� ZHDN VXSHUF\FOLFLW\ FRLQFLGHV ZLWK VXSHUF\FOLFLW\ IRU ELODWHUDO ZHLJKWHG
VKLIWV RQ C º IRU � x S � � >��� 7KHRUHP ���@ ������ _ IRU ZHDN O�VHTXHQWLDO VXSHU�
F\FOLFLW\ DQG IRU � x S � �� VHH >�� 7KHRUHP �@ ������� DV PHQWLRQHG LQ ��� DERYH�

�LL� $ K\SHUF\FOLF RSHUDWRU LV QRW FRPSDFW� DQG WKHUH LV QR VXSHUF\FOLF RSHUDWRU
RQ D FRPSOH[ QRUPHG VSDFH ZLWK D pQLWH GLPHQVLRQ JUHDWHU WKDQ � >��� 6HFWLRQ �@
������� 7KHUH DUH� KRZHYHU� FRPSDFW VXSHUF\FOLF RSHUDWRUV RQ D VHSDUDEOH LQpQLWH�
GLPHQVLRQDO FRPSOH[ %DQDFK VSDFH >��� 7KHRUHP � DQG 6HFWLRQ �@� &RQVHTXHQWO\�
WKHUH DUH ZHDNO\ VXSHUF\FOLF FRPSDFW RSHUDWRUV IRU DQ\ IRUP RI ZHDN VXSHUF\FOLFLW\�

�LLL� 7KH 9ROWHUUD RSHUDWRU LV DQ H[DPSOH RI D FRPSDFW TXDVLQLOSRWHQW WKDW LV QRW
VXSHUF\FOLF� DQG VR LW LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� DV ZH VDZ DERYH�
%XW� DV ZH VDZ LQ 6XEVHFWLRQ ���� WKHUH H[LVW TXDVLQLOSRWHQW VXSHUF\FOLF RSHUDWRUV�
,W ZDV VKRZQ LQ >��� &RUROODU\ ���@ ������ WKDW LI WKH DGMRLQW RI D ELODWHUDO ZHLJKWHG
VKLIW RQ C

�
� RU RI D XQLODWHUDO ZHLJKWHG VKLIW RQ C

� » � KDV D ZHLJKWLQJ VHTXHQFH SRVVHVV�
LQJ D VXEVHTXHQFH WKDW JRHV WR ]HUR� WKHQ WKHUH LV DQ LQpQLWH�GLPHQVLRQDO VXEVSDFH
ZKRVH DOO QRQ]HUR YHFWRUV DUH VXSHUF\FOLF IRU LW� ,Q SDUWLFXODU� WKLV KROGV IRU WKH DG�
MRLQW RI ZHLJKWHG VKLIWV ZLWK ZHLJKWLQJ VHTXHQFHV FRQYHUJLQJ WR ]HUR� DQG VR WKLV
KDSSHQV IRU WKH DGMRLQW RI FRPSDFW TXDVLQLOSRWHQW ZHLJKWHG VKLIWV�

���� Z HDN VXSHU F \F O LF LW \ I RU F RP SRVLW LRQ RSHU DW RU V� � � � � ^ � � � � � 7KHUH
DUH D ODUJH QXPEHU RI ZRUNV GHDOLQJ ZLWK F\FOLFLW\ DQG K\SHUF\FOLFLW\ �ZHDN RU QRW��
DV ZHOO DV ZLWK VXSHUF\FOLFLW\� IRU FRPSRVLWLRQ RSHUDWRUV� 7KH QXPEHU� KRZHYHU� LV
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QRW VR ODUJH ZKHQ GHDOLQJ ZLWK ZHDN VXSHUF\FOLFLW\� .DPDOL� +HGD\DWLDQ� DQG .KDQL
5REDWL >��@ ������ LQYHVWLJDWHG FRQGLWLRQV IRU ZHDN VXSHUF\FOLFLW\ RI ZHLJKWHG FRP�
SRVLWLRQ RSHUDWRUV� LQ SDUWLFXODU RQ WKH +LOEHUW VSDFH RI KRORPRUSKLF IXQFWLRQV RQ
WKH XQLW GLVN�:HDN VXSHUF\FOLFLW\� DQG ZHDN K\SHUF\FOLFLW\� RI FRPSRVLWLRQ RSHUD�
WRUV RQ VRPH +LOEHUW VSDFHV RI DQDO\WLF IXQFWLRQV �H�J�� RQ FHUWDLQ ZHLJKWHG +DUG\
VSDFHV� ZHUH LQYHVWLJDWHG E\ .DPDOL >��@ ������� %vHV >�@ ������ KDV JLYHQ QHFHVVDU\
DQG VXrFLHQW FRQGLWLRQV IRU D FRPSRVLWLRQ RSHUDWRU WR EH ZHDNO\ VXSHUF\FOLF� &RQ�
GLWLRQV IRU ZHDN VXSHUF\FOLFLW\ RI VRPH FODVVHV RI ZHLJKWHG FRPSRVLWLRQ RSHUDWRUV
ZHUH JLYHQ E\ 0RUDGL� .KDQL 5REDWL� DQG +HGD\DWLDQ >��@ ������� ZKHUH VSHFLpF
VSDFHV RQ ZKLFK ZHDN VXSHUF\FOLFLW\ RI FRPSRVLWLRQ RSHUDWRUV QHYHU KROGV ZHUH DOVR
LQYHVWLJDWHG� %HOWUwDQ�0HQHX� -RUGwD� DQG 0XULOOR�$UFLOD >�@ ������ DOVR FRQVLGHUHG
FRQGLWLRQV HQVXULQJ WKDW FHUWDLQ ZHLJKWHG FRPSRVLWLRQ RSHUDWRUV DUH QRW ZHDNO\
VXSHUF\FOLF� 6HH DOVR 0HQJHVWLH >��@ ������ IRU QRQ�ZHDN VXSHUF\FOLFLW\ RI ZHLJKWHG
FRPSRVLWLRQ RSHUDWRUV RQ FHUWDLQ )RFN VSDFHV�

���� Z HDN VXSHU F \F O LF LW \ DQG Z HDN VW DELO LW \� � � � � ^ � � � � � 7KLV LV D FHQWUDO
WRSLF LQ WKH SUHVHQW H[SRVLWLRQ� $ UHYLHZ RI FXUUHQW OLWHUDWXUH GHDOLQJ ZLWK ZHDN
VXSHUF\FOLFLW\ DQG LWV UHODWLRQ WR ZHDN VWDELOLW\ ZLOO EH JLYHQ LQ 6HFWLRQ �� %HIRUH
GLVFXVVLQJ LI �RU ZKHQ� ZHDN VXSHUF\FOLFLW\ LPSOLHV ZHDN VWDELOLW\� ZH QHHG WR FRQ�
VLGHU WKH PRWLYDWLQJ IDFW WKDW LV EHKLQG VXFK D SUREOHP� YL]�� VXSHUF\FOLFLW\ LPSOLHV
VWURQJ VWDELOLW\�7KLV IXQGDPHQWDO UHVXOW ZLOO EH WUHDWHG LQ GHWDLO LQ WKH QH[W VHFWLRQ�

5HPDUN �� I XU W KHU U HVXO W V U HO DW HG W R Z HDN VXSHU F \F O LF LW \�

�L� 7KH WHUP ZHDN VXSHUF\FOLFLW\ KDV DOVR EHHQ XVHG WR PHDQ D QRWLRQ GLoHUHQW IURP
WKRVH FRQVLGHUHG DERYH� )RU LQVWDQFH� D VXEVHW 6 RI D +LOEHUW VSDFH + LV VDLG WR
EH Q�ZHDNO\ GHQVH LQ + LI IRU HYHU\ Q�GLPHQVLRQDO VXEVSDFH 0 RI +� WKH LPDJH RI
6 XQGHU WKH RUWKRJRQDO SURMHFWLRQ ( RQWR 0 LV GHQVH LQ 0 �L�H�� LI (�6� �  0
IRU WKH RUWKRJRQDO SURMHFWLRQ ( � + � + VXFK WKDW UDQJH�(�  0 LI GLP0  Q��
$Q RSHUDWRU 7 LQ %>+@ LV Q�ZHDNO\ VXSHUF\FOLF LI LW KDV D SURMHFWLYH RUELW 2�>\@� IRU
VRPH \ LQ + WKDW LV Q�ZHDNO\ GHQVH LQ + �VHH� H�J�� >��� ��@ ������ �������

�LL� ,I DQ RSHUDWRU LV LQYHUWLEOH DQG VXSHUF\FOLF� WKHQ VR LV LWV LQYHUVH >�� 6HFWLRQ �@
������� >��� &RUROODU\ ���@ ������� 7KHUH DUH� KRZHYHU� LQYHUWLEOH ZHDNO\ VXSHUF\FOLF
RSHUDWRUV RQ C º IRU S � >���� ZKRVH LQYHUVHV DUH QRW ZHDNO\ VXSHUF\FOLF >��� &RURO�
ODU\ ���@ ������� ,V WKH LQYHUVH �L�H�� WKH DGMRLQW� RI D ZHDNO\ VXSHUF\FOLF XQLWDU\
RSHUDWRU ZHDNO\ VXSHUF\FOLF" 5HFDOO WKDW WKH DGMRLQW RI D VXSHUF\FOLF FRLVRPHWU\
PD\ QRW EH VXSHUF\FOLF� ([DPSOH� D EDFNZDUG XQLODWHUDO VKLIW 6 ª LV D VXSHUF\FOLF
FRLVRPHWU\ >��� 7KHRUHP �@ ������� ZKLOH LWV DGMRLQW� WKH XQLODWHUDO VKLIW 6� EHLQJ DQ
LVRPHWU\� LV QRW VXSHUF\FOLF >��� S����@ ������ _ DOVR VHH >�� 3URRI RI 7KHRUHP ���@
������ RU >��� /HPPD ����E�@ ������� 7KH VDPH KDSSHQV ZLWK ZHDN VXSHUF\FOLFLW\�
WKH DGMRLQW RI D ZHDNO\ VXSHUF\FOLF FRLVRPHWU\ PD\ QRW EH ZHDNO\ VXSHUF\FOLF�
([DPSOH� 6 LV QRW ZHDNO\ VXSHUF\FOLF _ VLQFH D ZHDNO\ VXSHUF\FOLF K\SRQRUPDO
RSHUDWRU LV D PXOWLSOH RI D XQLWDU\ RSHUDWRU >�� 7KHRUHP ���@ ������ _ EXW 6 ª LV
ZHDNO\ VXSHUF\FOLF� VLQFH LW LV VXSHUF\FOLF� +RZHYHU� LI DQ +LOEHUW�VSDFH LVRPHWU\ LV
LQYHUWLEOH �L�H�� LI LW LV XQLWDU\� DQG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ LW KDV D
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF DGMRLQW >��� 7KHRUHP ���@ �������

�LLL� 7KH QRWLRQ RI K\SHUF\FOLFLW\� LQ SDUWLFXODU� KDV EHHQ LQYHVWLJDWHG LQ )UwHFKHW
VSDFHV� RU )�VSDFHV� RU ORFDOO\ FRQYH[ VSDFHV �VHH� H�J�� >�@ ������� >��@ ������� >��@
������� >��@ ������� >�@ ������� >��@ ������� DPRQJ RWKHUV�� 2XU GLVFXVVLRQ LQ WKH
SUHVHQW SDSHU LV UHVWULFWHG WR QRUPHG �RU %DQDFK� VSDFHV�
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�� 6W U RQJ 6XSHU F \F O LF LW \ DQG 6W U RQJ 6W DELO LW \

$Q LPSRUWDQW PRWLYDWLRQ IRU DQ LQYHVWLJDWLRQ RQ ZHDN VXSHUF\FOLFLW\ DQG LWV
UHODWLRQVKLS ZLWK ZHDN VWDELOLW\ LV WKH IDFW WKDW �VWURQJ� VXSHUF\FOLFLW\ DQG VWURQJ
VWDELOLW\ EHKDYH QLFHO\� VXSHUF\FOLFLW\ LPSOLHV VWURQJ VWDELOLW\ � 7KH YHULpFDWLRQ RI
WKLV IDFW LV DOO EXW WULYLDO� DQG WKH SURRI LWVHOI QDWXUDOO\ LPSHOV WKH TXHVW IRU D ZHDN
FRXQWHUSDUW� )RU WKLV UHDVRQ� ZH EHJLQ E\ ORRNLQJ DW WKH VWURQJ FDVH pUVW�

,W ZDV SURYHG LQ >�� 7KHRUHP ���@ WKDW LI D SRZHU ERXQGHG RSHUDWRU 7 RQ D %DQDFK

VSDFH ; LV VXFK WKDW N7 � [N �� � IRU HYHU\ QRQ]HUR [ � ; � WKHQ 7 KDV QR VXSHUF\FOLF

YHFWRU � ,Q RWKHU ZRUGV� D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c LV QRW VXSHUF\FOLF�
%DVHG RQ WKLV UHVXOW� PRUH ZDV SURYHG LQ >�� 7KHRUHP ���@� QDPHO\� LI D SRZHU

ERXQGHG RSHUDWRU 7 �%> ; @ LV VXFK WKDW WKHUH H[LVWV D YHFWRU \ � ; IRU ZKLFK WKHUH

LV D VFDODU VHTXHQFH Io Ä J Ä&Å�´ DQG D VHTXHQFH I7 � Ã J Ä�Å�´ ZLWK HQWULHV IURP I7 � J � Å�´
VXFK WKDW o Ä 7 �NÃ \ � [ IRU HDFK [ � ; � WKHQ 7 � ] � � IRU HYHU\ ] � ; � ,Q RWKHU
ZRUGV� D SRZHU ERXQGHG VXSHUF\FOLF RSHUDWRU RQ D QRUPHG VSDFH LV VWURQJO\ VWDEOH�

7KHVH VLJQLpFDQW UHVXOWV E\ $QVDUL DQG %RXUGRQ >�@ ������ DUH HVVHQWLDO LQ OLQN�
LQJ VXSHUF\FOLFLW\ WR VWDELOLW\� HVWDEOLVKLQJ D GLUHFW LPSOLFDWLRQ IURP �VWURQJ� VXSHU�
F\FOLFLW\ WR VWURQJ VWDELOLW\� 6XFK DQ LPSOLFDWLRQ ZLOO EH FUXFLDO LQ DQ\ DWWHPSW WR
H[WHQG LW� H[SHFWLQJ WKDW VRPH IRUP RI ZHDN VXSHUF\FOLFLW\ ZLOO LPSO\ ZHDN VWDELOLW\�

7KH DERYH PHQWLRQHG UHVXOWV DUH VWDWHG EHORZ� IROORZHG E\ GHWDLOHG SURRIV� 7KLV
LV GRQH KHUH QRW RQO\ IRU VDNH RI FRPSOHWHQHVV EXW PDLQO\ EHFDXVH D FORVH DQDO\VLV
RI WKH VWUXFWXUH RI WKHLU SURRIV ZLOO EH IXQGDPHQWDO IRU WKH QH[W VHFWLRQ� ,Q IDFW�
WKH DUJXPHQWV LQ WKH QH[W SURRIV DUH UHTXLUHG WR \LHOG D SRVVLEOH FRXQWHUSDUW RI
7KHRUHP ��� EHORZ IRU ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ DQG ZHDN VWDELOLW\�

7KHRUHP ���� >�@ $ SRZHU ERXQGHG RSHUDWRU RI FODVV & � c DFWLQJ RQ D QRUPHG VSDFH

LV QRW VXSHUF\FOLF�

3URRI � 7KH ZHOO�NQRZQ QRWLRQ RI %DQDFK OLPLW LV D FHQWUDO DUJXPHQW LQ WKH SURRI� )RU
D VXPPDU\ RI DOO %DQDFK OLPLW SURSHUWLHV UHTXLUHG KHUH� VHH� H�J�� >��� 6HFWLRQ �@� /HW
WKH IXQFWLRQDO 
 � C á» � &� DVVLJQLQJ D FRPSOH[ QXPEHU 
�I| � J� WR HDFK ERXQGHG
FRPSOH[�YDOXHG VHTXHQFH I| � J  I| � J � Å�´ � C á» � EH D %DQDFK OLPLW�7KLV PHDQV WKDW

 LV OLQHDU� ERXQGHG� SRVLWLYH �L�H�� � x 
�I| � J� ZKHQHYHU � x | � IRU HYHU\ LQWHJHU
Q y ��� EDFNZDUG�VKLIW�LQYDULDQW �L�H�� 
�I| � J�  
�I| � » � J��� ZLWK N
N  �� DQG DV�
VLJQV WR HDFK FRQYHUJHQW VHTXHQFH LWV RZQ OLPLW� /HW �; � N c N� EH DQ\ QRUPHG VSDFH�
6XSSRVH 7 � %> ; @ LV SRZHU ERXQGHG� )RU HDFK [ � ; FRQVLGHU WKH ERXQGHG VHTXHQFH
RI QRQQHJDWLYH QXPEHUV IN7 � [NJ � Å�´ � DQG VHW

N[N â  
�IN7 � [NJ�
IRU DQ\ %DQDFK OLPLW 
� 6LQFH D %DQDFK OLPLW 
 LV RUGHU�SUHVHUYLQJ IRU UHDO�YDOXHG
ERXQGHG VHTXHQFHV �L�H�� 
�I| � J� x 
�I� � J� ZKHQHYHU | � DQG � � DUH UHDO QXPEHUV
VXFK WKDW | � x � � �� ZLWK 
�I�� �� �� � � � J�  �� DQG VLQFH 7 LV SRZHU ERXQGHG� WKLV GH�
pQHV DQ 5�YDOXHG IXQFWLRQDO N c N â � ; � 5 ZLWK WKH SURSHUW\ WKDW� IRU HYHU\ [ � ; �

N[N â x �VXS � N7 � N� N[N�
%XW WKLV GHpQHV D VHPLQRUP RQ ; � ,QGHHG� VLQFH 
 LV D SRVLWLYH IXQFWLRQDO� ZH JHW
� x N[N â IRU HYHU\ [ � ; � 6LQFH� LQ DGGLWLRQ� 
 LV OLQHDU �DV ZHOO DV 7 � DQG RUGHU�
SUHVHUYLQJ� ZH JHW MoMN[N â  No[N â DQG N[� \N â x N[N â �N\N â IRU HYHU\ [� \ � ;
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DQG HYHU\ o � &� +RZHYHU� DV WKH SRZHU ERXQGHG RSHUDWRU 7 LV RI FODVV & � c� LW
IROORZV WKDW N c N â LV D QRUP� DV ZH ZLOO VHH QH[W�
&ODLP � � ,I 7 LV SRZHU ERXQGHG RSHUDWRU RQ D QRUPHG VSDFH� WKHQ

7 � [ �� � LPSOLHV � � OLP LQI � N7 � [N ZKLFK LPSOLHV � � LQI � N7 � [N�
3URRI RI &ODLP � � �L� 6XSSRVH Ip � J � Å�´ LV D UHDO�YDOXHG VHTXHQFH VXFK WKDW

� x p � x p p ã ZKHQHYHU P x Q

IRU VRPH SRVLWLYH FRQVWDQW p� ,I p � �� �� WKHQ � � p � x p p ´ IRU HYHU\ Q� 6R Ip � J � Å�´
LV D ERXQGHG VHTXHQFH RI SRVLWLYH QXPEHUV IRU ZKLFK WKHUH LV D VXEVHTXHQFH Ip �Gä J åfÅ�´
VXFK WKDW � � OLP å p �Gä DQG p �Gä x p p � LI Q � Q å � +HQFH � � OLP å p �Nä  OLP LQI å p �Gä x
p OLP LQI � p � � ZKLFK HQVXUHV � � LQI � p � �VLQFH � � p � IRU HYHU\ Q�� 7KXV

p � �� �  � � � OLP LQI � p �  � � � LQI � p � �
�LL� 6LQFH � x N7 � [N  N7 � � ã

7
ã
[N x �VXS � N7 � N� N7 ã

[N IRU HYHU\ [ ZKHQHYHU
Px Q� WKH SURRI RI &ODLP � LV FRPSOHWH E\ VHWWLQJ p �  N7 � [N DQG p VXS � N7 � N�
6R� DFFRUGLQJ WR &ODLP �� LI 7 LV RI FODVV & � c �L�H�� LI 7 � [ �� � IRU HYHU\ � � [ � ; ��
WKHQ � � OLP LQI � N7 � [N IRU HYHU\ � � [ � ; � 0RUHRYHU� DV OLP LQI � | � x 
�I| � J� x
OLP VXS � | � IRU HYHU\ UHDO�YDOXHG ERXQGHG VHTXHQFH I| � J� ZH JHW � � 
�IN7 � [NJ�  
N[N â LI [ � �� &RQVHTXHQWO\�

7 LV RI FODVV & � c  � N c N â LV D QRUP RQ ; �
7KXV DVVXPLQJ WKDW 7 LV RI FODVV & � c LV UHTXLUHG WR HQVXUH WKDW N c N â LV D QRUP�

7KHQ FRQVLGHU WKH QRUPHG VSDFH ; â  � ; � N c N â � ZKHUHLQ WKH RSHUDWRU 7 DFWV DV
DQ LVRPHWU\� ,Q IDFW� VLQFH 
 LV EDFNZDUG�VKLIW�LQYDULDQW� ZH JHW IRU HYHU\ [ � ;

N7[N â  
�IN�7 � » �
[�NJ�  
�IN�7 � [�NJ�  N[N â �

1RZ FRQVLGHU WKH FRPSOHWLRQ E;  � E; � N c N æç � RI WKH QRUPHG VSDFH ; â  �; � N c N â ��
VR WDW ; â LV LVRPHWULFDOO\ DQG GHQVHO\ HPEHGGHG LQ E; � ZKLFK PHDQV ; â LV LVRPHW�
ULFDOO\ LVRPRUSKLF WR D GHQVH OLQHDU PDQLIROG H; RI WKH %DQDFK VSDFH E; � ,Q RWKHU

ZRUGV� WKHUH LV DQ LVRPHWULF LVRPRUSKLVP - � ; â � -�; â �  H; ZKHUH H; LV GHQVH

LQ E; � &RQVLGHU WKH H[WHQVLRQ RYHU FRPSOHWLRQ E7 � %> E; @ RI 7 �%> ; â @� DQG OHW H7  
- 7- � �

EH WKH UHVWULFWLRQ RI E7 WR H; � 7KDW LV� H7  E7 M èç  - 7- � �
�%> H; @� 7KXV H;

LV E7 �LQYDULDQW DQG 7  - � � H7-  - � � E7 M èç -  - � � E7- �%> ; â @� DV LQ WKH IROORZLQJ
FRPPXWDWLYH GLDJUDP� ZKHUH WKH V\PERO v PHDQV GHQVHO\ LQFOXGHG�

; â é
bbb� H;  -�; â � v E;

� [""
["" è��ê æ��ë ìí ê é � éGî�ï ["" æ�

; â é
bbb� H;  -�; â � v E; �

1H[W VXSSRVH 7 LV VXSHUF\FOLF� DQG REVHUYH WKDW VXSHUF\FOLFLW\ HDVLO\ VXUYLYHV WKH
FKDQJH RI QRUPV IURP N c N WR N c N â � WKDW LV�
�D� LI \ � ; LV D VXSHUF\FOLF YHFWRU IRU 7 ZKHQ LW DFWV RQ ;  �; � N c N�� WKHQ WKLV

VDPH \ � ; LV D VXSHUF\FOLF YHFWRU IRU 7 ZKHQ LW DFWV RQ ; â  �; � N c N â ��
,QGHHG� VLQFH � � VXS � N7 � N � � DQG N]N â x �VXS � N7 � N� N]N IRU HYHU\ ] � ; � LW
IROORZV DW RQFH WKDW No å 7 �Gä \ b [N â x �VXS � N7 � N�No å 7 �Gä \ b [N� DQG VR \ LV D VX�
SHUF\FOLF YHFWRU LQ ; â ZKHQHYHU LW LV D VXSHUF\FOLF YHFWRU LQ ; �
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7KLV HQVXUHV WKDW VXSHUF\FOLFLW\ FDQ EH H[WHQGHG IURP 7 RQ ; WR E7 RQ E; � ,Q IDFW�

�E� LI \ � ; LV D VXSHUF\FOLF YHFWRU IRU 7 ZKHQ LW DFWV RQ ; â � WKHQ LWV LPDJH H\  
-\ � H; XQGHU WKH LVRPHWULF LVRPRUSKLVP - RI ; â RQWR WKH GHQVH OLQHDU PDQ�

LIROG H; RI WKH %DQDFK VSDFH E; LV VXSHUF\FOLF IRU WKH H[WHQVLRQ E7 RQ E; RI 7�

7KH DERYH UHVXOW ZDV DSSOLHG LQ WKH SURRI RI 7KHRUHP ��� IURP >�@ �RQ S����� OLQHV
������ EXW D SURRI ZDV RPLWWHG� :H JLYH D SURRI RI LW LQ &ODLP , EHORZ�

&ODLP , � ,I WKHUH LV D VXSHUF\FOLF YHFWRU \ � ; â IRU 7 �%> ; â @� WKHQ WKHUH LV D
VXSHUF\FOLF YHFWRU H\ � E; IRU E7 � %> E; @�

3URRI RI &ODLP , � 6LQFH H7  E7 M èç  - 7- � �
� ZKHUH H; LV E7 �LQYDULDQW� ZH JHW H7 �  

� E7 M èç � �  E7 � M èç  - 7 � - � �
IRU HYHU\ LQWHJHU Qy �� 1RZ VSOLW WKH SURRI LQWR WZR SDUWV�

��� ,I WKHUH LV D VXSHUF\FOLF YHFWRU \ � ; â IRU 7 �%> ; â @� WKHQ WKHUH LV D VXSHUF\FOLF
YHFWRU H\ � H; IRU H7 �%> H; @�

��� ,I WKHUH LV D VXSHUF\FOLF YHFWRU H\ � H; IRU H7 � %> H; @� WKHQ H\ LV D VXSHUF\FOLF YHFWRU
IRU E7 � %> E; @�
3URRI RI ���� ,I WKHUH LV D VXSHUF\FOLF YHFWRU \ � ; â IRU 7 � %> ; â @� WKHQ IRU HYHU\
� � [ � ; â WKHUH H[LVWV D VHTXHQFH RI QRQ]HUR QXPEHUV Io ð J ð Å�´ WKDW GHSHQGV RQ [�
DQG VR ZH ZULWH Io ð �[�J ð Å�´ � DQG D VHTXHQFH I7 �6ñ J ð Å�´ ZLWK HQWULHV IURP I7 � J � Å�´ �
ZKLFK DOVR GHSHQGV RQ [� VXFK WKDW� LQ ; â  �; � N c N â ��

o ð �[�7 �6ñ \ b� [�

6HW H\  -\ LQ H; � $V HYHU\ H[ LQ H; LV RI WKH IRUP H[  -[ IRU VRPH [ LQ ; â � WKXV
IRU HYHU\ H[ LQ H; VHW Ho ð �H[�  Ho ð �-[�  o ð �[� IRU VRPH [ � ; â � 7DNH DQ DUELWUDU\
H[ � H; � 7KHQ WKHUH H[LVWV D VHTXHQFH IHo ð �H[�J ð Å�´ VXFK WKDW �ZLWK H7 �6ñ  - 7 �6ñ - � �

�

NHo ð �H[� H7 �6ñ H\ b H[N æç  No ð �[�- 7 �6ñ \ b -[N æç
 N-�o ð �[�7 �6ñ \ b [�N æç  No ð �[�7 �6ñ \ b [N ç�ò

IRU VRPH [ � ; â � +HQFH� VLQFH \ � ; â LV D VXSHUF\FOLF YHFWRU IRU 7 � %> ; â @ VXFK WKDW
No ð �[�7 �6ñ \ b [N ç ò � �� ZH JHW NHo ð �H[� H7 ��ñ H\ b H[N æç � �� DQG WKHUHIRUH H\  -\ � H;
LV D VXSHUF\FOLF YHFWRU IRU H7 � %> H; @� 7KLV SURYHV ���� IRU HYHU\ H[ � H;

Ho ð �H[� H7 �6ñ H\ b� H[�

3URRI RI ���� 7DNH DQ DUELWUDU\ E[ � E; � 6LQFH H; �  E; � WKHUH LV D VHTXHQFH IH[ Ä J Ä�Å�´ �
ZLWK H[ Ä  H[ Ä �E[� � H; IRU HDFK N� VXFK WKDW H[ Ä � E[� 7KHQ� E\ WKH DERYH FRQYHUJHQFH�

Ho ð �H[ Ä � H7 �6ñ H\ b�ð H[ Ä b�Ä E[� �e�

7KLV HQVXUHV WKH H[LVWHQFH RI D VHTXHQFH RI QRQ]HUR QXPEHUV IEo å �E[�J åfÅ � VXFK WKDW
Eo å �E[� E7 �Gä H\ b� E[ �ee�

IRU D VHTXHQFH I E7 �Gä J å�Å � ZLWK HQWULHV IURP I E7 � J � Å�´ � ZKHUH HDFK E7 � LV WKH H[WHQVLRQ
RYHU FRPSOHWLRQ RI HDFK 7 � _ HTXLYDOHQWO\� WKH H[WHQVLRQ E\ FRQWLQXLW\ RI HDFK H7 � �
,QGHHG� FRQVLGHU ERWK FRQYHUJHQFHV LQ �e�� 7DNH DQ DUELWUDU\ � ! �� 7KXV WKHUH
H[LVWV D SRVLWLYH LQWHJHU N ó VXFK WKDW NH[ Ä b E[N æç x

ó� ZKHQHYHU N y N ó � 0RUHRYHU�
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IRU HDFK N WKHUH H[LVWV D SRVLWLYH LQWHJHU M ó�ô Ä VXFK WKDW NHo ð �H[ Ä � H7 �6ñ H\ b H[ Ä N æç x
ó�

ZKHQHYHU M y M ó�ô Ä � 7KHUHIRUH� E\ WDNLQJ N  N ó �
NHo ð �H[ Ä@õ � E7 �6ñ H\ b E[N æç  N�Ho ð �H[ Ä@õ �� E7 M èç � �6ñ H\ b H[ Ä@õ � � �H[ Ä@õ b E[�N æç

x NHo ð �H[ Ä@õ � H7 �6ñ H\ b H[ Ä@õ N æç � NH[ Ä@õ b E[N æç x �

ZKHQHYHU M y M ó�ô Ä õ � 7DNH DQ DUELWUDU\ LQWHJHU L y � DQG VHW �  �å � &RQVHTXHQWO\� VHW
N�L�  N ó  N ï ä DQG M�L�  M ó@ô Ä õ  M ï ä ô Ä ¸ å�¹ IRU HYHU\ L y �� 7KXV IRU HYHU\ LQWHJHU L y �
WKHUH LV DQ LQWHJHU M�L� y � VXFK WKDW� E\ VHWWLQJ Ho ð �H[ Ä ¸ å�¹ �  Ho ð �H[ Ä õ �  Ho ð �H[ Ä õ �E[���
ZH JHW NHo ð �H[ Ä ¸ åf¹ � E7 �6ñ H\ b E[N æç x

�
å ZKHQHYHU M y M�L�� 7KHUIRUH� E\ WDNLQJ M  M�L��

NHo ð ¸ åf¹ �H[ Ä ¸ åf¹ � E7 � ñ*ö ä ÷ H\ b E[N æç x
� å IRU HYHU\ LQWHJHU L y ��

6R IRU WKH VHTXHQFH IHo ð ¸ å�¹ �H[ Ä ¸ å�¹ �J åfÅ � ZH JHW NHo ð ¸ åf¹ �H[ Ä ¸ åf¹ � E7 � ñdö ä ÷ H\ b E[N æç � �� +HQFH

Ho ð ¸ åf¹ �H[ Ä ¸ åf¹ � E7 � ñdö ä ÷ H\ b� E[�

)RU HDFK LQWHJHU L y �� VHW Eo å �E[�  Ho ð ¸ å�¹ �H[ Ä ¸ å�¹ �  Ho ð ¸ åf¹ �H[ Ä ¸ å�¹ �E[�� DQG E7 �Gä  E7 � ñdö ä�÷ �
7KXV IRU HYHU\ E[ � E; WKHUH H[LVW D VHTXHQFH RI QRQ]HUR QXPEHUV IEo å �E[�J å�Å � DQG D VH�
TXHQFH I E7 �Gä J åfÅ � ZLWK HQWULHV IURP I E7 � J � Å�´ VXFK WKDW �ee� KROGV� 6R H\ � H; v E; LV D

VXSHUF\FOLF YHFWRU IRU E7 � %> H; @� 7KLV SURYHV ���� FRQFOXGLQJ WKH SURRI RI &ODLP ��

%XW 7 LV DQ LVRPHWU\ RQ WKH QRUPHG VSDFH �; � N c N â �� DQG VR LV LWV H[WHQVLRQ E7 RQ
WKH FRPSOHWLRQ � E; � N c N æç � RI �; � N c N â �� 7KXV� E\ �D� DQG �E�� WKH %DQDFK�VSDFH
LVRPHWU\ E7 KDV D VXSHUF\FOLF YHFWRU� 7KLV� KRZHYHU� OHDGV WR D FRQWUDGLFWLRQ� VLQFH

DQ LVRPHWU\ RQ D %DQDFK VSDFH LV QHYHU VXSHUF\FOLF

>�� 3URRI RI 7KHRUHP ���@ �VHH DOVR >��� /HPPD ����E�@�� 2XWFRPH� WKHUH LV QR VXSHU�
F\FOLF YHFWRU \ � ; IRU WKH RSHUDWRU 7 DFWLQJ RQ WKH QRUPHG VSDFH � ; � N c N��

7KHRUHP ���� >�@ ,I D SRZHU ERXQGHG RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV VXSHU�

F\FOLF� WKHQ LW LV VWURQJO\ VWDEOH�

3URRI � 6XSSRVH 7 LV D SRZHU ERXQGHG RSHUDWRU DQG VHW p  VXS � N7 � N ! ��

&ODLP ,, � ,I \ � ; LV VXSHUF\FOLF IRU 7 � WKHQ 7 � \ � ��

3URRI RI &ODLP ,, � /HW � � \ � ; EH VXSHUF\FOLF IRU 7� (TXLYDOHQWO\� OHW \ � ; EH
D VXSHUF\FOLF XQLW YHFWRU �N\N  �� IRU 7� 6XSSRVH 7 � \ �� �� 7KXV E\ &ODLP � �FI�
SURRI RI 7KHRUHP ���� � � LQI � N7 � \N� WKDW LV� WKHUH H[LVWV D r ! � IRU ZKLFK

r � N7 � \N �L�

IRU HYHU\ LQWHJHU Q� 0RUHRYHU� VLQFH 7 LV SRZHU ERXQGHG DQG VXSHUF\FOLF� LW IROORZV
IURP 7KHRUHP ��� WKDW 7 LV QRW RI FODVV & � c� 6R WKHUH H[LVWV D XQLW YHFWRU Y � ;
�NYN  �� VXFK WKDW 7 � Y � �� %XW VLQFH \ LV D VXSHUF\FOLF YHFWRU IRU 7� WKHUH H[LVWV
D VHTXHQFH Io Ä J Ä&Å�´ RI QRQ]HUR QXPEHUV DQG D VHTXHQFH I7 �NÃ J Ä&Å�´ ZLWK HQWULHV IURP
I7 � J � Å�´ VXFK WKDW o Ä 7 �NÃ \ � Y� DQG KHQFH WKHUH H[LVWV D SRVLWLYH LQWHJHU N ´ VXFK
WKDW LI N y N ´ � WKHQ No Ä 7 �NÃ \ b YN �

�� � 6R M No Ä 7 �NÃ \N b � M  M No Ä 7 �°Ã \N b NYN M x

No Ä 7 �NÃ \ b YN �
�� � ZKLFK LPSOLHV �b No Ä 7 �NÃ \N �

�� � DQG WKHUHIRUH ��  � b �� �

No Ä 7 �NÃ \N x Mo Ä M VXS � N7 � NN\N  pMo Ä M� +HQFH IRU N y N ´��9ø � Mo Ä M� �LL�
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1RZ WDNH DQ\ q IRU ZKLFK � � q � ù�9øGú � 6LQFH o Ä 7 �NÃ \ � Y� WKHUH LV N � y N ´ VXFK WKDW
LI N y N � � WKHQ No Ä 7 �NÃ \bYN � û � � 6LQFH No Ä 7 �NÃ » ã

\b7
ã
YN x N7

ã
NNo Ä 7 �NÃ \b YN�

ZH JHW IRU N y N � y N ´ DQG P y ��

No Ä 7 � Ã » ã
\ b 7

ã
YN � p û � � �LLL�

1H[W� DV 7 � Y � �� WDNH P VXrFLHQWO\ ODUJH VXFK WKDW

N7
ã
YN � p û � � �YL�

7KXV DFFRUGLQJ WR WKH DERYH IRXU GLVSOD\HG LQHTXDOLWLHV� IRU N DQG P ODUJH HQRXJK

ù�9ø �
ü ��ý Ã�þGÿ Á ü�9ø � N7 �NÃ » ã

\N Mo Ä M  No Ä 7 �NÃ » ã
\N

x No Ä 7 �NÃ » ã
\ b 7

ã
YN� N7

ã
YN � p û � � p û �  pq � ù�9ø �

ZKLFK LV D FRQWUDGLFWLRQ� +HQFH LI \ � ; LV VXSHUF\FOLF IRU 7� WKHQ 7 � \ � �� ZKLFK
FRQFOXGHV WKH SURRI RI &ODLP ,,�

6XSSRVH 7 LV VXSHUF\FOLF� $V LV UHDGLO\ YHULpHG� HYHU\ QRQ]HUR YHFWRU LQ WKH SURMHF�
WLYH RUELW 2 � �>\@� RI DQ\ VXSHUF\FOLF YHFWRU \ IRU 7 LV DJDLQ D VXSHUF\FOLF YHFWRU IRU
7 �VHH� H�J�� >��� /HPPD ���@�� +HQFH

WKH VHW RI DOO VXSHUF\FOLF YHFWRUV IRU 7 LV GHQVH LQ WKH QRUPHG VSDFH ; �

7KHUHIRUH� DFFRUGLQJ WR &ODLP ,,� 7 � \ � � IRU HYHU\ \ LQ D GHQVH VXEVHW RI ; � 7KXV�
VLQFH 7 LV SRZHU ERXQGHG� WKLV LPSOLHV WKDW 7 � [ � � IRU HYHU\ [ � ; � 2XWFRPH� 7
LV VWURQJO\ VWDEOH�

6XFK GHWDLOHG SURRIV RI 7KHRUHPV ��� DQG ��� DUH IXQGDPHQWDO WR VXSSRUWLQJ WKH
IRUWKFRPLQJ GLVFXVVLRQ LQ 6HFWLRQ ��

�� : HDN 6XSHU F \F O LF LW \ DQG : HDN 6W DELO LW \

7KH SUREOHP FRQVLGHUHG LQ WKLV VHFWLRQ IRFXVHV RQ RQO\ WKUHH IRUPV RI VXSHUF\FOLFL�
W\� YL]�� �VWURQJ� VXSHUF\FOLFLW\� ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� DQG ZHDN VXSHUF\�
FOLFLW\� 6R FRQVLGHU WKH IROORZLQJ LPSOLFDWLRQV WDNHQ IURP WKH GLDJUDP LQ 6HFWLRQ ��

Q Ð ÌJÍ S&U Ë U&Î8Ï U  � Ñ�Í TGÒGÎ Ë Î8ÓfQ ÍJÔ Ð ÍJÕ R&Ï TGÎ�Î Ë Q Ð ÌJÍ S&U Ë U&Î8Ï U  � ÑsÍ TGÒGÎ Ë Q*Ð ÌJÍ S�U Ë U&Î�Ï U �
ZKHUH WKH FRQYHUVHV IDLO� ,Q IDFW� LW ZDV H[KLELWHG LQ >�� ([DPSOH ���@ D ZHDNO\ VXSHU�
F\FOLF XQLWDU\ RSHUDWRU RQ D +LOEHUW VSDFH� ZKLFK DFWXDOO\ LV ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF �FI� >�� S���� &RUROODU\ WR ([DPSOH ���@�� DV ZH VDZ LQ 6XEVHFWLRQ ����
7KXV� VLQFH WKHUH LV QR XQLWDU\ VXSHUF\FOLF RSHUDWRU� EHFDXVH WKHUH LV QR VXSHUF\FOLF
LVRPHWU\ RQ D %DQDFK VSDFH� DV ZH VDZ LQ WKH SURRI RI 7KHRUHP ��� �FI� >�� 3URRI RI
7KHRUHP ���@ RU >��� /HPPD ����E�@�� LW IROORZV WKDW ZHDN O�VHTXHQWLDO VXSHUF\FOLF�
LW\ GRHV QRW LPSO\ VXSHUF\FOLFLW\� $OVR� DV ZH VDZ LQ 6XEVHFWLRQ ���� LW ZDV VKRZQ LQ
>��� &RUROODU\ ���@ WKDW ZHDN VXSHUF\FOLFLW\ GRHV QRW LPSO\ ZHDN O�VHTXHQWLDO VXSHU�
F\FOLFLW\ _ E\ H[KLELWLQJ D ZHDNO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU WKDW LV QRW ZHDNO\
VHTXHQWLDOO\ VXSHUF\FOLF� DQG VR LW LV QRW ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF�

6LQFH VXSHUF\FOLFLW\ LPSOLHV VWURQJ VWDELOLW\� DV ZH VDZ LQ 7KHRUHP ���� WKH QH[W
TXHVWLRQ DULVHV TXLWH QDWXUDOO\� )RU D SRZHU ERXQGHG RSHUDWRU RQ D QRUPHG VSDFH�

GRHV ZHDN VXSHUF\FOLFLW\ LPSO\ ZHDN VWDELOLW\ "

7KLV LV D QRQWULYLDO TXHVWLRQ WKDW UHPDLQV XQDQVZHUHG� 3DFLQJ 3wROLD >��� S����@ ZKHQ
KH VD\V ?FDQ \RX LPDJLQH D PRUH DFFHVVLEOH UHODWHG SUREOHP�� ZH PLJKW UHSODFH ZHDN
VXSHUF\FOLFLW\ LQ WKH DERYH TXHVWLRQ E\ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� 7KLV DJDLQ
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OHDGV WR DQRWKHU QRQWULYLDO TXHVWLRQ WKDW DOVR VHHPV WR UHPDLQ XQDQVZHUHG VR IDU�
5HJDUGLQJ VXFK D QHZ TXHVWLRQ LQTXLULQJ ZKHWKHU ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\
LPSOLHV ZHDN VWDELOLW\� WKH IROORZLQJ GLDJUDP VXPPDULVHV WKH DERYH OLQH RI UHDVRQLQJ�

Q Ð ÌJÍ S&U Ë U&Î8Ï U&Ï R Ë  �
Q R6S ÝGÕ�� Q R�TGP�Ï Î8Ï R Ë

Z� Z�
ÑsÍ TGÒCÎ8ÓfQ ÍJÔ Ð ÍJÕ R6Ï T�Î#Q Ð ÌJÍ S�U Ë U6Î8Ï U�Ï R Ë �

 � Ñ�Í TGÒlQ R@T�P�Ï Î8Ï R Ë �
7KHUH DUH� KRZHYHU� VRPH DrUPDWLYH DQVZHUV IRU SDUWLFXODU FODVVHV RI RSHUDWRUV�

)RU LQVWDQFH� ZKHQ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ FRLQFLGHV ZLWK VXSHUF\FOLFLW\
IRU D JLYHQ FODVV RI RSHUDWRUV� DV LV WKH FDVH� IRU H[DPSOH� RI FRPSDFW RSHUDWRUV� ,Q
WKHVH FDVHV� 7KHRUHP ��� HQVXUHV D SRVLWLYH DQVZHU WR WKH TXHVWLRQ IRU VXFK FODVVHV�
7KH FRQQHFWLRQ EHWZHHQ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ DQG ZHDN VWDELOLW\ IRU WKH
FDVH ZKHQ ; LV D 5DGRQ^5LHV] VSDFH ZDV H[SORUHG LQ >��@� >��@� DQG >��@� 5HFDOO WKDW
D 5DGRQ^5LHV] VSDFH LV D QRUPHG VSDFH ; IRU ZKLFK DQ ; �YDOXHG VHTXHQFH I[ � J
FRQYHUJHV VWURQJO\ LI DQG RQO\ LI LW FRQYHUJHV ZHDNO\ DQG WKH VHTXHQFH RI QRUPV
IN[ � NJ FRQYHUJHV WR WKH QRUP RI WKH OLPLW �VHH� H�J�� >��� 'HpQLWLRQ ������@�� +LOEHUW
VSDFHV DUH 5DGRQ^5LHV] VSDFHV �FI� >��� 3UREOHP ��� S���@��

&RQVLGHU WKH SURRIV RI 7KHRUHPV ��� DQG ���� ,Q DQ DWWHPSW WR EULQJ WKH DUJX�
PHQWV WKHUHLQ� FRQFHUQLQJ QRUP FRQYHUJHQFH� WR ZHDN FRQYHUJHQFH DV IDU DV SRVVLEOH�
WKH IROORZLQJ UHVXOWV KDYH EHHQ HVWDEOLVKHG LQ >��� 7KHRUHP ���@�

7KHRUHP ���� >��@ /HW 7 EH D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c RQ D QRUPHG

VSDFH � ; � N c N�� 7KHQ

�D� WKHUH LV D QRUP N c N â RQ ; IRU ZKLFK 7 LV DQ LVRPHWU\ RQ � ; � N c N â ��
�E� ,I D YHFWRU \ � ; LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF IRU 7 ZKHQ LW DFWV RQ WKH

QRUPHG VSDFH � ; � N c N�� WKHQ WKH VDPH YHFWRU \ � ; LV ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF IRU 7 ZKHQ LW DFWV RQ WKH QRUPHG VSDFH �; � N c N â ��
�F� ,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF ZKHQ DFWLQJ RQ �; � N c N�� WKHQ LW KDV

DQ H[WHQVLRQ E7 RQ WKH FRPSOHWLRQ � E; � N c N æç � RI �; � N c N â � ZKLFK LV D ZHDNO\

O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWULF LVRPRUSKLVP�

�G� ,I 7 RQ �; � N c N� LV ZHDNO\ VWDEOH� WKHQ E7 RQ � E; � N c N æç � LV ZHDNO\ VWDEOH�

%\ FRPSDULQJ WKH VWDWHPHQWV LQ 7KHRUHP ����D�E�F� ZLWK WKH SURRI RI 7KHRUHP
���� ZH FDQ JDXJH WKH H[WHQW WR ZKLFK WKH SURRI RI 7KHRUHP ��� FDQ VXUYLYH WKH
PRYH IURP �VWURQJ� VXSHUF\FOLFLW\ WR ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\�

$ FUXFLDO DUJXPHQW LQ WKH SURRI RI 7KHRUHP ��� LV WKH IDFW WKDW WKHUH LV QR

VXSHUF\FOLF LVRPHWU\ RQ D %DQDFK VSDFH � 7KLV ZDV QHFHVVDU\ IRU FRQFOXGLQJ WKDW
VXSHUF\FOLFLW\ LPSOLHV VWURQJ VWDELOLW\ � 'LoHUHQWO\ IURP WKH DUJXPHQW LQ WKH SURRI RI
7KHRUHP ���� WKHUH LV QR FRXQWHUSDUW WR VXFK D IDFW LQ WKH FRQWH[W RI 7KHRUHP ����
,QGHHG� DV ZH KDYH VHHQ LQ 6XEVHFWLRQ ���� WKHUH DUH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF

XQLWDU\ RSHUDWRUV RQ D +LOEHUW VSDFH � $ FRPSDULVRQ EHWZHHQ WKH SURRIV RI 7KHRUHP
��� DV JLYHQ LQ >��� 7KHRUHP ���@ DQG WKDW RI 7KHRUHP ��� VKRZV WKDW ERWK SURRIV
VKDUH WKH VDPH VWUXFWXUH� DOWKRXJK WKH ZHDN FRXQWHUSDUW RI 7KHRUHP ��� �L�H�� ZHDN
VWDELOLW\ EHLQJ LPSOLHG E\ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� LV QRW UHDFKHG WKLV ZD\�

$ ZD\ WR VPRRWK GRZQ ZHDN VWDELOLW\ OHDGV WR WKH QRWLRQ RI ZHDN TXDVLVWDELOLW\�
5HFDOO WKDW DQ RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV ZHDNO\ VWDEOH LI OLP � MI�7 � [�M �
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IRU HYHU\ [ � ; � IRU HYHU\ I � ; ª � ,W LV ZHDNO\ TXDVLVWDEOH LI�

OLP LQI � MI�7 � [�M  � IRU HYHU\ [ � ; � IRU HYHU\ I � ; ª �
,W LV FOHDU WKDW ZHDN VWDELOLW\ LPSOLHV ZHDN TXDVLVWDELOLW\� EXW WKH FRQYHUVH IDLOV
>��� 3URSRVLWLRQ ���@� $OWKRXJK WKH SUHYLRXV TXHVWLRQ UHPDLQV RSHQ� WKH QH[W UHVXOW
�ZKLFK LV IURP >��� &RUROODU\ ���@� VD\V WKDW� IRU SRZHU ERXQGHG RSHUDWRUV�

Ñ�Í TGÒCÎ8ÓfQ ÍJÔ Ð ÍJÕ R&Ï TGÎ+Q Ð ÌJÍ S&U Ë U&Î8Ï U�Ï R Ë  � Ñ�Í TGÒ Ô Ð6TNQ�Ï Q R@T�P�Ï Î8Ï R Ë �
7KHRUHP ���� >��@ (YHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU

RQ D QRUPHG VSDFH LV ZHDNO\ TXDVLVWDEOH �

7KLV VKRZV WKDW VXFK D PLOG YHUVLRQ RI ZHDN VWDELOLW\ �YL]�� ZHDN TXDVLVWDELOLW\�
LV LPSOLHG E\ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� DV VWURQJ VWDELOLW\ ZDV LPSOLHG E\
�VWURQJ� VXSHUF\FOLFLW\ LQ 7KHRUHP ���� 6R ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ HQVXUHV
WKDW WKH RULJLQ LV D ZHDN OLPLW SRLQW RI WKH RUELW RI HYHU\ YHFWRU >��� &RUROODU\ ���@
_ DQG VR WKH RULJLQ LV D ZHDN DFFXPXODWLRQ SRLQW RI LW �FI� 6XEVHFWLRQ �����

&RUROODU\ ���� >��@ ,I 7 LV D SRZHU ERXQGHG RSHUDWRU RQ D QRUPHG VSDFH ; � WKHQ

2 � �>\@� � «�¼
 ; IRU VRPH \ � ;  � � � 2 � �[� � «�¼

IRU HYHU\ [ � ; �

/HW \ � ; EH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7 � %> ; @�7DNH DQ DU�
ELWUDU\ [ � ; Q2�>\@�� 7KHQ WKHUH H[LVW D VFDODU VHTXHQFH Io Ä J DQG D VXEVHTXHQFH
I7 �NÃ J RI I7 � J IRU ZKLFK o Ä 7 �NÃ \ «

b� [� 7KHVH DUH UHIHUUHG WR DV D VFDODU VHTXHQFH
Io Ä J DQG D VXEVHTXHQFH I7 �NÃ J RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ �RI 7 IRU [ ZLWK
UHVSHFW WR \�� ,I I7 �NÃ J LV VXFK WKDW VXS Ä �Q Ä » � b Q Ä � � �� WKHQ LW LV FDOOHG D ERXQG�

HGO\ VSDFHG VXEVHTXHQFH RI I7 � J�7KHRUHP ��� EHORZ LV IURP >��� 7KHRUHPV ��� DQG
���@� ZKHUH LWHP �D� LV D FRQVHTXHQFH RI 7KHRUHP ��� DERYH�

7KHRUHP ����>��@ /HW 7 EH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D QRUPHG

VSDFH ; �

�D� ,I 7 LV SRZHU ERXQGHG� DQG LI WKHUH LV D ERXQGHGO\ VSDFHG VXEVHTXHQFH I7 �NÃ J
RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ RI 7 IRU HDFK YHFWRU [ � ; Q2 � �>\@�� IRU

HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ � ; � WKHQ 7 LV ZHDNO\ VWDEOH�

�E� ,I 7 LV ZHDNO\ VWDEOH� WKHQ DOO VFDODU VHTXHQFHV Io Ä J RI ZHDN O�VHTXHQWLDO VX�

SHUF\FOLFLW\ RI 7 DUH XQERXQGHG� ,Q RWKHU ZRUGV� Io Ä J LV XQERXQGHG IRU HYHU\

[ � ; Q2 � �>\@� DQG HYHU\ ZHDNO\ O�VHTXHQWLDO VXSHUF\FOLF YHFWRU \ � ; �

7KHRUHPV ��� DQG ��� OHDG WR GHVFULSWLRQV RI ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
LVRPHWULHV RQ D +LOEHUW VSDFH�7KH UHVXOW EHORZ LV IURP >��� &RUROODU\ ���@ DV DQ DSSOL�
FDWLRQ RI DQ LQQHU�SURGXFW�VSDFH YHUVLRQ RI 7KHRUHP ��� JLYHQ LQ >��� 7KHRUHP ���@�

&RUROODU\ ���� >��@ 2Q D +LOEHUW VSDFH� LI D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHU�

DWRU LV VLPLODU WR DQ LVRPHWU\� WKHQ LW LV VLPLODU WR DQ XQLWDU\ RSHUDWRU �

7KLV HQVXUHV WKDW LI D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D +LOEHUW VSDFH

LV SRZHU ERXQGHG DQG SRZHU ERXQGHG EHORZ� WKHQ LW LV VLPLODU WR XQLWDU\ RSHUDWRU

>��� 5HPDUN ��@ _ ZH ZLOO UHWXUQ WR WKLV WRSLF LQ 7KHRUHP ����F� LQ WKH QH[W VHFWLRQ�
2Q WKH RWKHU KDQG� DV DQ DSSOLFDWLRQ RI 7KHRUHP ��� DQG RI WKH XSFRPLQJ 7KHRUHP
���� WKH QH[W UHVXOW �IURP >��� &RUROODU\ ���@� VHWV D VXLWDEOH VWDUWLQJ SRLQW� DOWKRXJK
QRW LQ D FKURQRORJLFDO RUGHU� IRU RXU GLVFXVVLRQ WRZDUGV D FKDUDFWHULVDWLRQ RI ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV�
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&RUROODU\ ���� >��@ ,I DQ LVRPHWU\ RQ D +LOEHUW VSDFH LV ZHDNO\ O�VHTXHQWLDOO\ VXSHU�

F\FOLF� WKHQ LW LV D ZHDNO\ TXDVLVWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU �

%HLQJ ZHDNO\ TXDVLVWDEOH� ZH PD\ LQTXLUH� LQ JHQHUDO�

ZKHQ LV D XQLWDU\ RSHUDWRU ZHDNO\ VWDEOH "

5HFDOO WKDW �L� D VFDODU VSHFWUDO PHDVXUH IRU D QRUPDO RSHUDWRU LV D SRVLWLYH
pQLWH PHDVXUH HTXLYDOHQW WR LWV VSHFWUDO PHDVXUH� �LL� D QRUPDO RSHUDWRU RQ D VHS�
DUDEOH +LOEHUW VSDFH KDV D VFDODU VSHFWUDO PHDVXUH� �LLL� DQ\ IRUP RI F\FOLFLW\ LP�
SOLHV VHSDUDELOLW\ _ WKXV DVVXPH VHSDUDELOLW\� �LY� D XQLWDU\ RSHUDWRU LV DEVROXWHO\
FRQWLQXRXV� VLQJXODU�GLVFUHWH� RU VLQJXODU�FRQWLQXRXV LI LWV VFDODU VSHFWUDO PHDVXUH
LV DEVROXWHO\ FRQWLQXRXV� VLQJXODU�GLVFUHWH� RU VLQJXODU�FRQWLQXRXV ZLWK UHVSHFW WR
QRUPDOLVHG /HEHVJXH PHDVXUH RQ WKH ��DOJHEUD RI %RUHO VXEVHWV RI WKH XQLW FLUFOH�
UHVSHFWLYHO\� DQG �Y� HYHU\ XQLWDU\ RSHUDWRU LV WKH RUWKRJRQDO GLUHFW VXP RI DQ DE�
VROXWHO\ FRQWLQXRXV XQLWDU\� D VLQJXODU�GLVFUHWH XQLWDU\� DQG D VLQJXODU�FRQWLQXRXV
XQLWDU\ �ZKHUH DQ\ SDUW PD\ EH PLVVLQJ�� $OVR UHFDOO WKDW �YL� DQ DEVROXWHO\ FRQ�
WLQXRXV XQLWDU\ LV DOZD\V ZHDNO\ VWDEOH� �YLL� D VLQJXODU�GLVFUHWH XQLWDU\ LV QHYHU
ZHDNO\ VWDEOH� DQG �YLLL� WKHUH H[LVW VLQJXODU�FRQWLQXRXV XQLWDULHV WKDW DUH HLWKHU
ZHDNO\ VWDEOH RU ZHDNO\ XQVWDEOH �VHH� H�J�� >��� 6HFWLRQ �@�� 7KHUHIRUH�

D XQLWDU\ RSHUDWRU LV ZHDNO\ VWDEOH LI DQG RQO\ LI LWV VLQJXODU�FRQWLQXRXV SDUW

�LI LW H[LVWV� LV ZHDNO\ VWDEOH DQG LWV VLQJXODU�GLVFUHWH SDUW GRHV QRW H[LVW �

([DPSOHV RI ZHDNO\ VWDEOH DQG ZHDNO\ XQVWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\ RS�
HUDWRUV ZHUH JLYHQ LQ >��� 3URSRVLWLRQ ��� DQG 3URSRVLWLRQ ���@� $OVR� DORQJ WKH OLQHV
GLVFXVVHG LQ >�� SS������@ �VHH >�� S�����@ DV ZHOO� DQG >��� 3URSRVLWLRQ ���@� LW ZDV
VKRZQ LQ >��� 7KHRUHP ���@ WKDW VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV SDUWLDOO\
FKDUDFWHULVH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV�

7KHRUHP ���� >��@ (YHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU LV VLQ�

JXODU�FRQWLQXRXV �

7KHRUHP ��� SURPSWV WKH TXHVWLRQ LQTXLULQJ DERXW WKH FRQYHUVH�

LV HYHU\ VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU RQ D VHSDUDEOH +LOEHUW VSDFH

ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF "

0D\EH QRW� EXW LI \HV� WKHQ ZH ZRXOG JHW D SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF �XQLWDU\� RSHUDWRU WKDW LV QRW ZHDNO\ VWDEOH �EXW ZHDNO\ TXDVLVWDEOH E\
7KHRUHP ���� VLQFH� DV ZH VDZ DERYH� WKHUH H[LVW VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUD�
WRUV WKDW DUH QRW ZHDNO\ VWDEOH� 7KH QH[W TXHVWLRQ DOVR UHPDLQV XQDQVZHUHG� $FWX�
DOO\� LQ VSLWH RI 7KHRUHP ���� RU EHFDXVH RI LW� DQG KDYLQJ LQ PLQG 7KHRUHP ���� WKH
TXHVWLRQ EHORZ WKDW FORVHV WKLV VHFWLRQ LV QHDUO\ WKH VDPH RQH WKDW KDV RSHQHG LW�

4XHVWLRQ ���� >��@ ,V D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU

ZHDNO\ VWDELOH "

7KLV ZDV SRVHG LQ >��� S���@� 6LPLODUO\ �VHH� H�J�� >��� 4XHVWLRQ ���@��

LV HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU ZHDNO\ VWDEOH "

�� 6SHF W U XP RI : HDN O \ O�6HTXHQW LDO O \ 6XSHU F \F O LF 2SHU DW RU V

:H FORVH WKH SDSHU E\ JLYLQJ D GHVFULSWLRQ RI WKH VSHFWUXP RI D ZHDNO\ O�VH�
TXHQWLDOO\ VXSHUF\FOLF RSHUDWRU�
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7DNH WKH VSHFWUXP ��7 � RI DQ RSHUDWRU 7 DFWLQJ RQ D FRPSOH[ %DQDFK VSDFH ; �
ZKLFK LV QRQHPSW\ DQG FRPSDFW� DQG FRQVLGHU LWV FODVVLFDO SDUWLWLRQ� QDPHO\� ��7 �  
�� �7 � > �� �7 � > � � �7 �� ZKHUH �� �7 � LV WKH SRLQW VSHFWUXP� �� �7 � LV WKH UHVLGXDO
VSHFWUXP� DQG � � �7 � LV WKH FRQWLQXRXV VSHFWUXP� /HW ' DQG 7 EH WKH RSHQ XQLW GLVN
DQG WKH XQLW FLUFOH LQ WKH FRPSOH[ SODQH &� )RU DQ\ VXEVHW e RI WKH FRPSOH[ SODQH &�
VHW e ª  Iy � & � y � eJ� WKH VHW RI DOO FRPSOH[ FRQMXJDWHV RI DOO HOHPHQWV IURP e�

3HUKDSV WKH VSHFWUDO VDJD RI K\SHUF\FOLFLW\ KDV LWV RULJLQV LQ ����� ZKHQ .LWDL >���
7KHRUHPV ��� DQG ���@ KDV VKRZQ WKDW LI D %DQDFK�VSDFH RSHUDWRU 7 LV K\SHUF\FOLF�
WKHQ ��7 � ? 7 � "� DV ZHOO DV HYHU\ FRPSRQHQW RI ��7 � PHHWV 7� 7KLV KDV WULJJHUHG
WKH QH[W UHVXOWV RQ ZHDN K\SHUF\FOLFLW\ DQG� FRQVHTXHQWO\� RQ ZHDN VXSHUF\FOLFLW\�
$V EULHq\ PHQWLRQHG LQ 6HFWLRQ � �6XEVHFWLRQV ��� DQG ����� FRQFHUQLQJ ZHDN K\SHU�
F\FOLFLW\� 3UxDMLWXUxD >��� 7KHRUHP ���@ KDV VKRZQ LQ ���� WKDW �� �7 ª �  " IRU D
ZHDNO\ K\SHUF\FOLF RSHUDWRU 7 RQ D +LOEHUW VSDFH� 7KLV H[WHQGHG D SUHYLRXV UHVXOW RI
+HUHUR >��� 3URSRVLWLRQ ���@ LQ ����� ZKHUH VXFK DQ H[SUHVVLRQ KDG EHHQ HVWDEOLVKHG
IRU K\SHUF\FOLF RSHUDWRUV _ VHH DOVR >��� &RUROODU\ ���@� ,W ZDV VKRZQ E\ 'LOZRUWK
DQG 7URLWVN\ >��� 7KHRUHP �@ LQ ���� WKDW WKH H[SUHVVLRQ ��7 � ? 7 � " VXUYLYHV
IRU D ZHDNO\ K\SHUF\FOLF RSHUDWRU 7 RQ D %DQDFK VSDFH�

7KH DERYH SDUDJUDSK GHDOW ZLWK VSHFWUDO SURSHUWLHV RI K\SHUF\FOLF DQG ZHDNO\
K\SHUF\FOLF RSHUDWRUV� 5HJDUGLQJ VXSHUF\FOLFLW\� LW ZDV YHULpHG WKDW ��� �7 ª � x �
�L�H�� WKH FDUGLQDOLW\ RI �� �7 ª � LV QRW JUHDWHU WKDQ RQH� IRU VXSHUF\FOLF RSHUDWRUV
RQ D +LOEHUW VSDFH E\ +HUUHUR >��� 3URSRVLWLRQ ���@ LQ ����� ZKLFK ZDV H[WHQGHG WR
RSHUDWRUV RQ D QRUPHG VSDFH E\ $QVDUL DQG %RXUGRQ >�� 7KHRUHP ���@� LQ ����� DQG
IXUWKHU H[WHQGHG WR VXSHUF\FOLF RSHUDWRUV RQ D ORFDOO\ FRQYH[ VSDFH E\ 3HULV >���
/HPPD �� 7KHRUHP �@ LQ ����� %XW WKH ZHDN WRSRORJ\ RQ D QRUPHG VSDFH LV D ORFDOO\
FRQYH[ VXEWRSRORJ\ RI WKH ORFDOO\ FRQYH[ QRUP WRSRORJ\ �VHH� H�J�� >��� 7KHRUHPV
����� DQG �����@�� 7KHQ WKH ODWWHU H[WHQVLRQ KROGV LQ SDUWLFXODU RQ D QRUPHG VSDFH
XQGHU WKH ZHDN WRSRORJ\� WKXV LQFOXGLQJ ZHDNO\ VXSHUF\FOLF RSHUDWRUV� DQG VR ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRUV� RQ QRUPHG VSDFHV� 7KLV KDV DOVR EHHQ REWDLQHG
IRU ZHDNO\ VXSHUF\FOLF RSHUDWRUV RQ D +LOEHUW VSDFH E\ 3UxDMLWXUxD >��� 7KHRUHP ���@
LQ ����� 8QGHU DGGLWLRQDO DVVXPSWLRQV RI SRZHU ERXQGHGQHVV DQG EHLQJ RI FODVV & � c�
LW ZDV VKRZQ E\ .XEUXVO\ DQG 'XJJDO >��� &RUROODU\ ���@ LQ ���� �DV D FRUROODU\ RI
7KHRUHP ���� WKDW ��� �7 ª �  ��� �7 �  � IRU HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHU�
F\FOLF RSHUDWRUV DFWLQJ RQ +LOEHUW VSDFHV�

:H ZLOO SURFHHG DORQJ WKHVH OLQHV LQ 7KHRUHP ��� EHORZ IRU ZHDNO\ O�VHTXHQWLDOO\
VXSHUF\FOLF RSHUDWRUV RQ D +LOEHUW VSDFH� EXW pUVW ZH QHHG WKH IROORZLQJ UHVXOW�

$Q LQYHUWLEOH SRZHU ERXQGHG RSHUDWRU RQ D +LOEHUW VSDFH� ZKRVH LQYHUVH DOVR LV

SRZHU ERXQGHG� LV VLPLODU WR D XQLWDU\ RSHUDWRU � 7KLV LV D FODVVLFDO UHVXOW GXH WR
6]� 1DJ\ >��� 7KHRUHP �@ WKDW ZLOO EH UHTXLUHG LQ WKH SURRI RI WKH QH[W WKHRUHP�
ZKLFK LV VLPLODUO\ VWDWHG DV IROORZV� D +LOEHUW�VSDFH RSHUDWRU LV VLPLODU WR D XQLWDU\

RSHUDWRU LI DQG RQO\ LI LW LV SRZHU ERXQGHG DQG SRZHU ERXQGHG EHORZ � $ QRUPHG
VSDFH YHUVLRQ IRU RSHUDWRUV VLPLODU WR DQ LVRPHWU\ ZDV ODWHU JLYHQ E\ .RHKOHU DQG
5RVHQWKDO >��� 7KHRUHP �@� D QRUPHG�VSDFH RSHUDWRU LV VLPLODU WR DQ LVRPHWU\ LI

DQG RQO\ LI LW LV SRZHU ERXQGHG DQG SRZHU ERXQGHG EHORZ �

5HFDOO IURP 7KHRUHP ���� D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c LV QRW VXSHUF\FOLF�
7KHRUHP ���� /HW 7 EH D SRZHU ERXQGHG RSHUDWRU RI FODVV & � c RQ D +LOEHUW VSDFH +�
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�D� ,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ

��7 �  � � �7 � v ' � DQG ��7 � ? 7 � "�

�E� ,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF ZLWK FORVHG UDQJH� WKHQ

��7 �  � � �7 � v ' � Q% ó ��� DQG ��7 � ? 7 � "�

IRU VRPH RSHQ EDOO % ó ��� ZLWK UDGLXV � � ��� �@ FHQWUHG DW WKH RULJLQ RI +�

�F� ,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF DQG SRZHU ERXQGHG EHORZ� WKHQ 7 LV

VLPLODU WR D XQLWDU\ RSHUDWRU DQG

��7 �  � � �7 � v 7�

�G� ,I 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWU\� WKHQ 7 LV D VLQJXODU FRQ�

WLQXRXV XQLWDU\ RSHUDWRU� VR WKDW

��7 �  � � �7 � v 7

LV WKH VXSSRUW RI D pQLWH SRVLWLYH PHDVXUH WKDW LV VLQJXODU�FRQWLQXRXV ZLWK UH�

VSHFW WR QRUPDOLVHG /HEHVJXH PHDVXUH RQ WKH ��DOJHEUD RI %RUHO VXEVHWV RI 7�

3URRI � �D� ,I 7 LV SRZHU ERXQGHG RQ D FRPSOH[ %DQDFK VSDFH� WKHQ ��7 � v ' � �FI�
6HFWLRQ ��� ,W ZDV VKRZQ LQ >��� &RUROODU\ ���@ �E\ XVLQJ DQ LQQHU�SURGXFW�VSDFH
YHUVLRQ RI 7KHRUHP ���� WKDW LI D SRZHU ERXQGHG RSHUDWRU 7 RI FODVV & � c RQ D FRP�
SOH[ +LOEHUW VSDFH LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ

�� �7 �  �� �7 ª �  "�

ZKHUH 7 ª VWDQGV IRU WKH +LOEHUW�VSDFH DGMRLQW RI 7� 6LQFH IRU +LOEHUW�VSDFH RSHUDWRUV
�� �7 �  �� �7 ª � ª Q�� �7 ��

LW IROORZV IURP WKH DERYH WZR GLVSOD\HG H[SUHVVLRQV WKDW

�� �7 �  �� �7 �  "�

DQG VR ��7 �  � � �7 � v ' � � 0RUHRYHU� DV 7 LV QRW VWURQJO\ VWDEOH �EHFDXVH LW LV RI
FODVV & � c�� LW LV QRW XQLIRUPO\ VWDEOH� DQG VR LWV VSHFWUDO UDGLXV LV QRW VWULFWO\ OHVV
WKDQ RQH �VHH 6HFWLRQ � DJDLQ�� ZKLFK LPSOLHV WKDW LWV VSHFWUXP LQWHUVHFWV WKH XQLW
FLUFOH �L�H�� ��7 � ? 7 � "� VLQFH ��7 �v' � �� 7KLV FRQFOXGHV WKH SURRI RI LWHP �D��
�E� 7KH UDQJH RI D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU LV GHQVH �VHH� H�J�� >���
/HPPD ���@�� 7KXV 7 LV VXUMHFWLYH LI LW KDV D FORVHG UDQJH� 6LQFH 7 LV LQMHFWLYH �DV
� �� �� �7 ��� LW LV LQYHUWLEOH ZLWK D ERXQGHG LQYHUVH� DQG VR � �� ��7 �� ZKLFK LPSOLHV
��7 � v ' � Q% ó ��� VLQFH ��7 � LV D FORVHG VHW LQFOXGHG LQ WKH FORVHG XQLW GLVN E\ �D��
�F� ,I� EHVLGHV EHLQJ SRZHU ERXQGHG� 7 LV SRZHU ERXQGHG EHORZ� WKHQ 7 LV VLPLODU WR
D XQLWDU\ RSHUDWRU �DV ZH VDZ DERYH�� $V VLPLODULW\ SUHVHUYHV WKH VSHFWUXP� DQG WKH
VSHFWUXP RI D XQLWDU\ RSHUDWRU LV LQFOXGHG LQ WKH XQLW FLUFOH� ZH JHW �F� IURP �D��

�G� %\ &RUROODU\ ���� HYHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWU\ RQ D +LOEHUW
VSDFH LV D VLQJXODU�FRQWLQXRXV XQLWDU\� 5HFDOO WKDW DQ LVRPHWU\ LV WULYLDOO\ SRZHU
ERXQGHG RI FODVV & � c� DQG D XQLWDU\ RSHUDWRU LV� LQ DGGLWLRQ� SRZHU ERXQGHG EHORZ�
$V WKH VSHFWUXP RI D VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU LV WKH VXSSRUW RI LWV
VLQJXODU�FRQWLQXRXV VSHFWUDO PHDVXUH� WKH UHVXOW LQ �F� FRPHV IURP �E��



�8� �� �¡�¢G£�¤¦¥�§�¨>¡�§�¤�¢�©

$F N QRZ O HGJP HQW

, WKDQN DQ DQRQ\PRXV UHIHUHH ZKR PDGH VHQVLEOH REVHUYDWLRQV WKURXJKRXW WKH
WH[W� FRQWULEXWLQJ WR WKH LPSURYHPHQW RI WKH SDSHU�
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