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�� ,QW U RGXF W LRQ

/HW �+� K c � c L� EH D +LOEHUW VSDFH DQG OHW $ DQG % EH +LOEHUW�VSDFH RSHUDWRUV�
7KH\ DUH VDLG WR PDNH D ELLVRPHWULF SDLU LI $ � %  ,� ZKHUH , LV WKH LGHQWLW\
RSHUDWRU� 7KLV H[WHQGV WKH QRWLRQ RI D +LOEHUW�VSDFH LVRPHWU\� DQ RSHUDWRU $ LV
DQ LVRPHWU\ LI DQG RQO\ LI $ � $  ,� %LLVRPHWULF SDLUV KDYH EHHQ LQYHVWLJDWHG LQ >�@�
:H VKRZ KHUH WKDW WKLV LV FRQQHFWHG WR WKH QRWLRQ RI �P�3 ��ELLVRPHWULF SDLUV DQG�
LQ SDUWLFXODU� WR WKH QRWLRQ RI 3 �ELLVRPHWULF SDLUV� ZKHUH P LV D SRVLWLYH LQWHJHU DQG
3 LV D SRVLWLYH RSHUDWRU�

7KH RULJLQDO UHVXOWV LQ WKLV SDSHU DUH VWDWHG DQG SURYHG LQ 6HFWLRQV �� � DQG ��
YL]�� 7KHRUHPV ���� ��� DQG ���� /HW 3 EH D SRVLWLYH RSHUDWRU� ,Q 7KHRUHP ��� ZH
VKRZ WKDW LI �$�%� LV DQ �P�3 ��ELLVRPHWULF SDLU IRU VRPHP� DQG $ DQG % DUH SRZHU
ERXQGHG� WKHQ �$�%� LV D 3 �ELLVRPHWULF SDLU� VR WKDW LI LQ DGGLWLRQ 3 LV LQYHUWLEOH�
WKHQ $ DQG % DUH VLPLODU WR D ELLVRPHWULF SDLU� ,Q 7KHRUHP ��� ZH H[WHQG WKH UHVXOWV
LQ >�@� IURP ELLVRPHWULF SDLUV WR DQ DUELWUDU\ 3 �ELLVRPHWULF SDLU� H[KLELWLQJ D SDLU
j

I� � J� I� � Jk RI ELRUWKRQRUPDO VHTXHQFHV ZLWK YDOXHV LQ WKH LQQHU SURGXFW VSDFH
�+� K c � c L � �� ZLWK LQQHU SURGXFW K c � c L �  K3 c � c L� ZKLFK KDYH D VKLIW�OLNH EHKDYLRXU�
7KHRUHP ��� JLYHV D FRPSUHKHQVLYH DFFRXQW RI WKH FDVH ZKHQ WKH SRVLWLYH RSHUDWRU
3 LV LQYHUWLEOH �ZLWK D ERXQGHG LQYHUVH� IRU SRZHU ERXQGHG RSHUDWRUV $ DQG %�

$OO WHUPV DQG QRWDWLRQ XVHG DERYH ZLOO EH GHpQHG LQ WKH QH[W VHFWLRQ� 7KH SDSHU
LV RUJDQLVHG DV IROORZV� %DVLF QRWDWLRQ DQG WHUPLQRORJ\ DUH VXPPDULVHG LQ 6HFWLRQ
�� )RUPV RI ELLVRPHWULF RSHUDWRUV� LQFOXGLQJ 3 �ELLVRPHWULF DQG �P�3 ��ELLVRPHWULF
SDLUV� DUH FRQVLGHUHG LQ 6HFWLRQ �� 6HFWLRQV � DQG � FRQWDLQ WKH PDLQ UHVXOWV RI
WKH SDSHU DV GLVFXVVHG DERYH� 7KH SDUWLFXODU FDVH ZKHQ WKH LQMHFWLYH SRVLWLYH 3 LV
LQYHUWLEOH �ZLWK D ERXQGHG LQYHUVH� FORVHV WKH SDSHU LQ 6HFWLRQ ��

�� %DVLF 1RW DW LRQ DQG 7 HU P LQRO RJ\

7KURXJKRXW WKLV SDSHU �+� K c � c L� VWDQGV IRU D FRPSOH[ +LOEHUW VSDFH� HTXLSSHG
ZLWK DQ LQQHU SURGXFW K c � c L JHQHUDWLQJ WKH QRUP N c N� /HW $ � + � + EH DQ RSHUDWRU
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�L�H�� D ERXQGHG OLQHDU WUDQVIRUPDWLRQ� RI �+� K c � c L� LQWR LWVHOI _ UHIHUUHG WR DV D
+LOEHUW�VSDFH RSHUDWRU� RU DQ RSHUDWRU RQ +� 7KH QRUPHG DOJHEUD RI DOO RSHUDWRUV
RQ D QRUPHG VSDFH ; ZLOO GHQRWHG E\ %> ; @� DQG VR %>%> ; @@ VWDQGV IRU WKH QRUPHG
DOJHEUD RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI %> ; @ LQWR LWVHOI �VRPHWLPHV UHIHUUHG
WR DV WUDQVIRUPHUV�� /HW , VWDQG IRU WKH LGHQWLW\ RSHUDWRU DQG 2 IRU WKH QXOO RSHUDWRU
RQ DQ\ OLQHDU VSDFH� :H XVH WKH VDPH QRWDWLRQ N c N IRU WKH LQGXFHG XQLIRUP QRUP
RQ %> ; @ IRU DQ\ QRUPHG VSDFH ; � $Q RSHUDWRU $ RQ D QRUPHG VSDFH ; LV SRZHU
ERXQGHG LI VXS � N$ �

N � � �ZKLFK PHDQV VXS � N$ �
[N � � IRU HYHU\ [ � ; LI ;

LV D %DQDFK VSDFH E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP�� 7KH DGMRLQW RI DQ RSHUDWRU
$ RQ DQ\ �FRPSOH[� +LOEHUW VSDFH + ZLOO EH GHQRWHG E\ $ � �7KH NHUQHO DQG UDQJH
RI DQ RSHUDWRU $ RQ + ZLOO EH GHQRWHG E\ 1 �$� DQG 5�$�� ZKHUH 1 �$� LV D
VXEVSDFH �L�H�� D FORVHG OLQHDU PDQLIROG� DQG 5�$� LV D OLQHDU PDQLIROG RI �+� K c � c L��
UHVSHFWLYHO\� 5HFDOO WKDW 5�$� ¸  1 �$ � � ¹ � ZKHUH WKH VXSHUVFULSWV ¸ DQG ¹ VWDQG
IRU FORVXUH DQG RUWKRJRQDO FRPSOHPHQW LQ D +LOEHUW VSDFH �+� K c � c L�� UHVSHFWLYHO\�
$ +LOEHUW�VSDFH RSHUDWRU 3 LV VHOI�DGMRLQW LI 3 �  3 �HTXLYDOHQWO\� LI K3[ �[L LV
UHDO IRU HYHU\ [ � +�� $ VHOI�DGMRLQW RSHUDWRU 3 RQ +LOEHUW VSDFH LV QRQQHJDWLYH LI
K3[ �[L y � IRU HYHU\ [ � +� DQG SRVLWLYH LI K3[ �[L ! � IRU HYHU\ QRQ]HUR [ � +
�HTXLYDOHQWO\� LI LW LV QRQQHJDWLYH DQG LQMHFWLYH�� $Q LQYHUWLEOH SRVLWLYH RSHUDWRU
�ZLWK D ERXQGHG LQYHUVH� L�H�� QRQQHJDWLYH� LQMHFWLYH DQG VXUMHFWLYH DIWHU WKH 2SHQ
0DSSLQJ 7KHRUHP� LV VRPHWLPHV UHIHUUHG WR DV D VWULFWO\ SRVLWLYH RSHUDWRU� ,I 3 LV
SRVLWLYH� WKHQ �DV LW LV VHOI�DGMRLQW DQG LQMHFWLYH� LW LV OHIW�LQYHUWLEOH ZLWK D GHQVH
UDQJH �VLQFH 5�3 � ¸  1 �3 � ¹  I�J ¹  +�� VR KDV D OHIW LQYHUVH 3 ¸ ¨

� 5�3 �� +�
ZKLFK LV ERXQGHG LI DQG RQO\ LI LW LV VXUMHFWLYH �L�H�� LI DQG RQO\ LW LV LQYHUWLEOH�� )RU
DQ\ SRVLWLYH �L�H�� LQMHFWLYH QRQQHJDWLYH� 3 � WKH IRUP GHpQHG E\

K c � c L �  K3 c � c L � +d+ � &

LV DQ LQQHU SURGXFW JHQHUDWLQJ D QRUP N c N � � VR WKDW �+� K c � c L � � LV DQ LQQHU SURGXFW
VSDFH� ,I 3 LV VWULFWO\ SRVLWLYH �L�H�� LQYHUWLEOH QRQQHJDWLYH�� WKHQ �+� K c � c L � � LV D
+LOEHUW VSDFH �L�H�� LW UHPDLQV FRPSOHWH�� /HW VSDQ6 GHQRWHV WKH OLQHDU VSDQ RI DQ
DUELWUDU\ VHW 6 v + DQG OHW

:

6  �VSDQ6� ¸ GHQRWHV WKH FORVXUH RI VSDQ6�
%LRUWKRJRQDO VHTXHQFHV ZHUH LQWURGXFHG LQ WKH FRQWH[W RI EDVLV IRU VHSDUDEOH

%DQDFK VSDFHV >��� 'HpQLWLRQ �����@� >��� 'HpQLWLRQ ��I��@ �DQG VR + LV VHSDUDEOH
LI LW LV VSDQQHG E\ D VHTXHQFH�� ,Q D +LOEHUW VSDFH VHWWLQJ �ZKHUH GXDO SDLUV DUH
LGHQWLpHG ZLWK LQQHU SURGXFWV DIWHU WKH 5LHV] 5HSUHVHQWDWLRQ 7KHRUHP IRU +LOEHUW
VSDFHV�� WKH QRWLRQ RI ELRUWKRJRQDOLW\ LV GHpQHG LQ WHUPV RI WKH LQQHU SURGXFW� 7KLV
LV H[WHQGHG IRU WKH FDVH RI DQ LQQHU SURGXFW VSDFH �+� K c � c L�� DV IROORZV�

7ZR VHTXHQFHV II � J DQG IJ � J RI YHFWRUV LQ DQ LQQHU SURGXFW VSDFH �+� K c � c L�
DUH VDLG WR EH ELRUWKRJRQDO �WR HDFK RWKHU� LI KI º � J � L  r º)» � ZKHUH r VWDQGV IRU
WKH .URQHFNHU GHOWD IXQFWLRQ� ,I II � J LV VXFK WKDW WKHUH H[LVWV D VHTXHQFH IJ � J
IRU ZKLFK II � J DQG IJ � J DUH ELRUWKRJRQDO� WKHQ LW LV VDLG WKDW II � J DGPLWV D

ELRUWKRJRQDO VHTXHQFH �V\PPHWULFDOO\� IJ � J DGPLWV D ELRUWKRJRQDO VHTXHQFH��
DQG

j

II � J� IJ � Jk LV UHIHUUHG WR DV D ELRUWKRJRQDO SDLU RU D ELRUWKRJRQDO V\VWHP �
,I� LQ DGGLWLRQ� NI � N  NJ � N  � IRU DOO Q� WKHQ jII � J� IJ � Jk PLJKW EH VDLG WR EH D

ELRUWKRQRUPDO SDLU� +RZHYHU� LW KDV EHHQ VKRZQ LQ >�� &RUROODU\ ���@ WKDW WKHUH LV QR
GLVWLQFW SDLU RI ELRUWKRQRUPDO VHTXHQFHV� ,Q RWKHU ZRUGV� LI WZR VHTXHQFHV II � J DQG
IJ � J DUH ELRUWKRJRQDO DQG LI NI � N  NJ � N  � IRU DOO Q� WKHQ I �  J � IRU DOO Q� $OVR�
LI DQ DUELWUDU\ SDLU II � J DQG IJ � J RI ELRUWKRJRQDO VHTXHQFHV LV VXFK WKDW I �  J �
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IRU DOO Q� WKHQ ZH JHW WKH XVXDO GHpQLWLRQ RI DQ RUWKRQRUPDO VHTXHQFH� DOWKRXJK LQ
JHQHUDO QHLWKHU II � J QRU IJ � J DUH RUWKRJRQDO �PXFK OHVV RUWKRQRUPDO� VHTXHQFHV�
$ VHTXHQFH II � J VSDQQLQJ WKH ZKROH VSDFH + LV VRPHWLPHV FDOOHG WRWDO � 7KLV

PHDQV
:

II � J  + �DQG + LV VHSDUDEOH LQ WKLV FDVH�� ,W ZDV SRLQWHG RXW LQ >��@ WKDW
LI II � J DGPLWV D ELRUWKRJRQDO VHTXHQFH IJ � J� WKHQ IJ � J LV XQLTXH LI DQG RQO\ LI II � J
LV WRWDO � :H ZLOO EH FRQFHUQHG ZLWK WRWDO VHTXHQFHV LQ WKH SURRI RI &RUROODU\ ����

5HSODFLQJ K c � c L ZLWK K c � c L � � IRU VRPH LQYHUWLEOH �RU VLPSO\ LQMHFWLYH� QRQQHJD�
WLYH RSHUDWRU 3 � ZH JHW WKH GHpQLWLRQ RI D 3 �ELRUWKRJRQDO SDLU �

�� ) RU P V RI %LLVRP HW U LF 2SHU DW RU V

/HW $ EH DQ RSHUDWRU RQ D +LOEHUW VSDFH +� DQG OHW P EH D SRVLWLYH LQWHJHU�
7KHUH LV D P\ULDG RI HTXLYDOHQW GHpQLWLRQV IRU D +LOEHUW�VSDFH LVRPHWU\� 7KH RQH
WKDW pWV RXU QHHGV KHUH UHDGV DV IROORZV� DQ RSHUDWRU $ LV DQ LVRPHWU\ LI

$ � $  , �L�H�� $ � $b ,  2��

%\ UHSODFLQJ ? � ZLWK ?x� ZH JHW DQRWKHU H[SUHVVLRQ GHpQLQJ D FRQWUDFWLRQ� 3HU�
KDSV WKH DERYH GLVSOD\HG IRUP IRU DQ LVRPHWU\ KDV EHHQ SRSXODULVHG LQ >�@� ,W VHHPV
WKDW WKH QRWLRQ RI P�LVRPHWU\ DSSHDUHG LQ WKH ODVW GHFDGH RI WKH SDVW FHQWXU\ >�@�
DQG D FRQVLGHUDEOH QXPEHU RI UHVHDUFK SDSHUV GHDOLQJ ZLWK VHYHUDO DVSHFWV RI LW KDV
EHHQ QRWLFHG UHFHQWO\ �VHH� H�J�� >�� ��@�� $Q RSHUDWRU $ LV DQ P�LVRPHWU\ LI

; º
Å`Æ�Ç �b�� Å

t º Å u$ �4È º ¸ Å4É $ º ¸ Å  2

IRU VRPH SRVLWLYH LQWHJHU P� $ ��LVRPHWU\ LV SUHFLVHO\ D SODLQ LVRPHWU\� 2Q WKH
RWKHU KDQG� EXW VWLOO DORQJ WKH VDPH OLQH� WKHUH DOVR LV WKH QRWLRQ RI 3 �LVRPHWU\ ZLWK
UHVSHFW WR DQ LQMHFWLYH QRQQHJDWLYH RSHUDWRU 3 � $Q RSHUDWRU $ LV D 3 �LVRPHWU\ LI

$ � 3$  3 �L�H�� $ � 3$b 3  2��

UHGXFLQJ WR D SODLQ LVRPHWU\ LI 3 LV WKH LGHQWLW\ RSHUDWRU� �)RU UHFHQW SDSHUV GHDOLQJ
ZLWK 3 �LVRPHWU\ _ DQG LWV YDULDWLRQV DV� IRU LQVWDQFH� 3 �FRQWUDFWLRQV� VHH� H�J��
>��� �@�� 7KH DERYH WZR QRWLRQV SURPSW WKH QH[W RQH� $Q RSHUDWRU $ LV DQ �P�3 ��
LVRPHWU\ �IRU D SRVLWLYH LQWHJHU P DQG D SRVLWLYH RSHUDWRU 3 � LI

; º
Å`Æ�Ç �b�� Å

t º Å u$ �4È º ¸ Å4É 3$
º ¸ Å  2�

$JDLQ� D ��� 3 ��LVRPHWU\ LV 3 �LVRPHWU\� �)RU �P�3 ��LVRPHWULHV DQG WKHLU YDULDWLRQV�
VXFK DV �P�3 ��H[SDQVLYH RSHUDWRUV ZKHUH WKH ? � VLJQ LV UHSODFHG E\ ?x�� VHH� H�J��
>�� ��@�� 7KH DERYH QRWLRQV DUH H[WHQGHG WR D SDLU RI RSHUDWRUV DV IROORZV� /HW % EH
DQRWKHU RSHUDWRU RQ +� 2SHUDWRUV $ DQG % DUH VDLG WR PDNH D ELLVRPHWULF SDLU >�@ LI

$ � %  , �L�H�� $ � % b ,  2��

(TXLYDOHQWO\� LI % � $  ,� 7KH SDLU �$�%� LV VDLG WR EH DQ P�ELLVRPHWULF SDLU LI
; º

Å Æ�Ç �b�� Å
t º Å u$ �4È º ¸ Å É % º ¸ Å  2

IRU D SRVLWLYH LQWHJHU P �VHH� H�J�� >�@�� :H VD\ WKDW $ DQG % PDNH D 3 �ELLVRPHWULF

SDLU LI� IRU D SRVLWLYH RSHUDWRU 3 �

$ � 3%  3 �L�H�� $ � 3% b 3  2��
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7KH DERYH WZR H[SUHVVLRQV QDWXUDOO\ OHDG WR WKH QRWLRQ RI �P�3 ��ELLVRPHWULF SDLU �

; º
Å Æ�Ç �b�� Å

t º Å u$ �4È º ¸ Å É 3%
º ¸ Å  2�

ZKHUH DQ �P� ,��ELLVRPHWULF LV P�ELLVRPHWULF DQG D ��� 3 ��ELLVRPHWULF LV 3 �ELLVRPHW�
ULF� 7KH SUHVHQW SDSHU IRFXVHV RQ WKH ODVW WZR QRWLRQV�

�� 2Q �P�3 ��%LLVRP HW U LF DQG 3 �%LLVRP HW U LF 3DLU V

*LYHQ RSHUDWRUV $�% LQ %>+@� OHW / Ë � 5 Ì � %>%>+@@ GHQRWH WKH RSHUDWRUV RI OHIW
PXOWLSOLFDWLRQ E\ $ DQG� UHVSHFWLYHO\� ULJKW PXOWLSOLFDWLRQ E\ %� JLYHQ E\

/ Ë �;�  $; DQG 5 Ì �;�  ;% IRU HYHU\ ; � %>+@�

7KHQ VHW

�
ºË�Í » Ì �3 �  �/ Ë�Í 5 Ì b ,�

º
�3 �

 
t

; º
Å Æ�Ç �b�� Å

t º Å u�/ Ë Í 5 Ì � º ¸ Å
u

�3 �

 
; º

Å Æ�Ç �b�� Å
t º Å u$ �4È º ¸ Å É 3%

º ¸ Å �
VR WKDW WKH SDLU �$�%� LV �P�3 ��ELLVRPHWULF LI DQG RQO\ LI � ºË�Í » Ì �3 �  �� 6LQFH

�
ºË�Í4» Ì �3 �  �/ Ë�Í 5 Ì b ,�

b

�
º ¸ ¨
Ë�Í4» Ì �3 �c  / Ë�Í 5 Ì b� º ¸ ¨

Ë�Í4» Ì �3 �cb�
º ¸ ¨
Ë�Í4» Ì �3 ��

LI D SDLU �$�%� LV �P�3 ��ELLVRPHWULF� WKHQ

�
º ¸ ¨
Ë�Í » Ì �3 �  $ � � º ¸ ¨Ë�Í » Ì �3 �%

 � �
º ¸ ¨
Ë Í » Ì �3 �  $ � � º ¸ ¨Ë Í » Ì �3 �%  $ � © � º ¸ ¨

Ë Í » Ì �3 �%
©

 � �
º ¸ ¨
Ë Í » Ì �3 �  $ � � º ¸ ¨Ë Í » Ì �3 �%  c c c  $ � � � º ¸ ¨

Ë � » Ì �3 �%
�

IRU DOO SRVLWLYH LQWHJHUV Q� ,Q SDUWLFXODU�

D 3 �ELLVRPHWULF SDLU �$�%� LV �P�3 ��ELLVRPHWULF IRU SRVLWLYH LQWHJHUV P�

'RHV WKH FRQYHUVH KROG" 7KH DQVZHU JLYHQ KHUH� LQ WKH DEVHQFH RI DQ\ DGGLWLRQDO K\�

SRWKHVHV� LV DQ HPSKDWLF ?QR�� IRU H[DPSOH� LI $  %  
b

¨'¨Ç ¨ c DQG 3 LV WKH SRVLWLYH

RSHUDWRU 3  
b

¨'¨¨�© c� WKHQ $ LV D ��� 3 ��LVRPHWU\ EXW QRW D 3 �LVRPHWU\ �L�H�� WKH SDLU

�$�$� LV ��� 3 ��LVRPHWULF EXW QRW 3 �LVRPHWULF�� 7KH IROORZLQJ WKHRUHP VD\V WKDW

D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU DQ �P�3 ��ELLVRPHWULF SDLU �$�%�
WR EH 3 �ELLVRPHWULF� IRU D SRVLWLYH 3 � %>+@� LV WKDW / Ë�Í 5 Ì � JLYHQ E\

�/ Ë�Í 5 Ì ��3 �  $ � 3%� LV SRZHU ERXQGHG�

5HPDUN ���� 7DNH DUELWUDU\ RSHUDWRUV $�%� OHW WKH / Ë EH WKH OHIW PXOWLSOLFDWLRQ
E\ $� DQG 5 Ì EH WKH ULJKW PXOWLSOLFDWLRQ E\ %� DV GHpQHG DERYH� 7KH FRPPXWDWLYLW\
RI / Ë DQG 5 Ì HQVXUHV WKDW

�/ Ë 5 Ì � �  /
�Ë 5 �Ì  / Ë5Î 5 Ì�Î �

DQG VR

�/ Ë 5 Ì � � �;�  �/ �Ë 5 �Ì ��;�  �/ Ë Î 5 Ì Î ��;�  $
�
;%

�
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IRU HYHU\ QRQQHJDWLYH LQWHJHU Q DQG HYHU\ RSHUDWRU ;� 6LQFH

�
ºË5Î�» Ì�Î �;�  �/ Ë5Î 5 Ì�Î b ,�

º
�;�  �/

�Ë 5 �Ë b ,�
º
�;�

 
K

�/ Ë 5 Ì b ,�
º ; º È � ¸ ¨ ÉÅ`Æ�Ç o Å �/ Ë 5 Ì � º È � ¸ ¨ É ¸ Å

L

�;�

 
; º È � ¸ ¨ É

Å`Æ�Ç o Å �/ Ë 5 Ì � º È � ¸ ¨ É ¸ Å �� ºË�» Ì �;��
IRU VRPH VFDODUV o Å � LI �$ � � %� LV �P�;��ELLVRPHWULF� WKHQ �$ � � � % �

� LV �P�;��ELLVR�
PHWULF IRU DOO SRVLWLYH LQWHJHUV Q� $JDLQ� VLQFH

N�/ Ë 5 Ì � � N  VXS Ð?ÑÆ5Ò�Ó È"Ô�Õ�Ö5× É Î È Ð É ÓÓ Ð Ó  VXS Ð?ÑÆ5ÒØÓ Ë Î Ð Ì Î ÓÓ Ð Ó x VXS � N$ �
N VXS � N% �

N�

/ Ë 5 Ì LV SRZHU ERXQGHG ZKHQHYHU ERWK $ DQG % DUH SRZHU ERXQGHG� 6LQFH DQ RS�
HUDWRU $ LV SRZHU ERXQGHG LI DQG RQO\ LI LWV DGMRLQW $ � LV SRZHU ERXQGHG� SRZHU
ERXQGHGQHVV RI $ DQG % LPSOLHV SRZHU ERXQGHGQHVV RI / Ë�Í 5 Ì � ZKLFK LV WKH FRQ�
GLWLRQ RI WKH QH[W WKHRUHP�

7KHRUHP ���� /HW $ DQG % EH RSHUDWRUV RQ D +LOEHUW VSDFH �+� K c � c L� VXFK WKDW

WKH SDLU �$�%� LV �P�3 ��ELLVRPHWULF IRU VRPH SRVLWLYH LQWHJHU P DQG SRVLWLYH RS�

HUDWRU 3� ,I / Ë�Í 5 Ì LV SRZHU ERXQGHG� WKHQ WKH SDLU �$�%� LV 3 �ELLVRPHWULF�

3URRI� 7KH HDVLO\ SURYHG �XVH DQ LQGXFWLRQ DUJXPHQW� LGHQWLW\

�Db �� Ù  D Ù b; Ù ¸ ¨
Å Æ�Ç

t

ÙÅ
u

�Db ��
Å

IRU DOO SRVLWLYH LQWHJHUV W LPSOLHV

�
ºË Í » Ì �3 �  �/ Ë Í 5 Ì b ,�

º
�3 �

 �/ Ë�Í 5 Ì � º �3 �b; º ¸ ¨
Å Æ�Ç

t º Å u� Å
Ë�Í4» Ì �3 �

 $ � º 3%
º
b
; º ¸ ¨

Å Æ�Ç
t º Å u� Å

Ë�Í » Ì �3 ��
+HQFH� LI �$�%� LV �P�3 ��ELLVRPHWULF� WKHQ

2  $ � º 3%
º
b

; º ¸ ¨
Å Æ�Ç

t º Å u� Å
Ë�Í4» Ì �3 �

 � 2  $ �4È º'Ú ¨ É
3%

º'Ú ¨
b
; º ¸ ¨

Å Æ�Ç
t º Å u$ � � Å

Ë�Í » Ì �3 �%
 $ �4È º'Ú ¨ É

3%
º'Ú ¨

b
; º ¸ ¨

Å Æ�Ç
t º Å u� Å Ú ¨

Ë Í » Ì �3 �b
; º ¸ ¨Å`Æ�Ç

t º Å u� Å
Ë Í » Ì �3 �

 $ �4È º'Ú ¨ É
3%

º'Ú ¨
b
t ºº ¸ ¨ u� ºË�Í4» Ì �3 �b

; º ¸ ¨Å`Æ�Ç
t º'Ú ¨Å u

�
Å
Ë�Í4» Ì �3 �

 $ �4È º'Ú ¨ É
3%

º'Ú ¨
b
; º ¸ ¨

Å Æ�Ç
t º'Ú ¨Å u

�
Å
Ë Í » Ì �3 ��

$Q LQGXFWLRQ DUJXPHQW QRZ OHDGV XV WR WKH FRQFOXVLRQ WKDW

2  $ � � 3%
�
b
; º ¸ ¨

Å Æ�Ç
t � Å u� Å

Ë�Í » Ì �3 �
 $ � � 3%

�
b
t �º ¸ ¨ u� º ¸ ¨Ë�Í » Ì �3 �b

; º ¸ ©Å Æ�Ç
t � Å u� Å

Ë�Í » Ì �3 �
�� $ � � 3%

�
 

t �º ¸ ¨ u� º ¸ ¨
Ë Í » Ì �3 � �

; º ¸ ©Å Æ�Ç
t � Å u� Å

Ë Í » Ì �3 �
IRU DOO LQWHJHUV Q y P� $VVXPH WKDW / Ë Í 5 Ì LV SRZHU ERXQGHG� ZKLFK PHDQV WKDW
WKHUH H[LVWV D SRVLWLYH VFDODU 0 VXFK WKDW N/ Ë�Í Î 5 Ì Î N x 0 IRU DOO Q� �5HFDOO WKDW
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WKH SRZHU ERXQGHGQHVV RI / Ë�Í 5 Ì LV JXDUDQWHHG E\ WKH SRZHU ERXQGHGQHVV RI WKH
RSHUDWRUV $ DQG %�� 7KHQ

OLP VXS�9Ü?Ý N$ � � 3%
�
[N x 0N3N N[N

DQG WKHUH H[LVWV D SRVLWLYH VFDODU 0 Å � GHSHQGHQW RQ M� VXFK WKDW

OLP VXS�9Ü?Ý N�
Å
Ë Í » Ì �3 �[N x 0 Å N3N N[N

IRU DOO [ � +� 2EVHUYH WKDW
t �º ¸ ¨ u LV RI WKH RUGHU RI Q º ¸ ¨

DQG
t � Å u� � x M x Pb ��

LV RI WKH RUGHU RI Q
º ¸ © � KHQFH� OHWWLQJ Q � � LQ

N�
º ¸ ¨
Ë�Í4» Ì �3 �[N x

�
b �º ¸ ¨ c

v

N$ � � 3%
�
[N�

; º ¸ ©Å Æ�Ç
t � Å uN� Å

Ë�Í4» Ì �3 �[N
w

ZH KDYH
N�

º ¸ ¨
Ë�Í4» Ì �3 �[N  � IRU DOO [ � + �� �

º ¸ ¨
Ë�Í4» Ì �3 �  ��

5HSHDWLQJ WKH DUJXPHQW D pQLWH QXPEHU RI WLPHV� WKLV LPSOLHV

� Ë�Í4» Ì �3 �  � �� $ � 3%  3�

&KRRVLQJ $  % LQ 7KHRUHP ���� ZLWK 3 SRVLWLYH �L�H�� LI $ LV D 3 �LVRPHWU\�� ZH

KDYH $ � 3$  �$ � 3 Þß ��3 Þß $�  3 DQG $ LV DQ LVRPHWU\ ZLWK UHVSHFW WR WKH QRUP
N c N � �L�H�� N$[N �  N[N à IRU HYHU\ [ � + _ VHH� H�J�� >�� 3URSRVLWLRQ ����E�@�� 6R

WKHUH H[LVWV DQ LVRPHWU\ 9 VXFK WKDW $ � 3 Þß  3 Þß 9 � � ,Q RWKHU ZRUGV� WKH RSHUDWRU $
LV D 3 �LVRPHWU\ LQ WKH VHQVH WKDW N3 Þß $[N  N3 Þß [N IRU DOO [ � +� 7KH 3 �LVRPHWULF
SURSHUW\ RI $ IRU WKH FDVH RI D QRQQHJDWLYH 3 GRHV QRW LPSO\ WKH OHIW LQYHUWLELOLW\

RI $� )RU H[DPSOH� LI $  
t

Ç ¨ Ç¨ Ç)ÇÇ)Ç)Ç
u

DQG 3 LV WKH QRQQHJDWLYH RSHUDWRU 3  
t

¨)¨ Ç¨)¨ ÇÇ)Ç)Ç
u

�

WKHQ � LV LQ WKH SRLQW VSHFWUXP RI $ DQG $ � 3$  3� 6XFK D VLWXDWLRQ FDQ QRW�
KRZHYHU� DULVH LI 3 LV D SRVLWLYH �L�H�� QRQQHJDWLYH DQG LQMHFWLYH� RSHUDWRU� )RU� LQ WKLV
FDVH� LI I[ � J ~ + LV D VHTXHQFH RI XQLW YHFWRUV VXFK WKDW OLP �9ÜCÝ N�$b y�[ � N  �
DQG $ LV D 3 �LVRPHWU\ �L�H�� WKH SDLU �$�$� LV �P�3 ��LVRPHWULF�� WKHQ

OLP�9ÜCÝ K�
ºË�Í » Ë �3 �[ � �[ � L  �MyM © b �� º OLP�9Ü?Ý K3[ � �[ � L  �

LPSOLHV �MyM
©
b ��  �� WKDW LV� WKH DSSUR[LPDWH SRLQW VSHFWUXP RI $ OLHV LQ WKH XQLW

FLUFOH �KHQFH� $ LV OHIW LQYHUWLEOH��

�� 3 �%LLVRP HW U LF 2SHU DW RU V DQG %LRU W KRJRQDO 6HTXHQF HV

$ 3 �ELLVRPHWULF SDLU RI RSHUDWRUV ZDV GHpQHG LQ 6HFWLRQ � DQG ELRUWKRJRQDO
VHTXHQFHV ZHUH GHpQHG LQ 6HFWLRQ ��

7KHRUHP ���� /HW $ DQG % EH RSHUDWRUV RQ D +LOEHUW VSDFH �+� K c � c L�� 6XSSRVH
WKH\ PDNH D 3 �ELLVRPHWULF SDLU ZKRVH DGMRLQWV DUH QRQLQMHFWLYH�

�L� 1 �$ � � � I�J DQG 1 �% � � � I�J�

DQG WKHUH H[LVWV DQ LQMHFWLYH QRQQHJDWLYH �L�H�� SRVLWLYH� RSHUDWRU 3 RQ + IRU ZKLFK

�LL� $ � 3%  3� 1 �$ � � ? 5�3 � � I�J� DQG 1 �% � � ? 5�3 � � I�J�

&RQVLGHU WKH LQQHU SURGXFW VSDFH �+� K c � c L � � ZLWK LQQHU SURGXFW JLYHQ E\ K c � c L �  
K3 c � c L� 7DNH DUELWUDU\ QRQ]HUR YHFWRUV

Y � 1 �$ � � ? 5�3 � DQG Z � 1 �% � � ? 5�3 �
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DQG� IRU HDFK QRQQHJDWLYH LQWHJHU Q� FRQVLGHU WKH YHFWRUV

� �  $
�
3 ¸ ¨

Z DQG � �  %
�
3 ¸ ¨

Y

LQ +� :H FODLP WKDW WKHUH H[LVW Y � 1 �$ � � ? 5�3 � DQG Z � 1 �% � � ? 5�3 � VXFK
WKDW WKH VHTXHQFHV I� � J DQG I� � J DUH ELRUWKRJRQDO RQ �+� K c � c L � �� 0RUHRYHU�

$� �  � ��Ú ¨ DQG %� �  � �9Ú ¨ �
$ � �3� �9Ú ¨ �  3� � DQG % � �3� �9Ú ¨ �  3� � �

3URRI� /HW K c � c L EH DQ LQQHU SURGXFW RQ +� ZKHUH �+� K c � c L� LV D +LOEHUW VSDFH�
)LUVW VXSSRVH $ � DQG % � DUH QRQLQMHFWLYH �L�H�� 1 �$ � � � I�J DQG 1 �% � � � I�J�
ZKLFK LV HTXLYDOHQW WR VD\LQJ WKDW $ DQG % KDYH QRQGHQVH UDQJHV� VHH� H�J�� >��
3URSRVLWLRQV ���� DQG ����@�� 1H[W VXSSRVH WKHUH H[LVWV DQ LQMHFWLYH QRQQHJDWLYH
�WKXV VHOI�DGMRLQW� RSHUDWRU 3 RQ + IRU ZKLFK

$ � 3%  3 �HTXLYDOHQWO\� % � 3$  3 ��

VR WKDW D WULYLDO LQGXFWLRQ VKRZV WKDW� IRU HYHU\ QRQQHJDWLYH LQWHJHU Q�

$ � � 3%
�
 3 �HTXLYDOHQWO\� % � � 3$

�
 3 ��

0RUHRYHU� VXSSRVH

1 �$ � � ? 5�3 � � I�J DQG 1 �% � � ?5�3 � � I�J�

$V 3 LV DQ LQMHFWLYH QRQQHJDWLYH RSHUDWRU� WKH IRUP K c � c L � � +d+ � & JLYHQ E\

K c � c L �  K3 c � c L

LV DQRWKHU LQQHU SURGXFW LQ +� 7DNH DUELWUDU\ QRQ]HUR YHFWRUV

Y � 1 �$ � � ? 5�3 � DQG Z � 1 �% � � ?5�3 ��

/HW 3 ¸ ¨
� 5�3 �� + EH WKH OHIW LQYHUVH RI 3 DQG VHW

\  3 ¸ ¨
Y � � DQG ]  3 ¸ ¨

Z � �

LQ +� 1RZ WDNH � � DQG � � LQ + GHpQHG IRU HYHU\ QRQQHJDWLYH LQWHJHU Q E\

� �  $
�
]  $

�
3 ¸ ¨

Z DQG � �  %
�
\  %

�
3 ¸ ¨ Y�

$QRWKHU WULYLDO LQGXFWLRQ VKRZV WKDW

$� �  $
�9Ú ¨

]  � �9Ú ¨ DQG %� �  %
�9Ú ¨

\  � �9Ú ¨ �
7KHUHIRUH� VLQFH $ � 3%  3 � ZH DOVR JHW

$ � �3� �9Ú ¨ �  $ � 3%� �  3� � DQG % � �3� �9Ú ¨ �  % � 3$� �  3� � �
1RZ OHW P�Q EH D SDLU RI QRQQHJDWLYH LQWHJHUV� ,I P � Q� WKHQ

K� º �� � L �  K3$
º
] �%

�
\L K] �$ � º 3%

º
%

� ¸ º \L K3] �%
� ¸ º \L K% �4È � ¸ º É

Z � \L

DQG VR K� º �� � L �  � VLQFH Z � 1 �% � � LPSOLHV Z � 1 �% ��È º ¸ � É �� 6\PPHWULFDOO\�
K� º �� � L �  K% � � 3$

�
$
º ¸ � ] � \L  K3$

º ¸ � ] � \L  K] �$ ��È º ¸ � É YL  �
LI Q � P� VLQFH Y � 1 �$ � �� 0RUHRYHU� IRU P  Q�

K� � �� � L �  K3$
�
] �%

�
\L  K] �$ � � 3%

�
\L  K] �3\L  K] � YL  K3 ¸ ¨

Z � YL�

6XPPLQJ XS�

K� º �� � L �  � ZKHQHYHU P � Q DQG K� � �� � L �  K3 ¸ ¨
Z � YL�
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1H[W ZH SURFHHG WR VKRZ WKDW WKHUH DUH Y � 1 �$ � � ? 5�3 � DQG Z � 1 �% � � ? 5�3 �
VXFK WKDW K3 ¸ ¨ Z � YL � �� DQG VR �DV 1 �$ � � ?5�3 � DQG 1 �% � � ?5�3 � DUH OLQHDU
VSDFHV�� WKHUH H[LVW D SDLU �Y� Z� ZLWK Y � 1 �$ � � ? 5�3 � DQG Z � 1 �% � � ? 5�3 �
VXFK WKDW K3 ¸ ¨

Z � YL  �� ,Q WKLV FDVH �WKDW LV� IRU VXFK D SDLU �Y� Z� RI YHFWRUV LQ
1 �$ � � ? 5�3 �d 1 �% � � ? 5�3 �� ZH JHW

K� º �� � L �  � LI P � Q DQG K� � �� � L �  ��
VR WKDW I� � J DQG I� � J DUH ELRUWKRJRQDO VHTXHQFHV RQ �+� K c � c L � �� 7KDW WKHUH LV
VXFK D SDLU �Y� Z� IRU ZKLFK K3 ¸ ¨

Z � YL � � LV D FRQVHTXHQFH RI WKH IROORZLQJ UHVXOW�

&ODLP� 1 �$ � � ?5�3 � �" 3 ¸ ¨
�1 �% � � ? 5�3 ���

3URRI RI &ODLP� 6LQFH $ � 2 �DV $ � 3% 3 � 2�� WDNH � � X �5�$� VR WKDW X  $[

IRU VRPH � � [ � +� 6XSSRVH X � 3 ¸ ¨
�1 �% � � ? 5�3 ��� 7KHQ X  3 ¸ ¨

Z IRU VRPH
Z � 5�3 � IRU ZKLFK % � Z  �� 7KXV $[  X  3 ¸ ¨

Z� DQG VR 3$[  33 ¸ ¨
Z  

Z �DV Z � 5�3 ��� 7KHQ 3[  3 � [  % � 3$[  % � Z  �� VR WKDW [  � �DV
1 �3 �  I�J�� ZKLFK LV D FRQWUDGLFWLRQ� +HQFH� 5�$� ? 3 ¸ ¨

� 1 �% � � ? 5�3 ��  I�J�
DQG VR 5�$� ¸ ? 3 ¸ ¨

�1 �% � � ?5�3 ��  I�J� (TXLYDOHQWO\ �DV 5�$� ¸  1 �$ � � ¹ ��
1 �$ � � ¹ ? 3 ¸ ¨

� 1 �% � � ? 5�3 ��  I�J�

6XSSRVH 3 ¸ ¨
�1 �% � � ? 5�3 �� "1 �$ � �� 7KHQ 3 ¸ ¨

�1 �% � � ? 5�3 �� v 1 �$ � � ¹ � 6R
3 ¸ ¨

�1 �% � � ? 5�3 ��  3 ¸ ¨
�1 �% � � ? 5�3 �� ? 3 ¸ ¨

�1 �% � � ? 5�3 ��

v 1 �$ � � ¹ ? 3 ¸ ¨
�1 �% � � ?5�3 ��  I�J

E\ WKH DERYH LGHQWLW\� VR WKDW 1 �% � � ? 5�3 �  I�J� ZKLFK LV D FRQWUDGLFWLRQ� +HQFH

1 �$ � � �" 3 ¸ ¨
�1 �% � � ? 5�3 ���

7KXV WKHUH H[LVW Y ã � 1 �$ � � DQG X � 3 ¸ ¨
� 1 �% � � ? 5�3 �� VXFK WKDW KY ã �XL � ��

6LQFH 5�3 � LV GHQVH LQ +� DQG VLQFH WKH LQQHU SURGXFW LV FRQWLQXRXV� WKHUH H[LVWV D
YHFWRU Y � 1 �$ � � ? 5�3 � VXFK WKDW KY �XL � �� 7KHUHIRUH

1 �$ � � ? 5�3 � �" 3 ¸ ¨
� 1 �% � � ? 5�3 ���

7KH DERYH FODLP HQVXUHV WKDW WKHUH DUH Z � 1 �% � � ? 5�3 � DQG Y � 1 �$ � � ? 5�3 �
VXFK WKDW K3 ¸ ¨

Z � YL � �� FRQFOXGLQJ WKH SURRI RI WKH WKHRUHP�

,I WKH SRVLWLYH 3 LV VXUMHFWLYH �L�H�� LI LW LV LQYHUWLEOH�� WKHQ WKH IDFW WKDW5�3 �  +
VLPSOLpHV FRQGLWLRQ �LL�� 7KH DERYH WKHRUHP JHQHUDOLVHV >�� 7KHRUHP ���@ �DOVR >���
7KHRUHP ���@�� ,QGHHG� E\ VHWWLQJ 3  , ZH JHW WKH UHVXOW LQ >�@ DV D SDUWLFXODU FDVH�

7KH QH[W FRUROODU\ VKRZV WKDW D 3 �ELLVRPHWULF SDLU KDV D VKLIW�OLNH SURSHUW\
UHJDUGLQJ ELRUWKRJRQDO VHTXHQFHV ZLWK UHVSHFW WR WKH LQQHU SURGXFW K c � c L � �L�H��
ZLWK UHVSHFW WR 3 �ELRUWKRJRQDO VHTXHQFHV��

&RUROODU\ ���� /HW $ DQG % EH RSHUDWRUV RQ D +LOEHUW VSDFH + IRU ZKLFK WKHUH

H[LVWV DQ LQMHFWLYH QRQQHJDWLYH RSHUDWRU 3 RQ + VXFK WKDW

$ � 3%  3�

DQG FRQVLGHU WKH ELRUWKRJRQDO VHTXHQFHV I� � J DQG I� � J GHpQHG LQ 7KHRUHP ��� LQ

WHUPV RI QRQ]HUR YHFWRUV Y � 1 �$ � � ?5�3 � DQG Z � 1 �% � � ? 5�3 �� ,Q DGGLWLRQ�
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VXSSRVH WKHVH ELRUWKRJRQDO VHTXHQFHV VSDQ +� DQG DOVR VXSSRVH D YHFWRU [ � + KDV

VHULHV H[SDQVLRQ LQ WHUPV RI I� � J DQG I� � J� 7KHQ WKLV [ FDQ EH H[SUHVVHG DV

[  
; Ý

å Æ�Ç K[ �� å L � � å  ; Ý
å ÆjÇ K[ �� å L � � å �

DQG LWV LPDJH ZLWK UHVSHFW WR $� $ � � %� DQG % � FDQ EH H[SUHVVHG DV

$[  
; Ý

å Æ�Ç K[ �� å L � � å Ú ¨ DQG %[  
; Ý

å Æ�Ç K[ �� å L � � å Ú ¨ �

$ � [  ; Ý
å Æ�Ç K[ �� å Ú ¨ L � � å DQG % � [  ; Ý

å Æ�Ç K[ �� å Ú ¨ L � � å �
3URRI� 7DNH DQ DUELWUDU\ [ � +� 7R EHJLQ ZLWK� QRWH WKDW LI D VHTXHQFH LQ D ELRUWKRJ�
RQDO SDLU VSDQV +� WKHQ LW GRHV QRW QHFHVVDULO\ IROORZ WKDW DOO HOHPHQWV LQ + KDYH DQ
H[SDQVLRQ DV WKH OLPLW RI D OLQHDU FRPELQDWLRQ RI HOHPHQWV RI WKH VHTXHQFH �FI� >�� ([�
DPSOH �����@�� 7KXV pUVW VXSSRVH WKH ELRUWKRJRQDO VHTXHQFHV I� � J DQG I� � J VSDQ +
�L�H��

:

I� � J  :

I� � J  +�� $FFRUGLQJ WR >��� S����@� I� � J DGPLWV D ELRUWKRJRQDO
VHTXHQFH LI DQG RQO\ LI QRQH RI LWV HOHPHQWV LV WKH OLPLW RI D OLQHDU FRPELQDWLRQ RI
WKH RWKHUV� DQG LQ WKLV FDVH WKH ELRUWKRJRQDO VHTXHQFH I� � J LV XQLTXHO\ GHWHUPLQHG
LI DQG RQO\

:

I� � J  +� 7KXV DVVXPH pUVW WKDW WKH ELRUWKRJRQDO SDLU
j

I� � J� I� � Jk
LV XQLTXH LQ WKH DERYH VHQVH� ,Q DGGLWLRQ� DOVR VXSSRVH WKDW

[  
; Ý

å Æ�Ç o å � å  ; Ý
å Æ�Ç p å � å

IRU VRPH SDLU RI VHTXHQFHV RI VFDODUV Io � J DQG Ip � J� 7KHQ
o �  K[ �� � L � DQG p �  K[ �� � L �

IRU HYHU\ Q y �� ,QGHHG� E\ WKH FRQWLQXLW\ RI WKH LQQHU SURGXFW� DQG UHFDOOLQJ IURP
7KHRUHP ��� WKDW I� å J DQG I� å J DUH ELRUWKRJRQDO ZLWK UHVSHFW WR WKH LQQHU SURGXFW
K c � c L � � ZH JHW
K[ �� � L �  ; Ý

å Æ�Ç o å K� å �� � L �  o � DQG K[ �� � L �  ; Ý
å Æ�Ç p å K� å �� � L �  p �

IRU HYHU\ Q y �� 5HFDOO DJDLQ IURP 7KHRUHP ��� WKDW IRU HDFK Q y �

$� �  � �9Ú ¨ DQG %� �  � ��Ú ¨ �
8VLQJ WKH DERYH LGHQWLWLHV RQO\ �DQG WKH FRQWLQXLW\ RI WKH LQQHU SURGXFW�� DSSO\ $

DQG % WR WKH H[SDQVLRQV RI [ LQ WHUPV RI I� � J DQG I� � J� UHVSHFWLYHO\� DQG DSSO\
$ � DQG % � WR WKH H[SDQVLRQV RI [ LQ WHUPV RI I� � J DQG I� � J� UHVSHFWLYHO\� WR JHW

$[  
; Ý

å Æ�Ç K[ �� å L � $� å  ; Ý
å Æ�Ç K[ �� å L � � å Ú ¨ �

%[  
; Ý

å Æ�Ç K[ �� å L � %� å  ; Ý
å Æ�Ç K[ �� å L � � å Ú ¨ �

$ � [  ; Ý
å Æ�Ç K$ � [ �� å L � � å  ; Ý

å Æ�Ç K[ �$� å L � � å  ; Ý
å Æ�Ç K[ �� å Ú ¨ L � � å �

% � [  ; Ý
å Æ�Ç K% � [ �� å L � � å  ; Ý

å Æ�Ç K[ �%� å L � � å  ; Ý
å Æ�Ç K[ �� å Ú ¨ L � � å �
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�� �P�3 ��%LLVRP HW U LF 3DLU I RU D 6W U LF W O \ 3RVLW LYH 3

7KURXJKRXW WKH SDSHU WKH RSHUDWRU 3 � %>+@ KDV EHHQ DVVXPHG SRVLWLYH �L�H��
QRQQHJDWLYH DQG LQMHFWLYH� VR WKDW K c � c L �  K3 c � c L LV DQ LQQHU SURGXFW JHQHUDWLQJ

WKH QRUP N c N �  N3 Þß c N Þß � ,I 3 LV� LQ DGGLWLRQ� VXUMHFWLYH� VR WKDW LW LV LQYHUWLEOH
�L�H�� VWULFWO\ SRVLWLYH�� WKHQ WKH LQQHU SURGXFW VSDFH �+� K c � c L � � EHFRPHV D +LOEHUW
VSDFH ZKHQHYHU �+� K c � c L� LV D +LOEHUW VSDFH�

,I �$�%� LV DQ �P�3 ��ELLVRPHWULF SDLU DQG WKH SRVLWLYH 3 LV LQYHUWLEOH� WKHQ
DVVXPLQJ WKDW / Ë Í 5 Ì LV SRZHU ERXQGHG ZH JHW

� Ë�Í4» Ì �3 �  � �� $ � �3%3 ¸ ¨
�  �3 ¸ ¨

$ � 3 �%  ,�

VR WKDW ERWK $ DQG % DUH OHIW LQYHUWLEOH� )XUWKHUPRUH� LI HLWKHU RI $ � DQG % � LV
LQMHFWLYH� WKHQ ERWK $ DQG % DUH LQYHUWLEOH� LQ SDUWLFXODU�

1 �$ � � � I�J �� 1 �% � � � I�J�

DQG $ LV LQYHUWLEOH LI DQG RQO\ LI % LV LQYHUWLEOH� 7KH IROORZLQJ WKHRUHP VKRZV WKDW
D VWURQJHU UHVXOW WKDQ 7KHRUHP ��� LV SRVVLEOH LQ WKH FDVH LQ ZKLFK WKH RSHUDWRUV $
DQG % DUH SRZHU ERXQGHG� %XW EHIRUH WKDW� VRPH QRWDWLRQ DQG WHUPLQRORJ\ LV LQ
RUGHU� 7KH QXPHULFDO UDQJH : �$� RI DQ RSHUDWRU $ LV WKH VHW

: �$�  
j

y � & � y  K$[ �[L� [ � +� N[N  �
k

�

DQG WKH QXPHULFDO UDGLXV Z�$� RI $ LV

Z�$�  VXSIMyM � y � : �$�J�

7KH VSHFWUDO UDGLXV U�$� RI $ LV

U�$�  VXSIMyM � y � ��$�J  OLP�9Ü?Ý N$
�
N ÞÎ �

$ LV QRUPDORLG LI U�$�  N$N �ZKLFK LPSOLHV U�$�  Z�$�  N$N�� $ LV FRQYH[RLG

LI WKH FORVXUH : �$� RI WKH QXPHULFDO UDQJH RI $ HTXDOV WKH FRQYH[ KXOO FRQY��$�
RI WKH VSHFWUXP RI $� DQG $ LV VSHFWUDORLG LI U�$�  Z�$� >�� 3UREOHP ���@� ,W LV
ZHOO NQRZQ WKDW WKH FODVVHV FRQVLVWLQJ RI QRUPDORLG DQG FRQYH[RLG RSHUDWRUV DUH
LQGHSHQGHQW RI HDFK RWKHU� DQG WKDW ERWK WKHVH FODVVHV DUH FRQWDLQHG LQ WKH FODVV RI
VSHFWUDORLG RSHUDWRUV�

:H FORVH WKH SDSHU E\ VKRZLQJ WKDW IRU DQ LQYHUWLEOH SRVLWLYH 3 � D SDLU �$�%� RI
SRZHU ERXQGHG �P�3 ��ELLVRPHWULF RSHUDWRUV LV VXFK WKDW HLWKHU $ DQG % DUH ERWK
VLPLODU WR WKH VDPH XQLWDU\ RSHUDWRU� RU WKH\ VDWLVI\ WKH FRQFOXVLRQ RI 7KHRUHP ����

7KHRUHP ���� ,I � ºË�Í4» Ì �3 �  � �L�H�� �$�%� LV DQ �P�3 ��ELLVRPHWULF SDLU� IRU

VRPH LQYHUWLEOH SRVLWLYH �L�H�� VWULFWO\ SRVLWLYH� 3 � DQG $�% DUH SRZHU ERXQGHG� WKHQ

�D� HLWKHU
�L� WKHUH H[LVWV D XQLWDU\ RSHUDWRU 8 VXFK WKDW $ DQG % DUH VLPLODU WR 8 �

RU

�LL� $ DQG % VDWLVI\ WKH FRQFOXVLRQV RI 7KHRUHP ��� �ZLWK VRPH REYLRXV

FKDQJHV� VLQFH QRZ 5�3 �  +��

�E� )XUWKHUPRUH� LQ FDVH �D�L�� LI $ DQG $ ¸ ¨
�RU % DQG % ¸ ¨

� DUH HLWKHU QRUPDORLG

RU FRQYH[RLG RU VSHFWUDORLG �DOO FRPELQDWLRQV DUH DOORZHG�� WKHQ $ LV XQLWDU\

�UHVSHFWLYHO\� % LV XQLWDU\� DQG %  3 ¸ ¨
$3 �UHVSHFWLYHO\� $  3%3 ¸ ¨

��
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3URRI� 7KH SRZHU ERXQGHGQHVV RI $ DQG % LPSOLHV �WKH SRZHU ERXQGHGQHVV RI
/ Ë Í 5 Ì � DQG KHQFH�

� Ë Í » Ì �3 �  � �� $ �  3% ¸ ¨
3 ¸ ¨

�� $  3 ¸ ¨
% � ¸ ¨

3

DQG� IRU DOO [ � + DQG SRVLWLYH LQWHJHUV Q�

$ � 3%  3  � $ � � 3%
�
3 ¸ ¨

 ,

 � N[N x N3 ¸ ¨
% � � 3N N$

�
[N x 0 ¨ N$ �

[N x 0 ¨ 0 © N[N
IRU VRPH SRVLWLYH VFDODUV 0 ¨ DQG 0 © � %XW WKHQ¨æ

Þ
N[N x N$

�
[N x 0 © N[N IRU DOO [ � +

LPSOLHV WKH H[LVWHQFH RI DQ LQYHUWLEOH RSHUDWRU 6 DQG DQ LVRPHWU\ 9 VXFK WKDW 6$  
9 6 >�� 3URSRVLWLRQ ���@� 7KXV� VLQFH $ � 6 � 6$  6 � 6� WKHUH H[LVWV DQ LQYHUWLEOH
SRVLWLYH RSHUDWRU 3 ¨ � 3 ©¨  6 � 6� DQG DQ LVRPHWU\ 8 VXFK WKDW $ � 3 ¨  3 ¨ 8 � � RU�
3 ¨ $  83 ¨ � 6LPLODUO\� VLQFH

N[N x N3 ¸ ¨
$ � � 3N N%

�
[N x 0 ¨`¨ N% �

[N x 0 ¨.© N[N
IRU VRPH SRVLWLYH VFDODUV0 ¨`¨ �0 ¨.© DQG DOO [ � +� WKHUH H[LVWV DQ LQYHUWLEOH SRVLWLYH
RSHUDWRU 3 © DQG DQ LVRPHWU\ 9 © VXFK WKDW 3 © %  9 © 3 © �
�D� 7KH RSHUDWRUV $ DQG % EHLQJ OHIW LQYHUWLEOH� LI QHLWKHU RI $ � DQG % � LV LQMHFWLYH�
WKHQ 1 �$ � � DQG 1 �% � � DUH QRQ]HUR� DQG VLQFH 5�3 �  +� WKH DUJXPHQW RI WKH
SURRI RI 7KHRUHP ��� JRHV WKURXJK WR SURYH �D�LL�� ,I RQH RI $ � DQG % � LV LQMHFWLYH�
WKHQ ERWK $ DQG % DUH LQYHUWLEOH� $  3 ¸ ¨¨ 83 ¨ ZLWK WKH LVRPHWU\ 8 EHLQJ D

XQLWDU\ RSHUDWRU DQG %  3 ¸ ¨
$ � ¸ ¨

3  3 ¸ ¨
3 ¨ 83 ¸ ¨¨ 3  4 ¸ ¨

84 IRU DQ LQYHUWLEOH
RSHUDWRU 4� 7KLV SURYHV �D�L��

�E� $VVXPH QRZ WKDW $ DQG $ ¸ ¨
DUH HLWKHU QRUPDORLG RU FRQYH[RLG RU VSHFWUDORLG�

7KHQ� VLQFH ��$ ç ¨
� LV D VXEVHW RI WKH ERXQGDU\ #' RI WKH XQLW GLVF '�

U�$ ç ¨
�  Z�$ ç ¨

�  ��

DQG KHQFH

: �$ ç ¨
� v FRQY��$ ç ¨

��

7KLV >��� 7KHRUHP �@ LPSOLHV WKDW $ LV D QRUPDO RSHUDWRU� 6LQFH

$ � 3 ¨  3 ¨ 8 � �� $3 ¨  3 ¨ 8
E\ WKH 3XWQDP�)XJOHGH FRPPXWDWLYLW\ WKHRUHP �>�� S����@��

$ � 3 ©¨  3 ¨ 8 � 3 ¨  3
©¨ $ �  � $ � 3 ¨  3 ¨ $ �  � 3 ¨ 8 �  3 ¨ $ � �� 8  $�

7ULYLDOO\� % ¸ ¨
 3 ¸ ¨

$ � 3  3 ¸ ¨
8 � 3 LPSOLHV %  3 ¸ ¨

83� 6LQFH D VLPLODU DUJX�
PHQW ZRUNV IRU WKH FDVH LQ ZKLFK % LV QRUPDORLG RU FRQYH[RLG RU VSHFWUDORLG� WKH
SURRI LV FRPSOHWH�
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