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/HW ; EH D QRUPHG VSDFH� DQG OHW ; d EH LWV GXDO� $Q ; �YDOXHG VHTXHQFH I[ e J
FRQYHUJHV ZHDNO\ LI WKH VFDODU�YDOXHG VHTXHQFH II�[ e �J FRQYHUJHV IRU HYHU\ I � ; d �
7DNH DQ RSHUDWRU 7 RQ ; � ,W LV ZHDNO\ VWDEOH LI OLP e MI�7 e

[�M  �� DQG ZHDNO\
TXDVLVWDEOH LI OLP LQI e MI�7 e

[�M  �� IRU HYHU\ [ � ; � IRU HYHU\ I � ; d � ,W LV FOHDU
WKDW ZHDN VWDELOLW\ LPSOLHV ZHDN TXDVLVWDELOLW\� ,W LV VKRZQ WKDW WKH FRQYHUVH IDLOV E\
H[KLELWLQJ D SRZHU ERXQGHG ZHDNO\ TXDVLVWDEOH RSHUDWRU WKDW LV QRW ZHDNO\ VWDEOH
�3URSRVLWLRQ �����

/HW $ EH DQ\ QRQHPSW\ VHW� $ VXEVHTXHQFH ID eUf J RI DQ $�YDOXHG VHTXHQFH ID e J
LV ERXQGHGO\ VSDFHG LI VXS g �Q gTh
i b Q g � � �� $ FHQWUDO UHVXOW LQ WKLV SDSHU VKRZV
WKDW LI D ZHDNO\ TXDVLVWDEOH RSHUDWRU KDV D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI ZHDN
TXDVLVWDELOLW\ IRU HYHU\ YHFWRU� WKHQ LW LV ZHDNO\ VWDEOH �7KHRUHP �����

/HW 2 j �>\@� EH WKH SURMHFWLYH RUELW RI D QRQ]HUR YHFWRU \ � ; XQGHU DQ RSHUDWRU
7� 7KH RSHUDWRU 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LI HYHU\ [ � ; LV WKH ZHDN
OLPLW RI DQ 2 j �>\@��YDOXHG VHTXHQFH� ,W LV XQNQRZQ ZKHWKHU ZHDN O�VHTXHQWLDO VX�
SHUF\FOLFLW\ LPSOLHV ZHDN VWDELOLW\� $Q DSSOLFDWLRQ RI 7KHRUHP ��� JLYHV D VXrFLHQW
FRQGLWLRQ IRU ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ WR LPSO\ ZHDN VWDELOLW\ �7KHRUHP �����

2Q WKH RWKHU KDQG� LW LV DOVR JLYHQ D QHFHVVDU\ FRQGLWLRQ IRU ZHDN VWDELOLW\ RI
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRUV �7KHRUHP ����� ZKLFK WRJHWKHU ZLWK 7KH�
RUHP ���� VKRZV ZKDW KDSSHQV ZKHQ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ KROGV ZLWKRXW
ERXQGHGO\ VSDFHG VXEVHTXHQFHV �&RUROODU\ �����

7KH SDSHU LV RUJDQLVHG DV IROORZV� %DVLF QRWDWLRQ DQG WHUPLQRORJ\ DUH VXPPDULVHG
LQ 6HFWLRQ �� 7KH QRWLRQV RI XQLIRUP� VWURQJ� DQG ZHDN VWDELOLWLHV� DQG WKHLU TXDVL�
VWDELOLW\ FRXQWHUSDUWV� DUH FRQVLGHUHG LQ 6HFWLRQ �� ,W LV VKRZQ LQ 6HFWLRQ � WKDW WKH
QRWLRQV RI VWDELOLW\ DQG TXDVLVWDELOLW\ FRLQFLGH IRU WKH VWURQJ DQG XQLIRUP FDVHV� EXW
QRW IRU WKH ZHDN FDVH� %RXQGHGO\ VSDFHG VXEVHTXHQFHV DUH FRQVLGHUHG LQ 6HFWLRQ ��
DQG DQ DSSOLFDWLRQ WR ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ LV FRQVLGHUHG LQ 6HFWLRQ ��

k5lNm n�o+p :4L%D'A%7ND GVq;r�M�r8s�r8t%�
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�� %DVLF QRWDWLRQ DQG WHUPLQRORJ\

7KURXJKRXW WKLV SDSHU� DOO OLQHDU VSDFHV DUH RYHU WKH VDPH VFDODU pHOG )� ZKLFK
LV HLWKHU 5 RU &� DQG ; GHQRWHV DQ LQpQLWH�GLPHQVLRQDO QRUPHG VSDFH� 3DUWLFXODU
FDVHV RI LQQHU SURGXFW� %DQDFK� DQG +LOEHUW VSDFHV DUH GLVFXVVHG DFFRUGLQJO\� /HW
%> ; @  %> ; � ; @ VWDQG IRU WKH FROOHFWLRQ RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI ;
LQWR LWVHOI� 7KDW LV� %> ; @ VWDQGV IRU WKH QRUPHG DOJHEUD RI DOO RSHUDWRUV RQ ; � 7KH
OLQHDU PDQLIROG 5�7 �  7 � ; � RI ; LV WKH UDQJH RI 7 LQ %> ; @� 7KH %DQDFK VSDFH
; d  %> ; �)@ LV WKH GXDO RI ; � DQG 7 d LQ %> ; d @ GHQRWHV WKH QRUPHG�VSDFH DGMRLQW
RI 7 LQ %> ; @ �L�H�� 7 d I  I 7 IRU HYHU\ I � ; d �� :H XVH WKH VDPH QRWDWLRQ IRU
WKH +LOEHUW�VSDFH DGMRLQW 7 d � %> ; @ RI 7 � %> ; @ RQ D +LOEHUW VSDFH ; � ZKHUH WKH
FRQFHSWV RI GXDO DQG DGMRLQW DUH VKDSHG DIWHU WKH 5LHV] 5HSUHVHQWDWLRQ 7KHRUHP LQ
+LOEHUW VSDFH _ LQ D +LOEHUW VSDFH VHWWLQJ� DGMRLQWV DUH DOZD\V +LOEHUW�VSDFHV
V��
$Q ; �YDOXHG VHTXHQFH I[ e J FRQYHUJHV ZHDNO\ WR [ � ; LI OLP e I�[ e �� I�[� IRU
HYHU\ I � ; d � HTXLYDOHQWO\� OLP e I�[ e b [�� � IRU HYHU\ I � ; d � �7KLV GHpQLWLRQ
LV VWDQGDUG _ VHH� H�J�� >��� 'HpQLWLRQ ������@�� $OWHUQDWLYH DQG XVXDO QRWDWLRQ IRU
ZHDN FRQYHUJHQFH WKDW ZLOO EH XVHG KHUH� [ e£¢b� [ DQG [  Z � OLP e [ e � ,I ; LV D
+LOEHUW VSDFH ZLWK LQQHU SURGXFW K c � cL� WKHQ �DJDLQ� E\ WKH 5LHV] 5HSUHVHQWDWLRQ
7KHRUHP LQ +LOEHUW VSDFH� ZHDN FRQYHUJHQFH RI I[ e J WR [ PHDQV K[ e b [ � ]L � �
IRU HYHU\ ] � ; � 1RUPV RQ ; DQG WKH LQGXFHG XQLIRUP QRUP RQ %> ; @ �DQG WKH QRUP
RQ ; d � ZLOO EH GHQRWHG E\ WKH VDPH V\PERO N c N� $Q ; �YDOXHG VHTXHQFH I[ e J LV
VWURQJO\ FRQYHUJHQW �RU FRQYHUJHV LQ WKH QRUP WRSRORJ\� WR [ � ; LI N[ e b [N � ��
$OWHUQDWLYH QRWDWLRQ� [ e¥¤b� [� LW LV FOHDU WKDW VWURQJ FRQYHUJHQFH LPSOLHV ZHDN
FRQYHUJHQFH� )RU DQ DUELWUDU\ RSHUDWRU 7 � %> ; @� WDNH LWV SRZHU VHTXHQFH I7

e
J�

$FFRUGLQJ WR WKH DERYH GHpQLWLRQV RI FRQYHUJHQFH LQ ; � DQ RSHUDWRU 7 LV VDLG WR EH
ZHDNO\ RU VWURQJO\ VWDEOH LI 7

e
[ ¢b� � RU 7

e
[ ¤b� � IRU HYHU\ [ � ; � UHVSHFWLYHO\�

$Q RSHUDWRU 7 LV SRZHU ERXQGHG LI VXS e N7 e
N � � �HTXLYDOHQWO\� LI VXS e N7 e

[N � �
IRU HYHU\ [ � ; E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP� LI ; LV D %DQDFK VSDFH��

�� 6WDELOLW\ DQG TXDVLVWDELOLW\

7DNH 7 � %> ; @ RQ D QRUPHG VSDFH ; DQG FRQVLGHU WKH %> ; @�YDOXHG SRZHU VH�
TXHQFH I7

e
J� 7KH RSHUDWRU 7 LV XQLIRUPO\ VWDEOH LI I7

e
J FRQYHUJHV XQLIRUPO\ �L�H��

LI WKH VHTXHQFH I7
e
J FRQYHUJHV LQ WKH QRUP WRSRORJ\ RQ %> ; @� WR WKH QXOO RSHUDWRU�

7KXV DQ RSHUDWRU 7 LV XQLIRUPO\� VWURQJO\� RU ZHDNO\ VWDEOH LI

OLP e N7 e
N  �� RU OLP e N7 e

[N � � IRU HYHU\ [ � ; � RU

OLP e MI�7 e
[�M  � IRU HYHU\ [ � ; � IRU HYHU\ I � ; d �

UHVSHFWLYHO\� $OWHUQDWLYH QRWDWLRQV IRU VWURQJ DQG ZHDN VWDELOLW\ ZHUH JLYHQ LQ WKH
SUHYLRXV VHFWLRQ DQG� DFFRUGLQJO\� LI ; LV D +LOEHUW VSDFH� WKHQ ZHDN VWDELOLW\ IRU 7
PHDQV K7

e
[ � ]L � � IRU HYHU\ [� ] � ; _ LI WKH +LOEHUW VSDFH ; LV FRPSOH[� WKLV LV

HTXLYDOHQW WR K7
e
[ �[L � � IRU HYHU\ [ � ; � ,W LV FOHDU WKDW XQLIRUP VWDELOLW\ LPSOLHV

VWURQJ VWDELOLW\� ZKLFK LPSOLHV ZHDN VWDELOLW\� ZKLFK LQ WXUQ LPSOLHV SRZHU ERXQG�
HGQHVV �LI ; LV D %DQDFK VSDFH�� DQG WKH FRQYHUVHV IDLO� :H VD\ WKDW DQ RSHUDWRU
7 � %> ; @ RQ D QRUPHG VSDFH ; LV XQLIRUPO\ TXDVLVWDEOH� RU VWURQJO\ TXDVLVWDEOH� RU
ZHDNO\ TXDVLVWDEOH LI WKH DERYH OLPLWV DUH UHSODFHG E\ OLPLWV LQIHULRU� 7KDW LV� LI

OLP LQI e N7 e
N  �� RU OLP LQI e N7 e

[N � � IRU HYHU\ [ � ; � RU

OLP LQI e MI�7 e
[�M  � IRU HYHU\ [ � ; � IRU HYHU\ I � ; d �
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UHVSHFWLYHO\� ,W LV FOHDU WKDW HDFK IRUP RI VWDELOLW\ LPSOLHV LWV UHVSHFWLYH IRUP RI
TXDVLVWDELOLW\� DQG HDFK IRUP RI TXDVLVWDELOLW\ LPSOLHV WKH H[LVWHQFH RI D VXEVHTXHQFH
RI WKH SRZHU VHTXHQFH WKDW FRQYHUJHV WR ]HUR� ,Q RWKHU ZRUGV�

�L� XQLIRUP TXDVLVWDELOLW\ PHDQV WKDW WKHUH H[LVWV D VXEVHTXHQFH I7
eUf
J RI I7

e
J

WKDW FRQYHUJHV LQ %> ; @ WR WKH QXOO RSHUDWRU� WKDW LV� N7
eUf
N � ��

�LL� VWURQJ TXDVLVWDELOLW\ PHDQV WKDW IRU HYHU\ [ � ; WKHUH H[LVWV D VXEVHTXHQFH
IQ g J  IQ g �[�J RI WKH VHTXHQFH RI WKH SRVLWLYH LQWHJHUV �ZKLFK GHSHQGV RQ [� VXFK
WKDW WKH ; �YDOXHG VHTXHQFH I7

eUf
[J FRQYHUJHV LQ WKH QRUP WRSRORJ\ WR WKH RULJLQ

RI ; � 7KDW LV� 7
eUf
[ ¤b� � IRU HYHU\ [ � ; � IRU VRPH VXEVHTXHQFH I7

eUf
J RI I7

e
J

_ HTXLYDOHQW QRWDWLRQ� N7
eUf
[N � � IRU HYHU\ [ � ; �

�LLL� ZHDN TXDVLVWDELOLW\ PHDQV WKDW IRU HDFK [ � ; WKHUH LV D VXEVHTXHQFH IQ g J  
IQ g �[�J RI WKH VHTXHQFH RI WKH SRVLWLYH LQWHJHUV �ZKLFK GHSHQGV RQ [� VXFK WKDW
7

eUf
[ ¢b� �� (TXLYDOHQWO\� IRU HDFK YHFWRU [ � ; WKHUH H[LVWV D VXEVHTXHQFH I7

eUf
J  

I7
eUfT¬>%®

J RI I7
e
J VXFK WKDW WKH VFDODU�YDOXHG VHTXHQFHV II�7

eUf
[�J FRQYHUJH WR ]HUR

IRU HYHU\ IXQFWLRQDO I � ; d �:H VXPPDULVH WKLV E\ VD\LQJ WKDW WKHUH LV D VXEVHTXHQFH
I7

eUf
J RI I7

e
J VXFK WKDW MI�7

eUf
[�M � � IRU HYHU\ [ � ; � IRU HYHU\ I � ; d �

:H ZLOO EH SDUWLFXODUO\ FRQFHUQHG ZLWK ZHDN TXDVLVWDELOLW\� IRU HYHU\ [ LQ ; �
7

eUf
[ ¢b� � IRU VRPH VXEVHTXHQFH I7

eUf
J RI I7

e
J� 7KXV DQ RSHUDWRU 7 � %> ; @ LV

ZHDNO\ TXDVLVWDEOH LI� IRU HYHU\ [ � ; � WKHUH H[LVWV D VXEVHTXHQFH I7
eUf
J RI I7

e
J IRU

ZKLFK OLP g I�7 e f
[�  � �HTXLYDOHQWO\� OLP g MI�7 e f

[�M  �� IRU HYHU\ I � ; d �ZKHUH�
IRU HDFK [ � ; � WKH VXEVHTXHQFH I7

eUfT¬>%®
J GHSHQGV RQ [ EXW QRW RQ I��

�� $X[LOLDU\ UHVXOWV

7R EHJLQ ZLWK� ZH YHULI\ WKDW WKH QRWLRQV RI XQLIRUP DQG VWURQJ VWDELOLWLHV FRLQ�
FLGH ZLWK WKH PRWLRQV RI XQLIRUP DQG VWURQJ TXDVLVWDELOLWLHV� UHVSHFWLYHO\� 7KH QR�
WLRQ RI ZHDN VWDELOLW\� KRZHYHU� GRHV QRW FRLQFLGH ZLWK WKH QRWLRQ RI ZHDN TXDVL�
VWDELOLW\� $V ZH VDZ DERYH� XQLIRUP DQG VWURQJ VWDELOLWLHV LPSO\ XQLIRUP DQG VWURQJ
TXDVLVWDELOLW\� UHVSHFWLYHO\ DQG WULYLDOO\� 7KXV ZH YHULI\ QH[W RQO\ WKH FRQYHUVHV IRU
QRUPHG�VSDFH RSHUDWRUV �IRU D +LOEHUW�VSDFH YHUVLRQ� VHH >��� SURRI RI 7KHRUHP �@��

3URSRVLWLRQ ���� )RU HYHU\ RSHUDWRU 7 RQ D QRUPHG VSDFH ; � XQLIRUP TXDVLVWD�

ELOLW\ LV HTXLYDOHQW WR XQLIRUP VWDELOLW\� ,QGHHG�

LQI e N7 e
N � �  � OLP e N7 e

N  ��

DQG KHQFH

OLP LQI e N7 e
N  � �� OLP e N7 e

N  ��

3URRI� /HW 7 EH DQ RSHUDWRU RQ D QRUPHG VSDFH� 5HFDOO WKDW OLP e N7 e
N
i@¯ e

H[LVWV DV
D UHDO QXPEHU DQG� E\ VHWWLQJ U�7 �  OLP e N7 e

N
i@¯ e
� DOVR UHFDOO WKDW

U�7 �
e
 U�7

e
� x N7

e
N x N7N

e

IRU HYHU\ QRQQHJDWLYH LQWHJHU Q �VHH� H�J�� >��� /HPPD ���@ _ LQ D %DQDFK VSDFH VHW�
WLQJ� ZKLFK LV QRW QHFHVVDULO\ WKH FDVH KHUH� U�7 � FRLQFLGHV ZLWK WKH VSHFWUDO UDGLXV
RI 7� DQG XQLIRUP VWDELOLW\ LV HTXLYDOHQW WR U�7 � � ��� +RZHYHU� WKH LPSOLFDWLRQ

U�7 �  OLP e N7 e
N
i@¯ e

� �  � OLP e N7 e
N � �

KROGV LQ D QRUPHG VSDFH DV ZHOO �VHH� H�J�� >��� SURRI RI 3URSRVLWLRQ ����@�� 1RZ� LI
LQI e N7 e

N � �� WKHQ HLWKHU WKHUH LV DQ Q ° VXFK WKDW N7 e�±
N � �� RU OLP LQI e N7 e

N � ��
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ZKLFK DOVR HQVXUHV WKDW WKHUH H[LVWV DQ Q ° VXFK WKDW N7 e ±
N � �� +HQFH

U�7 �
e ±
 U�7

e ±
� x N7

e ±
N � ��

DQG WKHUHIRUH U�7 � � �� ZKLFK LPSOLHV OLP e N7 e
N  �� 7KXV

LQI e N7 e
N � �  � OLP e N7 e

N  ��

6R OLP LQI e N7 e
N  � LPSOLHV OLP e N7 e

N  �� OHDGLQJ WR WKH VWDWHG HTXLYDOHQFH�

1RWH WKDW OLP e N7 e
N  � QDWXUDOO\ LPSOLHV SRZHU ERXQGHGQHVV IRU 7 �

3URSRVLWLRQ ���� ,I 7 LV D SRZHU ERXQGHG RSHUDWRU RQ D QRUPHG VSDFH ; � WKHQ

VWURQJ TXDVLVWDELOLW\ LV HTXLYDOHQW WR VWURQJ VWDELOLW\ �

OLP LQI e N7 e
[N  � IRU HYHU\ [ � ; �� OLP e N7 e

[N  � IRU HYHU\ [ � ; �

3URRI� 7DNH DQ DUELWUDU\ [ � ; � ,I OLP LQI e N7 e
[N  �� WKHQ WKHUH H[LVWV D VXEVH�

TXHQFH I7
eUf
[J RI I7

e
[J �ZKLFK GHSHQGV RQ [ � ; � IRU ZKLFK OLP g N7 eUf

[N  ��
7KXV� LI 7 LV SRZHU ERXQGHG�

N7
e
[N x N7

e9³QeUf
N N7

eUf
[N x VXS e N7 e

NN7
eUf
[N ZKHQHYHU Q y Q g �

%\ WKH DERYH LQHTXDOLW\�

OLP g N7 eUf
[N � � OLP VXS g N7 eUf

[N � � OLP VXS e N7 e
[N � � OLP e N7 e

[N ��

7KHUHIRUH� LI 7 LV SRZHU ERXQGHG�

OLP LQI e N7 e
[N  � IRU HYHU\ [ � ; � OLP e N7 e

[N  � IRU HYHU\ [ � ; �

+RZHYHU� DOWKRXJK ZHDN VWDELOLW\ LPSOLHV ZHDN TXDVLVWDELOLW\� WKH FRQYHUVH IDLOV�

OLP LQI e MI�7 e
[�M  � IRU HYHU\ [ � ; � IRU HYHU\ I � ; d

� � OLP e MI�7 e
[�M  � IRU HYHU\ [ � ; � IRU HYHU\ I � ; d �

:H VKRZ LQ 3URSRVLWLRQ ��� EHORZ WKDW WKH )RJXHO RSHUDWRU� ZKLFK LV SRZHU
ERXQGHG DQG DFWV RQ D VHSDUDEOH +LOEHUW VSDFH� LV ZHDNO\ TXDVLVWDEOH EXW QRW ZHDNO\
VWDEOH� /HW ; EH D VHSDUDEOH +LOEHUW VSDFH� DQG FRQVLGHU WKH )RJXHO RSHUDWRU

)  
b ´.µ·¶¸ ´

c

DFWLQJ RQ WKH VHSDUDEOH +LOEHUW VSDFH ; j ; �ZKHUH j PHDQV RUWKRJRQDO GLUHFW
VXP� >��� ��@� +HUH 6 LV D XQLODWHUDO VKLIW RI PXOWLSOLFLW\ RQH RQ ; � ZKLFK VKLIWV
DQ RUWKRQRUPDO EDVLV IH g J g%¹ ° IRU ; � DQG 3 � ; � ; LV WKH RUWKRJRQDO SURMHFWLRQ
RQWR 5�3 �  VSDQIH º � M � -J ³

�FORVXUH RI VSDQ RI IH º � M � -J�� ZKHUH - LV D VSDUVH
LQpQLWH VHW RI SRVLWLYH LQWHJHUV ZLWK WKH IROORZLQJ SURSHUW\� LI L� M � - DQG L � M�
WKHQ �L � M �H�J�� -  IM y � � M  �

g
� N y �J� WKH VHW RI DOO LQWHJUDO SRZHUV RI ���

3URSRVLWLRQ ���� 7KH )RJXHO RSHUDWRU LV D SRZHU ERXQGHG RSHUDWRU WKDW LV ZHDNO\

TXDVLVWDEOH EXW QRW ZHDNO\ VWDEOH �

3URRI� /HW ) EH WKH )RJXHO RSHUDWRU GHpQHG DERYH� ,W LV ZHOO NQRZQ WKDW ) LV SRZHU
ERXQGHG >��� S����@ DQG QRW ZHDNO\ VWDEOH �VHH� H�J�� >��� 5HPDUN ���@�� 1RWH WKDW

)
e
 

b ´.µB»�¶ »¸ ´9»
c

IRU HYHU\ Q y ��

ZLWK 3 e ; � ; JLYHQ E\ 3 e h�i  3 e¼ ½ ° 6 d e9³ ¼
36

¼
DQG 3 °  2 �WKH QXOO RSHUDWRU��

7KHUHIRUH� IRU HYHU\ [  �[ i � [ � � � ; j ; DQG HYHU\ ]  �] i � ] � � � ; j ; �

K)
e h
i

[ � ]L  K6 d e h
i
[ i � ] i L� K3 e h
i [ � � ] i L� K6

e h
i
[ � � ] � L�
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6LQFH 6 LV ZHDNO\ VWDEOH �DQG VR LV 6 d �� ZH JHW
OLP LQI e MK) e

[ � ]LM  OLP LQI e MK3 e [ � � ] i LM �[�

IRU HYHU\ [  �[ i � [ � � � ; j ; � IRU HYHU\ ]  �] i � ] � � � ; j ; � ZKHUH

K3 e h
i [ � � ] i L  
;

g K[ � � H g LK3 e h
i H g � ] i L�

ZLWK

3 e h
i H g  
; e

¼�½ ° 6 d e9³ ¼
3H g�h ¼  

;
g�h e
¼�½ g 6 d gTh e9³ ¼

3H ¼ �

,I L �� -� WKHQ 3H ¼  �� LI L � -� WKHQ 3H ¼  H ¼ � +HQFH

6 d gTh e9³ ¼
3H ¼  

�

H � ¼ ³�¬ g�h eU® LI N � Q x �L� L � -�
� RWKHUZLVH �

*LYHQ D SDLU RI QRQQHJDWLYH LQWHJHUV �N� Q�� FRQVLGHU WKH VHW

¿ g�À e  
j

M � - N x M x N � Q x �M
k

 - ?
d

PD[IN�
gTh e� J � N � Q

e

�

ZKLFK KDV DW PRVW RQH HOHPHQW �L�H�� � ¿ g%À e x ��� �,QGHHG� LI L� M � ¿ g�À e ZLWK L � M�
WKHQ �L � M �IRU L� M � -� DQG M x N � Q x �L� ZKLFK LV D FRQWUDGLFWLRQ�� 7KHQ

3 e h
i H g  
�

3 ¼'Á ¿ f8Â » H � ¼ ³�¬ g�h eU®  H � º ³!¬ gTh eU® IRU M � ¿ g%À e ZKHQHYHU ¿ g%À e � "�

� RWKHUZLVH �

1RZ WDNH DQ DUELWUDU\ SDLU �[ i � ] � � � ; j ; � 6LQFH 3 LV DQ RUWKRJRQDO SURMHFWLRQ�
3 e h
i LV VHOI�DGMRLQW� WKXV ZH JHW K3 e h
i [ i � ] � L  3

g K[ i �3 e h
i H g LKH g � ] � L� DQG VR

K3 e h
i [ i � ] � L  
�

3

g K[ i � H � º ³�¬ g�h eU® LKH g � ] � L IRU M � ¿ g%À e ZKHQHYHU ¿ g%À e � "�

� RWKHUZLVH �

7KHQ ZH FDQ WDNH DQ LQpQLWH VXEVHTXHQFH I3 e+Ã J RI I3 e J IRU ZKLFK K3 e+Ã [ i � ] � L  �
IRU HYHU\ M� DQG VR OLP º K3 e Ã [ i � ] � L  �� IRU HYHU\ [ i � ] � � ; � )RU LQVWDQFH� ZLWK
Q º  �M � � IRU M � - ZH JHW OLP LQI e MK3 e [ i � ] � LM  � IRU HYHU\ [ i � ] � � ; � ZKLFK
LPSOLHV OLP LQI e MK) e

[� ]LM  � IRU HYHU\ [� ] � ; j ; E\ �[��

2EVHUYH WKDW IQ º J LV D UDWKHU VSDUVH VXEVHTXHQFH RI WKH QRQQHJDWLYH LQWHJHUV�
ZKRVH LQFUHPHQWV Q º h
i b Q º LQFUHDVH XQERXQGHGO\ DV M � � �E\ WKH FRQVWUXFWLRQ
RI WKH VHW -�� 6XFK D SURSHUW\ ZDV IXQGDPHQWDO IRU SURYLQJ WKDW ) LV QRW ZHDNO\
VWDEOH �VHH� H�J�� >��� 3URSRVLWLRQ ��� DQG 5HPDUN ���@��

�� %RXQGHGO\ VSDFHG VXEVHTXHQFHV

/HW IQJ e ¹�i VWDQG IRU WKH VHOI�LQGH[LQJ RI WKH VHW RI DOO SRVLWLYH LQWHJHUV HTXLSSHG
ZLWK WKH QDWXUDO RUGHU DQG UHJDUG LW DV WKH SRVLWLYH�LQWHJHU�YDOXHG LGHQWLW\ VHTXHQFH�
$ VXEVHTXHQFH IQ g J g%¹�i RI IQJ e ¹!i LV RI ERXQGHG LQFUHPHQWV �RU KDV ERXQGHG JDSV�
LI VXS g%¹!i �Q gTh�i b Q g � � �� /HW $ EH DQ DUELWUDU\ QRQHPSW\ VHW�:H VD\ WKDW D VXE�
VHTXHQFH ID eUf J RI DQ DUELWUDU\ $�YDOXHG VHTXHQFH ID e J LV ERXQGHGO\ VSDFHG LI LW LV
LQGH[HG E\ D VXEVHTXHQFH IQ g J g%¹!i RI ERXQGHG LQFUHPHQWV �L�H�� ID eUf J LV ERXQG�
HGO\ VSDFHG LI VXS g%¹�i �Q gTh
i b Q g � � ��� 7KHVH QRWLRQV �ERXQGHG LQFUHPHQWV DQG
ERXQGHGO\ VSDFHG� KDYH EHHQ DSSOLHG� LQ WKH SUHVHQW FRQWH[W� LQ >��� ��@� 7KH QH[W
SURSRVLWLRQ ZLOO EH UHTXLUHG LQ WKH VHTXHO� �$ VWDQGDUG UHVXOW� IRU WKH SDUWLFXODU FDVH
RI VFDODU VHTXHQFHV� ZLWK DQ HDV\ SURRI� ZKLFK ZH LQFOXGH IRU VDNH RI FRPSOHWHQHVV��
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3URSRVLWLRQ ���� ,I Io e f J LV D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI DQ )�YDOXHG VH�

TXHQFH Io e J� WKHQ o eUf h º � o DV N�� IRU HYHU\ M y � LPSOLHV o e � o DV Q���

3URRI� )RU HDFK M y �� VXSSRVH WKH VHTXHQFH Io eUf h º J FRQYHUJHV WR o DV N � �� ,Q
DGGLWLRQ� VXSSRVH M OLHV LQ D ERXQGHG VHW - � DQG WDNH DQ DUELWUDU\ � ! �� 7KXV WKHUH
LV DQ LQWHJHU N Å VXFK WKDW IRU DOO M � >��PD[ M@� ZLWK PD[ M  PD[IM �M � -J�

N y N Å  � Mo eUf h º b oM � ��

�,QGHHG� IRU DQ\ � ! � DQG HDFK M WDNH N Å À º VXFK WKDW LI N y N Å À º WKHQ Mo e f h º b oM � ��
DQG FRQVLGHU WKH ODUJHVW LQWHJHU N Å  PD[ º Á�Æ i;À ÇÈ@É º;Ê IN Å À º J�� 1H[W REVHUYH WKDW

LI IQ g J g%¹ ° LV RI ERXQGHG LQFUHPHQWV� VD\ ZLWK 0  VXS g �Q g�h
i b Q g ��
WKHQ

6

º Á�Æ ° À Ë Ê IQ g � MJ g%¹�i  IQJ e ¹�i �
6R HYHU\ SRVLWLYH LQWHJHU Q LV ZULWWHQ DV Q  Q g � M IRU VRPH Q g DQG VRPH M � >��0 @�
7KXV E\ WKH DERYH GLVSOD\HG LPSOLFDWLRQ �ZLWK -  >��0 @ VR WKDW PD[ M  0�� IRU
HYHU\ � ! � WKHUH H[LVWV DQ LQWHJHU Q Å  Q gNÌ �0 VXFK WKDW

Q y Q Å  � Mo e b oM � ��

+HQFH o e � o DV Q � �� 7KH FRQYHUVH LV WULYLDO�

$V VKRZQ QH[W� 7
eUf
[ ¢b� �  � 7

e
[ ¢b� � ZKHQHYHU I7

eUf
J LV ERXQGHGO\ VSDFHG�

/HPPD ����6XSSRVH I7
eUf
J LV D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI I7

e
J�7DNH [ � ; �

,I I7
eUf
[J FRQYHUJHV ZHDNO\ WR ]HUR� WKHQ I7

e
[J FRQYHUJHV ZHDNO\ WR ]HUR�

3URRI� 7DNH D YHFWRU [ � ; DQG D VXEVHTXHQFH I7
e f
J g RI I7 e

J e � 6XSSRVH I7 e f
[J g

FRQYHUJHV ZHDNO\ WR ]HUR� 7KDW LV� OLP g I�7 eUf
[�  � IRU HYHU\ I � ; d � 7KXV� LQ

SDUWLFXODU� IRU DQ DUELWUDU\ J LQ ; d �VR WKDW J7 º
 7 d º J OLHV LQ ; d IRU HYHU\ QRQQHJD�

WLYH LQWHJHU M�� OLP g �7 d º J��7 e f
[�  �� 1RZ VXSSRVH I7

e f
J g LV D ERXQGHGO\ VSDFHG

VXEVHTXHQFH RI I7
e
J e � 7KHQ I�J7

º
��7

eUf
[�J g LV D ERXQGHGO\ VSDFHG VXEVHTXHQFH

RI WKH )�YDOXHG VHTXHQFH I�J7
º
��7

e
[�J e IRU HDFK M y �� 6LQFH OLP g J�7 eUf h º

[�  
OLP g �J7 º

��7
eUf
[�  � IRU HYHU\ M y � �L�H�� IRU HYHU\ J7

º
 7 d º J � ; d �� 3URSRVLWLRQ

��� HQVXUHV WKDW OLP e J�7 e
[�  �� $V WKLV KROGV IRU DQ DUELWUDU\ J � ; d � LW IROORZV

WKDW OLP e J�7 e
[�  � IRU HYHU\ J � ; d � DQG VR I7 e

[J e FRQYHUJHV ZHDNO\ WR ]HUR�
/HW 7 � %> ; @ EH D ZHDNO\ TXDVLVWDEOH RSHUDWRU RQ D QRUPHG VSDFH ; � 7KLV PHDQV

OLP LQI e MI�7 e
[�M  � IRU HYHU\ [ � ; � IRU HYHU\ I � ; d � (TXLYDOHQWO\� IRU HDFK [ � ;

WKHUH LV DW OHDVW RQH VXEVHTXHQFH I7
eUfT¬>%®

J RI I7
e
J IRU ZKLFK OLP g MI�7 eUf�¬>�®

[�M  �
IRU HYHU\ I � ; d �ZKHUH� IRU HDFK [ � ; � WKH VHTXHQFH RI LQWHJHUV IQ g �[�J GHSHQGV
RQ [ EXW QRW RQ I�� 6XFK D VXEVHTXHQFH I7

e9fT¬>�®
J RI I7

e
J ZLOO EH UHIHUUHG WR DV D

VXEVHTXHQFH RI ZHDN TXDVLVWDELOLW\ RI 7 IRU [ � ; �

7KHRUHP ��� EHORZ LV D FHQWUDO UHVXOW�

7KHRUHP ���� ,I 7 � %> ; @ KDV D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI ZHDN TXDVLVWD�

ELOLW\ IRU HYHU\ [ � ; � WKHQ 7 LV ZHDNO\ VWDEOH�

3URRI� 7DNH DQ DUELWUDU\ [ � ; � 6XSSRVH 7 KDV D ERXQGHGO\ VSDFHG VXEVHTXHQFH
RI ZHDN TXDVLVWDELOLW\ I7

eUfT¬>%®
J IRU VXFK DQ [� 7KDW LV� I7

eUfT¬>%®
[J FRQYHUJHV ZHDNO\

WR ]HUR� DQG WKH VXEVHTXHQFH I7
eUfT¬>%®

J RI I7
e
J LV ERXQGHGO\ VSDFHG� 7KHQ I7

e
[J

FRQYHUJHV ZHDNO\ WR ]HUR DFFRUGLQJ WR /HPPD ���� ,I WKLV KROGV IRU HYHU\ [ � ; �
WKHQ 7 LV ZHDNO\ VWDEOH�
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3URSRVLWLRQ ��� DQG 7KHRUHP ��� WRJHWKHU HQVXUH WKH IROORZLQJ QRQLPSOLFDWLRQ�
7DNH DQ\ [ � ; � ,I OLP g I�7 eUf

[�  � IRU HYHU\ I � ; d � IRU VRPH VXEVHTXHQFH I7 eUf
J

RI I7
e
J� WKHQ LW GRHV QRW IROORZ WKDW WKHUH H[LVWV D VXEVHTXHQFH RI ERXQGHG LQFUH�

PHQWV IP g J RI IQJ IRU ZKLFK OLP g I�7 Î f
[�  � IRU HYHU\ I � ; d �

�� $SSOLFDWLRQ WR ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\

7KH RUELW 2 j �\� RI D YHFWRU \ � ; XQGHU DQ RSHUDWRU 7 �%> ; @ LV WKH VHW

2 j �\�  
>

e ¹ ° I7
e
\J  

j

7
e
\ � ; � IRU HYHU\ LQWHJHU Q y �

k

�

/HW >[@  VSDQI[J GHQRWH WKH RQH�GLPHQVLRQDO VXEVSDFH RI ; VSDQQHG E\ D VLQJOH�
WRQ I[J DW D YHFWRU [ � ; � 7KH SURMHFWLYH RUELW RI D QRQ]HUR YHFWRU \ � ; XQGHU
DQ RSHUDWRU 7 � %> ; @ LV WKH RUELW 2 j �>\@�  6

e ¹ ° 7 e
�>\@� RI WKH VSDQ RI I\J�

2 j �>\@�  
j

o7
e
\ � ; � IRU HYHU\ o � ) DQG HYHU\ LQWHJHU Q y �

k

�

$ YHFWRU \ LQ ; LV D �VWURQJO\� VXSHUF\FOLF YHFWRU IRU 7 LI LWV SURMHFWLYH RUELW 2 j �>\@�
LV GHQVH LQ ; � 6LQFH WKH QRUP WRSRORJ\ LV PHWUL]DEOH� D QRQ]HUR YHFWRU \ LQ ; LV VX�
SHUF\FOLF IRU DQ RSHUDWRU 7 LI DQG RQO\ LI IRU HYHU\ [ LQ ; WKHUH H[LVWV DQ )�YDOXHG VH�
TXHQFH Io g J g%¹ ° VXFK WKDW IRU VRPH VHTXHQFH I7 e f

J g%¹ ° ZLWK HQWULHV IURP I7
e
J e ¹ ° �

WKH ; �YDOXHG VHTXHQFH Io g 7 eUf
\J g�¹ ° FRQYHUJHV WR [ �LQ WKH QRUP WRSRORJ\��

o g 7 eUf
\ ¤b� [ IRU HYHU\ [ � ; �L�H�� No g 7 eUf

\ b [N � � IRU HYHU\ [ � ; ��

$Q RSHUDWRU 7 LV D �VWURQJO\� VXSHUF\FOLF RSHUDWRU LI LW KDV D VXSHUF\FOLF YHFWRU�

7KH ZHDN YHUVLRQ RI WKH DERYH FRQYHUJHQFH FULWHULRQ OHDGV WR WKH QRWLRQ RI ZHDN O�
VHTXHQWLDO VXSHUF\FOLFLW\� $ QRQ]HUR YHFWRU \ LQ ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\�

FOLF YHFWRU IRU 7 LI IRU HYHU\ [ LQ ; WKHUH LV DQ )�YDOXHG VHTXHQFH Io g J g%¹ ° VXFK WKDW�
IRU VRPH VHTXHQFH I7

eUf
J g%¹ ° ZLWK HQWULHV IURP I7

e
J e ¹ ° � WKH ; �YDOXHG VHTXHQFH

Io g 7 eUf
\J g�¹ ° FRQYHUJHV ZHDNO\ WR [� ,Q RWKHU ZRUGV� LI

o g 7 e f
\ ¢b� [ IRU HYHU\ [ � ;

�L�H�� I�o g 7 eUf
\ b [�� � IRU HYHU\ [ � ; � IRU HYHU\ I � ; d ��

)L[ D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \� 7KH )�YDOXHG VHTXHQFH Io g J g�¹ °
GHSHQGV RQ [ �EXW QRW RQ I�� DQG HDFK o g  o g �[� LV QRQ]HUR ZKHQHYHU [ � ��
6LPLODUO\� WKH VHTXHQFH I7

eUf
J g�¹ ° DOVR GHSHQGV RQ [ �EXW QRW RQ I� _ DQG VR �DV

EHIRUH� ZH VRPHWLPHV ZULWH 7
eUf
 7

eUfT¬>�®
� $Q RSHUDWRU 7 LV D ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU�

5HPDUN ���� �D� 1RWH WKDW� DV UHPDUNHG LQ >��@� ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\
LV QRW D WRSRORJLFDO QRWLRQ� ,Q IDFW� DV ZH KDYH GHpQHG DERYH� ZHDN O�VHTXHQWLDO VX�
SHUF\FOLFLW\ FRPHV DV D ZHDN YHUVLRQ RI D QRUP FRQYHUJHQFH FULWHULRQ� EXW LW GRHV
QRW PHDQ GHQVHQHVV RI WKH SURMHFWLYH RUELW LQ DQ\ WRSRORJ\� ,Q SDUWLFXODU� ZHDN
O�VHTXHQWLDO VXSHUF\FOLFLW\ GRHV QRW PHDQ GHQVHQHVV RI WKH SURMHFWLYH RUELW LQ ZHDN
WRSRORJ\ RU LQ ZHDN VHTXHQWLDO WRSRORJ\� VR ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ LV QRW D
ZHDN WRSRORJ\ QRWLRQ� 7KHUHIRUH� LW LV QRW WKH FDVH WR DUJXH LQ WHUPV RI ZHDN WRSRO�
RJ\ WHFKQLTXHV ZKHQ GHDOLQJ ZLWK ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ _ VHH >��@ IRU D
GLVFXVVLRQ DORQJ WKLV OLQH� $OVR QRWH WKDW� DFFRUGLQJ WR WKH GHpQLWLRQ RI ZHDN FRQ�
YHUJHQFH LQ 6HFWLRQ �� ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ GRHV QRW PHDQ FRQYHUJHQFH
RI WKH %> ; @�YDOXHG VHTXHQFH Io g 7 eUf

J LQ WKH ZHDN RSHUDWRU WRSRORJ\ RQ %> ; @�
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�E� 7DNH D QRQ]HUR [ � ; � ,I [ � 2 j �>\@� IRU VRPH YHFWRU \� WKHQ I7
eUf
J g%¹ ° FDQ

EH YLHZHG DV D FRQVWDQW LQpQLWH VHTXHQFH� HTXLYDOHQWO\� DV D VLQJOH�HQWU\ pQLWH VXE�
VHTXHQFH RI I7

e
J e ¹ ° _ L�H�� [  o ° 7 eW±

\ IRU VRPH o ° � � DQG VRPH Q ° y �� ,Q
WKLV FDVH� WKH QRWLRQV RI o g 7 eUf

\ ¤b� [ DQG o g 7 eUf
\ ¢b� [� UHODWHG WR SODLQ VXSHU�

F\FOLFLW\ DQG ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� FRLQFLGH� ,Q WKLV FDVH� FRQYHUJHQFH RI
WKH FRQVWDQW RU pQLWH VHTXHQFH Io g 7 eUf

\J PHDQV WKDW D OLPLW LV HYHQWXDOO\ UHDFKHG�
7KHUHIRUH� LQ JHQHUDO� ZH XVH WKH H[SUHVVLRQ

I7
eUf
J g�¹ ° LV D VHTXHQFH ZLWK HQWULHV IURP I7

e
J e ¹ ° �

+RZHYHU� LI [ �� 2 j �>\@�� WKLV PHDQV I7 eUf
J g%¹ ° LV D VXEVHTXHQFH RI I7

e
J e ¹ ° �

)RU IXUWKHU ZHDN IRUPV RI F\FOLFLW\ VHH� H�J�� >�@� >�@� >�@� >�@� >��@� >��@� >��@�:HDN O�
VHTXHQWLDO VXSHUF\FOLFLW\ LV WKH FHQWUDO WKHPH LQ WKLV VHFWLRQ� DQG LW KDV EHHQ FRQVLG�
HUHG� IRU LQVWDQFH� LQ >�@� >�@� >��@� DQG GLVFXVVHG LQ >��@� >��@� >��@� 2EVHUYH WKDW ZHDN
O�VHTXHQWLDO VXSHUF\FOLFLW\ LV QRW ZHDN VHTXHQWLDO VXSHUF\FOLFLW\� )RU D FRPSDULVRQ
EHWZHHQ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLFLW\ DQG RWKHU QRWLRQV RI ZHDN F\FOLFLW\� LQ�
FOXGLQJ ZHDN K\SHUF\FOLFLW\� ZHDN VHTXHQWLDO VXSHUF\FOLFLW\� DQG ZHDN VXSHUF\FOLFLW\
�SODLQ ZHDN F\FOLFLW\ FRLQFLGHV ZLWK SODLQ F\FOLFLW\� VHH� IRU LQVWDQFH� >��� SS������@�
>�� SS��������@� >�� SS��������@� >��� SS���������@� >��� SS������������@�

,W KDV EHHQ NQRZQ IRU D ORQJ WLPH WKDW D SRZHU ERXQGHG VXSHUF\FOLF RSHUDWRU RQ

D QRUPHG VSDFH LV VWURQJO\ VWDEOH >�� 7KHRUHP ���@� $ORQJ WKLV OLQH� WKH IROORZLQJ
TXHVWLRQ KDV EHHQ SRVHG LQ >��@�

,V D SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU ZHDNO\ VWDEOH "

7KLV LV D QRQWULYLDO TXHVWLRQ WKDW� DV IDU DV ZH DUH DZDUH� UHPDLQV XQDQVZHUHG� 7KH
QH[W UHVXOWV JLYH SDUWLDO DQVZHUV WR LW�

/HW < j v ; GHQRWH WKH VHW RI DOO ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRUV \ IRU
DQ RSHUDWRU 7 RQ D QRUPHG VSDFH ; �

< j  
j

\ � ; � IRU HYHU\ [ � ; WKHUH H[LVWV Io g J VXFK WKDW [  Z �OLP e D g 7 eUf
\
k

�

VR WKDW 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LI DQG RQO\ LI < j � "� ,Q WKLV FDVH�
WDNH DQ DUELWUDU\ \ � < j � 6R� IRU HYHU\ [ � ; � WKHUH LV DW OHDVW RQH VHTXHQFH
I7

eUf
J ZLWK HQWULHV IURP I7

e
J� DQG DQ DVVRFLDWHG VFDODU VHTXHQFH Io g J� IRU ZKLFK

OLP g I�o g 7 e9f
\�  I�[� IRU HYHU\ I � ; d � %\ 5HPDUN ����E�� LI [ � 2 j �>\@�� WKHQ WKH

DERYH VHTXHQFHV FDQ EH YLHZHG DV FRQVWDQW VHTXHQFHV� VD\ [  o g 7 eUf
\ ZLWK o g  o °

DQG Q g  Q ° IRU HYHU\ N y �� ZKHUH WKH FRQVWDQW VHTXHQFH IQ g J LV QRW D VXEVHTXHQFH
RI WKH QRQQHJDWLYH LQWHJHUV� DQG VR LW PDNHV QR VHQVH WR WDON RI ERXQGHGO\ VSDFHG
VXEVHTXHQFHV LQ WKLV FDVH� :H ZLOO� KRZHYHU� EH FRQFHUQHG ZLWK ERXQGHGO\ VSDFHG
VXEVHTXHQFHV I7

eUf
J RI I7

e
J ZKHQ [ OLHV LQ ; Q2 j �>\@� IRU DQ DUELWUDU\ \ LQ < j �

/HW 7 � %> ; @ EH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D QRUPHG VSDFH ; �
/HW \ EH DQ\ YHFWRU LQ < j � )RU HDFK [ LQ ; Q2 j �>\@� WKHUH LV DW OHDVW RQH VXEVHTXHQFH
I7

eUfT¬>%®
J RI I7

e
J IRU ZKLFK OLP g o g �[�I�7 eUfT¬>�®

\�  I�[� IRU HYHU\ I � ; d � ZKHUH
WKH )�YDOXHG VHTXHQFH Io g �[�J DQG WKH VHTXHQFH RI LQWHJHUV IQ g �[�J GHSHQG RQ [

EXW QRW RQ I� 7KLV VXEVHTXHQFH I7
eUfT¬>%®

J RI I7
e
J LV UHIHUUHG WR DV D VXEVHTXHQFH RI

ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ RI 7 IRU [ � ; Q2�>\@� ZLWK UHVSHFW WR \ � < j �
7KHRUHP ����/HW 7 EH D SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ

D QRUPHG VSDFH ; � ,I WKHUH H[LVWV D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI ZHDN O�VHTXHQWLDO

VXSHUF\FOLFLW\ IRU HDFK [ � ; Q2 j �>\@�� IRU HYHU\ \ � < j � WKHQ 7 LV ZHDNO\ VWDEOH�
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3URRI� ,W KDV UHFHQWO\ EHHQ SURYHG LQ >��� &RUROODU\ ���@ WKDW

HYHU\ SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
�e�

RSHUDWRU RQ D QRUPHG VSDFH LV ZHDNO\ TXDVLVWDEOH�

:H VNHWFK WKH SURRI EHORZ� ERWK IRU VDNH RI FRPSOHWHQHVV DQG DOVR EHFDXVH SDUW RI
LWV DUJXPHQW ZLOO EH UHTXLUHG ODWHU LQ WKLV SURRI�

6XSSRVH 7 D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D QRUPHG VSDFH ; � DQG
WDNH DQ DUELWUDU\ \ � < j � ,W ZDV VKRZQ LQ >��� 7KHRUHP ���@ WKDW LI WKLV 7 LV SRZHU
ERXQGHG� WKHQ WKHUH LV QR I � ; d VXFK WKDW OLP LQI e MI�7 e

\�M ! �� &RQVHTXHQWO\�

OLP LQI e MI�7 e
\�M  � IRU HYHU\ \ � < j �

IRU HYHU\ I � ; d � $OVR� ZH NQRZ WKDW LI < j � "� WKHQ < j LV GHQVH LQ ; >��� 7KHRUHP
���@� 7KHQ IRU DQ DUELWUDU\ [ � ; � WDNH �E\ GHQVLW\� DQ\ < j �YDOXHG VHTXHQFHI\ g J
FRQYHUJLQJ �LQ WKH QRUP WRSRORJ\� WR [� VR WKDW �VLQFH 7 LV SRZHU ERXQGHG�

MI�7
e
[�M x MI�7

e
�\ g b [��M� MI�7

e
\ g �M x NIN�VXS Î N7 Î N�N\ g b [N� MI�7

e
\ g �M

IRU HDFK LQWHJHU Q y �� IRU HYHU\ I � ; d � +HQFH� DV OLP LQI e MI�7 e
\�M  � IRU HYHU\ \

LQ < j � OLP LQI e MI�7 e
\ g �M  � IRU HYHU\ N� DQG VR �DV [ ZDV DUELWUDULO\ WDNHQ IURP ; �

OLP LQI e MI�7 e
[�M  � IRU HYHU\ [ � ; �

IRU HYHU\ I � ; d � SURYLQJ WKH UHVXOW LQ �e��
1RZ ZH VSOLW WKH SURRI LQWR WZR SDUWV� 7DNH \ � < j DQG [ � ; Q2 j �>\@� DUELWUDULO\�
7KXV 7 KDV D VXEVHTXHQFH RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ I7

eUf�¬>�®
J IRU [ �ZLWK

UHVSHFW WR \� VR WKDW� IRU VRPH VFDODU VHTXHQFH Io g �[�J�
OLP g o g �[�I�7 e f ¬>%®

\�  I�[� IRU HYHU\ I � ; d �
ZKHUH WKH DERYH OLPLW KROGV IRU HYHU\ VXEVHTXHQFH RI Io g �[�I�7 eUfT¬>%®

\�J�

3DU W � � 6XSSRVH [ LV VXFK WKDW Io g �[�J LV XQERXQGHG� 6R OLP VXS g Mo g �[�M  ��

6LQFH MI�[�M � 5� WKH DERYH GLVSOD\HG LGHQWLW\ HQVXUHV WKDW
OLP LQI g MI�7 eUfT¬>%®

\�M  � IRU HYHU\ I � ; d �
,I 7 KDV D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IRU
VXFK DQ [ � ; Q2 j �>\@� DQG VXFK D \� WKHQ WDNH LW VR WKDW WKLV VDPH I7

e f ¬>%®
J LV D

ERXQGHGO\ VSDFHG VXEVHTXHQFH RI ZHDN TXDVLVWDELOLW\ IRU \ DV ZHOO� 6R 7
e
\ ¢b� �

DFFRUGLQJ WR /HPPD ���� ,I WKLV KROGV IRU HYHU\ \ � < j � WKHQ 7
e
\ ¢b� � IRU HYHU\

\ � < j � 6LQFH < j LV GHQVH LQ ; � ZH JHW �DV ZH VDZ DERYH� 7 e
[ ¢b� � IRU HYHU\ [ � ; �

3DU W � � 6XSSRVH [ LV VXFK WKDW Io g �[�J LV ERXQGHG� ,I 7 KDV D ERXQGHGO\ VSDFHG
VXEVHTXHQFH I7

eUfT¬>%®
J RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IRU VXFK DQ [ � ; Q2 j �>\@�

DQG VXFK D \� WKHQ WDNH LW VR WKDW WKH FRUUHVSRQGLQJ )�YDOXHG VHTXHQFH Io g �[�J LV
ERXQGHGO\ VSDFHG DV ZHOO� 6LQFH Io g �[�J LV ERXQGHG� WKHUH LV D FRQYHUJHQW VXEVH�
TXHQFH Io g Ã �[�J RI Io g �[�J �E\ WKH %RO]DQR^:HLHUVWUDVV 7KHRUHP�� ZKLFK FDQ EH
WDNHQ WR EH ERXQGHGO\ VSDFHG DV ZHOO� +HQFH I7

e f Ã ¬>�® J LV D ERXQGHGO\ VSDFHG VXE�
VHTXHQFH RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IRU [� VR WKDW OLP º o g Ã �[�I�7 eUf Ã ¬>%®

\�  
I�[� IRU HYHU\ I � ; d � ZLWK OLP º o g Ã �[�  o�[�� ,I 7 LV SRZHU ERXQGHG� WKHQ LW ZDV

VKRZQ LQ >��� 7KHRUHP ����F�@ WKDW o�[� OLP º I�7 eUf Ã ¬>�®
\�  I�[� IRU HYHU\ I � ; d �

%XW WKLV LPSOLHV WKDW OLP LQI º MI�7 e f Ã ¬>�®
\�M  � �FI� >��� 7KHRUHP ����G�@�� 7KXV� DV

LQ 3DUW �� I7
eUf Ã J LV D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI ZHDN TXDVLVWDELOLW\ IRU \�

7KHUHIRUH WKH VDPH DUJXPHQW DV LQ 3DUW � HQVXUHV 7
e
[ ¢b� � IRU HYHU\ [ � ; �
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7KHRUHP ��� GRHV QRW HQVXUH WKH H[LVWHQFH RI D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI
ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� %XW DV ZH KDYH VHHQ LQ WKH SURRI RI 7KHRUHP ���
�FI� >��� &RUROODU\ ���@�� ZHDN TXDVLVWDELOLW\ KROGV XQGHU SRZHU ERXQGHGQHVV� LI 7 LV

D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D QRUPHG VSDFH ; � WKHQ

�D� 7 SRZHU ERXQGHG  � 7 ZHDNO\ TXDVLVWDEOH�

:H VKRZ QH[W WKDW

�E� Io g �[�J ERXQGHG IRU VRPH [ � ; Q2 j �>\@�  � 7 ZHDNO\ XQVWDEOH�

7KHRUHP ���� /HW 7 EH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D QRUPHG

VSDFH ; � 7DNH DQ DUELWUDU\ YHFWRU \ � < j VR WKDW IRU HYHU\ YHFWRU [ � ; Q2 j �>\@�
WKHUH DUH D VHTXHQFH RI VFDODUV Io g �[�J DQG D VXEVHTXHQFH I7

e f ¬>�®
J RI I7

e
J VXFK

WKDW o g �[�I�7 eUfT¬>%®
\�� I�[� IRU HYHU\ I � ; d �L�H�� VXFK WKDW o g �7 eUf

\� ¢b� [��

,I IRU VRPH \ � < j WKH VHTXHQFH RI VFDODUV Io g �[�J LV ERXQGHG IRU VRPH

[ � ; Q2 j �>\@�� WKHQ 7 LV QRW ZHDNO\ VWDEOH�

,Q RWKHU ZRUGV� LI 7 LV ZHDNO\ VWDEOH� WKHQ DOO VFDODU VHTXHQFHV Io g J DUH XQERXQGHG�

3URRI� 7DNH DQ DUELWUDU\ \ � < j DQG DQ DUELWUDU\ QRQ]HUR [ ° � ; Q2 j �>\@�� $O�
WKRXJK WKHUH LV QR LQMHFWLYH OLQHDU IXQFWLRQDO RQ D OLQHDU VSDFH RI GLPHQVLRQ JUHDWHU
WKDQ RQH �ZH DUH DVVXPLQJ GLP ; ! ��� QRWH WKDW WKHUH H[LVWV I ° � ; d VXFK WKDW
I ° �[ ° � � � �VLQFH WKHUH LV QR � � ] � ; IRU ZKLFK I�]�  � IRU HYHU\ I � ; d E\ WKH
+DKQ^%DQDFK 7KHRUHP�� 7KXV� VLQFH 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHUH
H[LVW D VHTXHQFH RI VFDODUV Io g �[ ° �J DQG D VXEVHTXHQFH I7 e f ¬> ± ®

J RI I7
e
J VXFK WKDW

Mo g �[ ° �M MI ° �7 eUfT¬> ± ®
\�M � MI ° �[ ° �M � 5QI�J�

,I 7 LV ZHDNO\ VWDEOH� WKHQ OLP e MI�7 e
\�M  �� VR WKDW OLP g MI�7 eUfT¬> ± ®

\�M  �� IRU
HYHU\ I � ; d � LQ SDUWLFXODU� IRU VXFK DQ I ° � ; d � 7KHUHIRUH WKH DERYH GLVSOD\HG
H[SUHVVLRQ HQVXUHV WKDW WKH VHTXHQFH Io g �[ ° �J LV XQERXQGHG IRU VXFK DQ DUELWUDU\
[ ° LQ ; Q2 j �>\@�� &RQVHTXHQWO\� LI IRU VRPH \ � < j WKH VHTXHQFH RI VFDODUV Io g �[�J
LV ERXQGHG IRU VRPH [ � ; Q2 j �>\@�� WKHQ WKH RSHUDWRU 7 LV QRW ZHDNO\ VWDEOH�
7DNH DQ DUELWUDU\ \ � < j � 5HFDOO WKDW DQ RSHUDWRU 7 LV VDLG WR KDYH D ERXQGHGO\

VSDFHG VXEVHTXHQFH RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IRU D JLYHQ [ � ; Q2�>\@� LI
o g �[�I��7 eUfT¬>%®

\�� I�[� IRU HYHU\ I � ; d DQG WKH VHTXHQFH I7 eUfT¬>%®
J LV ERXQGHGO\

VSDFHG �HTXLYDOHQWO\� WKH VHTXHQFH RI LQWHJHUV IQ g �[�J LV RI ERXQGHG LQFUHPHQWV��
&RUROODU\ ���� /HW 7 EH D SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU

RQ D QRUPHG VSDFH ; � 7KHQ HLWKHU

�D� 7 GRHV QRW KDYH D ERXQGHGO\ VSDFHG VXEVHTXHQFH RI ZHDN O�VHTXHQWLDO VXSHU�

F\FOLFLW\ IRU VRPH [ � ; Q2 j �>\@� DQG VRPH \ � < j �
RU

�E� WKH VHTXHQFH RI VFDODUV Io g �[�J LV XQERXQGHG IRU HYHU\ [ � ; Q2 j �>\@�� IRU
HYHU\ \ � < j �

3URRI� ,I 7 LV ZHDNO\ XQVWDEOH� WKHQ 7KHRUHP ��� HQVXUHV WKH DOWHUQDWLYH �D�� DQG
LI 7 LV ZHDNO\ VWDEOH� WKHQ 7KHRUHP ��� HQVXUHV WKH DOWHUQDWLYH �E�� H[FOXVLYHO\�

:H FORVH WKH SDSHU ZLWK D TXHVWLRQ�

,V WKH )RJXHO RSHUDWRU LQ 3URSRVLWLRQ ��� ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF"
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