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6XSHUF\FOLFLW\ LPSOLHV VWURQJ VWDELOLW\� 7KDW LV� LI WKH SURMHFWLYH RUELW 2 o �>\@� RI
D SRZHU ERXQGHG OLQHDU RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV GHQVH LQ ; IRU VRPH
YHFWRU \ LQ ; � WKHQ 7 p [ � � IRU HYHU\ [ � ; �ERWK GHQVLW\ DQG FRQYHUJHQFH DUH
LQ WKH QRUP WRSRORJ\�� ,Q RWKHU ZRUGV� 2 o �>\@� q  ; LPSOLHV 7 psrb� 2� 7KLV LV DQ
LPSRUWDQW UHVXOW IURP >�� 7KHRUHP ���@� ,W KDV EHHQ DVNHG LQ >��@ ZKHWKHU VXFK DQ
LPSOLFDWLRQ VXUYLYHV IURP QRUP WRSRORJ\ WR ZHDN WRSRORJ\� ,Q SDUWLFXODU� ZKHWKHU
D VWURQJHU YHUVLRQ RI ZHDN VXSHUF\FOLFLW\ �ZKLFK LV ZHDNHU WKDQ VXSHUF\FOLFLW\ LQ WKH
QRUP WRSRORJ\� EXW VWURQJHU WKDQ VXSHUF\FOLFLW\ LQ WKH ZHDN WRSRORJ\� LPSOLHV ZHDN
VWDELOLW\ �L�H�� LPSOLHV WKDW 7 p [ tb� � IRU HYHU\ [ � ; �� 6XFK D VWURQJHU YHUVLRQ RI
ZHDN VXSHUF\FOLFLW\ LV FDOOHG ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� ZKLFK PHDQV WKDW WKH
ZHDN OLPLW VHW 2 o �>\@� q t%u RI WKH SURMHFWLYH RUELW �L�H�� WKH VHW RI DOO ZHDN OLPLWV RI
ZHDNO\ FRQYHUJHQW VHTXHQFHV LQ WKH SURMHFWLYH RUELW� FRLQFLGHV ZLWK ; � 6R LW ZDV
DVNHG ZKHWKHU 2 o �>\@� q t%u  ; LPSOLHV 7 pvtb� 2� ZKHUH ZHDN VWDELOLW\ LV GHpQHG
E\ WKH H[SUHVVLRQ� OLP p MI�7 p [�M  � IRU HYHU\ [ � ; � IRU HYHU\ I � ; w � $ ZHDNHU
IRUP RI ZHDN VWDELOLW\� FDOOHG ZHDN TXDVLVWDELOLW\� LV GHpQHG DV� OLP LQI p MI�7 p [�M  �
IRU HYHU\ [ � ; � IRU HYHU\ I � ; w � ,Q >��� 7KHRUHP ���@ WKH DXWKRUV JDYH D VXr�
FLHQW FRQGLWLRQ IRU D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU WR
EH ZHDNO\ VWDEOH� +HUH ZH LPSURYH WKDW UHVXOW E\ VKRZLQJ WKDW� XQGHU WKH SRZHU
ERXQGHGQHVV DVVXPSWLRQ�

ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ LPSOLHV ZHDN TXDVLVWDELOLW\�

1RWDWLRQ DQG WHUPLQRORJ\ XVHG DERYH ZLOO EH GHpQHG LQ WKH QH[W VHFWLRQ� 7KH SDSHU
LV RUJDQL]HG LQWR pYH VHFWLRQV� 1RWDWLRQ DQG WHUPLQRORJ\ DUH VXPPDUL]HG LQ 6HF�
WLRQ �� 6XSSOHPHQWDU\ UHVXOWV RQ VXSHUF\FOLFLW\ DQG VWURQJ VWDELOLW\ UHTXLUHG LQ WKH
VHTXHO DUH FRQVLGHUHG LQ 6HFWLRQ �� 7KH PDLQ UHVXOWV DUH SURYHG LQ 6HFWLRQ �� DQG
V\QWKHVLVHG LQ &RUROODU\ ���� 7KHVH FRQFHUQ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ DQG
TXDVLVWDELOLW\ IRU SRZHU ERXQGHG RSHUDWRUV DFWLQJ RQ D QRUPHG VSDFH� 7ZR DSSOL�
FDWLRQV DUH FRQVLGHUHG LQ 6HFWLRQ �� FKDUDFWHULVLQJ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
RSHUDWRUV WKDW DUH QRW VXSHUF\FOLF �&RUROODU\ ����� DQG DOVR FKDUDFWHULVLQJ ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWULHV RQ +LOEHUW VSDFHV �&RUROODU\ �����

�� 1RW DW LRQ DQG 7 HU P LQRO RJ\

/LQHDU VSDFHV LQ WKLV SDSHU DUH DOO RYHU D JHQHULF VFDODU pHOG )� ZKLFK LV HLWKHU
5 RU &� /HW 5�/� DQG 1 �/� VWDQG IRU UDQJH DQG NHUQHO� UHVSHFWLYHO\� RI D OLQHDU
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WUDQVIRUPDWLRQ / EHWZHHQ OLQHDU VSDFHV� /HW %> ; @ GHQRWH WKH QRUPHG DOJHEUD RI DOO
ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI D QRUPHG VSDFH ; LQWR LWVHOI� (OHPHQWV RI %> ; @
ZLOO EH UHIHUUHG WR DV RSHUDWRUV� %RWK QRUPV� RQ ; DQG WKH LQGXFHG XQLIRUP QRUP RQ
%> ; @� ZLOO EH GHQRWHG E\ N c N� )RU HDFK 7 �%> ; @ WDNH LWV SRZHU VHTXHQFH I7 p J pj¤I¥ �
$Q RSHUDWRU 7 LV SRZHU ERXQGHG LI VXS p N7 p N � �� VWURQJO\ VWDEOH LI N7 p [N � �
�L�H�� 7 p [ � �� IRU HYHU\ [ � ; �QRWDWLRQ� 7 p rb� 2�� DQG RI FODVV & � c LI N7 p [N �� �
�L�H�� 7 p [ �� �� IRU HYHU\ QRQ]HUR [ � ; � ,W LV ZHDNO\ VWDEOH LI MI�7 p [�M � � IRU HYHU\
I LQ WKH GXDO ; w RI ; �L�H�� 7 p [ tb� �� IRU HYHU\ [ � ; �QRWDWLRQ� 7 p tb� 2��
6WURQJ VWDELOLW\ LPSOLHV ZHDN VWDELOLW\� ,I ; LV D %DQDFK VSDFH� WKHQ ZHDN VWDELOLW\
LPSOLHV SRZHU ERXQGHGQHVV �E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP�� :H VD\ WKDW DQ
RSHUDWRU 7 �%> ; @ RQ D QRUPHG VSDFH ; LV ZHDNO\ TXDVLVWDEOH LI� IRU HDFK [ � ; �

OLP LQI p MI�7 p [�M  � IRU HYHU\ I � ; w �
,Q SDUWLFXODU� HYHU\ ZHDNO\ VWDEOH RSHUDWRU LV ZHDNO\ TXDVLVWDEOH�

7KH ZHDN OLPLW VHW $ q t%u RI D VXEVHW $ RI D QRUPHG VSDFH ; LV WKH VHW RI DOO ZHDN
OLPLWV RI ZHDNO\ FRQYHUJHQW $�YDOXHG VHTXHQFHV� WKDW LV�

$ q t%u  j

[ � ; � [  Z � OLP[ p ZLWK [ p � $
k

�

5HPDUN ���� /HW $ EH D VHW LQ D QRUPHG VSDFH ; � ,WV FORVXUH �LQ WKH QRUP WRSRO�
RJ\ RI ; � LV GHQRWHG E\ $ q DQG LWV ZHDN FORVXUH �LQ WKH ZHDN WRSRORJ\ RI ; � LV
GHQRWHG E\ $ q t � VR WKDW $ LV GHQVH �LQ WKH QRUP WRSRORJ\� RU ZHDNO\ GHQVH �LQ WKH
ZHDN WRSRORJ\� LI $ q  ; RU $ q t  ; � UHVSHFWLYHO\� $ VHW $ LV ZHDNO\ VHTXHQWLDOO\
FORVHG LI HYHU\ $�YDOXHG ZHDNO\ FRQYHUJHQW VHTXHQFH KDV LWV OLPLW LQ $� /HW WKH ZHDN
VHTXHQWLDO FORVXUH RI $ EH GHQRWHG E\ $ q t r � ZKLFK LV WKH VPDOOHVW �L�H�� WKH LQWHUVHF�
WLRQ RI DOO� ZHDNO\ VHTXHQWLDOO\ FORVHG VXEVHW RI ; LQFOXGLQJ $� 6R $ LV ZHDNO\
VHTXHQWLDOO\ GHQVH LI $ q t r  ; � &RQVLGHU WKH DERYH GHpQLWLRQ RI WKH ZHDN OLPLW VHW
$ q t�u RI $ �WKH VHW RI DOO ZHDN OLPLWV RI ZHDNO\ FRQYHUJHQW $�YDOXHG VHTXHQFHV��:H
VD\ WKDW D VHW $ LV ZHDNO\ O�VHTXHQWLDOO\ GHQVH LI $ q t%u  ; � ,W LV NQRZQ WKDW

$ q v $ q t%u v $ q t r v $ q t �
DQG WKH LQFOXVLRQV PD\ EH SURSHU LQ JHQHUDO �VHH� H�J�� >��� SS������@� >�� SS��������@�
>�� SS������@�� 7KHUHIRUH LI $ LV GHQVH LQ WKH QRUP WRSRORJ\ �L�H�� $ q  ; �� WKHQ LW
LV GHQVH ZLWK UHVSHFW WR DOO QRWLRQV RI GHQVHQHVV GHpQHG DERYH� 5HFDOO WKDW LI D VHW
$ LV FRQYH[� WKHQ $ q  $ q t �VHH� H�J�� >��� 7KHRUHP ������@�� 7KXV LI $ LV FRQYH[�
WKHQ WKH DERYH LQFOXVLRQV EHFRPH D FKDLQ RI LGHQWLWLHV� DQG VR IRU D FRQYH[ VHW DOO
WKH DERYH QRWLRQV RI GHQVHQHVV FRLQFLGH�

7KH RUELW 2 o �\� RI D YHFWRU \ � ; XQGHU DQ RSHUDWRU 7 �%> ; @ LV WKH VHW

2 o �\�  >

pj¤I¥ I7 p \J  
j

7 p \ � ; � IRU HYHU\ LQWHJHU Q y �
k

�

$ YHFWRU \ LQ ; LV D F\FOLF YHFWRU IRU 7 LI WKH VSDQ RI LWV RUELW LV GHQVH LQ ; �
b

VSDQ2 o �\�c q  ; �

$Q RSHUDWRU 7 LV D F\FOLF RSHUDWRU LI LW KDV D F\FOLF YHFWRU� 6LQFH VSDQ2 o �\� LV FRQ�
YH[�

b

VSDQ2 o �\�c q  b

VSDQ2 o �\�c q t � DQG VR WKH QRWLRQ RI F\FOLFLW\ LV WKH VDPH LQ
WKH QRUP DQG LQ WKH ZHDN WRSRORJLHV �L�H�� F\FOLFLW\ FRLQFLGHV ZLWK ZHDN F\FOLFLW\��

/HW >[@  VSDQI[J GHQRWH WKH RQH�GLPHQVLRQDO VXEVSDFH RI ; VSDQQHG E\ D VLQ�
JOHWRQ I[J DW D YHFWRU [ � ; � 7KH SURMHFWLYH RUELW RI D QRQ]HUR YHFWRU \ � ; XQGHU
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DQ RSHUDWRU 7 � %> ; @ LV WKH RUELW 2 o �>\@�  6

pj¤I¥ 7 p �>\@� RI WKH VSDQ RI I\J�
2 o �>\@�  j

o7 p \ � ; � IRU HYHU\ o � ) DQG HYHU\ LQWHJHU Q y �
k

�

$ YHFWRU \ LQ ; LV D VXSHUF\FOLF YHFWRU IRU 7 LI LWV SURMHFWLYH RUELW 2 o �>\@� LV GHQVH
LQ ; � WKDW LV� LI WKH RUELW RI WKH VSDQ RI I\J LV GHQVH LQ ; �

2 o �>\@� q  ; �

6LQFH WKH QRUP WRSRORJ\ LV PHWUL]DEOH� D QRQ]HUR YHFWRU \ LQ ; LV VXSHUF\FOLF IRU DQ
RSHUDWRU 7 LI DQG RQO\ LI IRU HYHU\ [ LQ ; WKHUH H[LVWV DQ )�YDOXHG VHTXHQFH Io ® J ® ¤I¥
�ZKLFK GHSHQGV RQ [ IRU HDFK \ DQG FRQVLVWV RI QRQ]HUR QXPEHUV LI [ � �� VXFK WKDW
IRU VRPH VHTXHQFH I7 pn¯ J ® ¤I¥ ZLWK HQWULHV IURP WKH VHTXHQFH I7 p J pj¤I¥ � WKH ; �YDOXHG
VHTXHQFH Io ® 7 pn¯ \J ® ¤�¥ FRQYHUJHV WR [ �LQ WKH QRUP WRSRORJ\�� IRU HYHU\ [ � ; �

o ® 7 pn¯ \ � [ �L�H�� No ® 7 pn¯ \ b [N � ���

$Q RSHUDWRU 7 LV D VXSHUF\FOLF RSHUDWRU LI LW KDV D VXSHUF\FOLF YHFWRU�

7KH ZHDN YHUVLRQ RI WKH DERYH FRQYHUJHQFH FULWHULRQ OHDGV WR WKH QRWLRQ RI ZHDN
O�VHTXHQWLDO VXSHUF\FOLFLW\� $ QRQ]HUR \ LQ ; LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF

YHFWRU IRU 7 LI IRU HYHU\ [ LQ ; WKHUH LV DQ )�YDOXHG VHTXHQFH Io ® J ® ¤�¥ VXFK WKDW
IRU VRPH VHTXHQFH I7 pn¯ J ® ¤I¥ ZLWK HQWULHV IURP I7 p J pj¤I¥ � WKH ; �YDOXHG VHTXHQFH
Io ® 7 pn¯ \J ® ¤I¥ FRQYHUJHV ZHDNO\ WR [� ,Q RWKHU ZRUGV� LI IRU HYHU\ [ � ; �

o ® 7 p ¯ \ tb� [ �L�H�� I�o ® 7 p ¯ \ b [�� � IRU HYHU\ I � ; w ��
7KH )�YDOXHG VHTXHQFH Io ® J ® ¤I¥ GHSHQGV RQ [ IRU HDFK ZHDNO\ O�VHTXHQWLDOO\ VXSHU�
F\FOLF YHFWRU \� DQG HDFK o ®  o ® �[� LV QRQ]HUR ZKHQHYHU [ � �� 7KH DERYH GLV�
SOD\HG FRQYHUJHQFH PHDQV WKDW WKHUH DUH Io ® J ® ¤I¥  Io ® �[�J ® ¤I¥ DQG I7 pn¯ J ® ¤I¥  
I7 p ¯N°D±�² J ® ¤I¥ �GHSHQGLQJ RQ [ IRU HDFK \ EXW QRW RQ I� VXFK WKDW� IRU HDFK [� ; �

o ® �[�I�7 p ¯N°D±�² \�� I�[� IRU HYHU\ I � ; w �
(TXLYDOHQWO\� WKH SURMHFWLYH RUELW 2 o �>\@� RI \ XQGHU 7 LV ZHDNO\ O�VHTXHQWLDOO\ GHQVH
LQ ; LQ WKH VHQVH WKDW WKH ZHDN OLPLW VHW RI 2 o �>\@� FRLQFLGHV ZLWK ; �

2 o �>\@� q t%u  ; �

$Q RSHUDWRU 7 LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU LI LW KDV D ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU�

7KH DERYH QRWLRQV DUH UHODWHG DV IROORZV�

³/´jµ�¶�·�¸#¹�¸Fº�» ¸  � ¼ ¶�½j¾�º2¹¿ºNÀP³/¶#Á�´n¶�ÂnÃF» ½jº�º<¹¿³/´nµ#¶�·�¸#¹�¸Fº�» ¸  � ¸#¹�¸Fº�» ¸
�HYHU\ VXSHUF\FOLF YHFWRU IRU 7 LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7 �
ZKLFK LV D F\FOLF YHFWRU IRU 7 �� DQG WKH FRQYHUVHV IDLO� )RU D FRPSDULVRQ EHWZHHQ
WKHVH DQG IXUWKHU QRWLRQV RI F\FOLFLW\ �LQFOXGLQJ K\SHUF\FOLFLW\� ZHDN K\SHUF\FOLF�
LW\� ZHDN VHTXHQWLDO VXSHUF\FOLFLW\� DQG ZHDN VXSHUF\FOLFLW\� VHH� IRU LQVWDQFH� >���
SS������@� >�� SS��������@� >�� SS��������@� >��� SS���������@� >��� SS������������@�
:HDN O�VHTXHQWLDO VXSHUF\FOLFLW\ LV WKH FHQWUDO WKHPH LQ WKLV SDSHU� ,W KDV EHHQ
FRQVLGHUHG LQ >�@ �DOVR LQ >�@ LPSOLFLWO\�� DQG GLVFXVVHG LQ >��@� >��@ DQG >��@�

5HPDUN ���� �D� (YHU\ QRQ]HUR YHFWRU LV WULYLDOO\ VXSHUF\FOLF IRU HYHU\ RSHUDWRU
RQ D RQH�GLPHQVLRQDO VSDFH� DQG DOO IRUPV RI F\FOLFLW\ LPSO\ VHSDUDELOLW\ IRU DQ\
QRUPHG VSDFH ; � 6R ZH DVVXPH KHUH WKDW

DOO QRUPHG VSDFHV DUH VHSDUDEOH DQG KDYH GLPHQVLRQ JUHDWHU WKDQ RQH�
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�E� 7DNH � � [ � ; � ,I [ � 2 o �>\@�� WKHQ I7 pn¯ J ® ¤�¥ FDQ EH YLHZHG DV D FRQVWDQW �LQ�
pQLWH� VHTXHQFH RU� HTXLYDOHQWO\� DV D RQH�HQWU\ �WKXV pQLWH� VXEVHTXHQFH RI I7 p J pj¤I¥
�L�H�� [  o ¥ 7 p�Å \ IRU VRPH o ¥ � � DQG VRPH Q ¥ y ��� ,Q WKLV FDVH� ERWK IRUPV RI VX�
SHUF\FOLFLW\ �L�H�� o ® 7 pn¯ \ � [ DQG o ® 7 pn¯ \ tb� [� FRLQFLGH� ZKHUH FRQYHUJHQFH RI
I7 pn¯ \J ® ¤�¥ PHDQV HYHQWXDOO\ UHDFKHG� 7KXV� LQ JHQHUDO� ZH XVH WKH H[SUHVVLRQ

I7 p ¯ J ® ¤I¥ LV VHTXHQFH ZLWK HQWULHV IURP I7 p J pj¤I¥ �
+RZHYHU� LI [ �� 2 o �>\@�� WKLV PHDQV I7 pn¯ J ® ¤I¥ LV D VXEVHTXHQFH RI I7 p J pj¤I¥ �
�F� /HW 7 EH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU� DQG OHW \ EH DQ\ ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7� 7KHQ IRU HYHU\ [ WKHUH H[LVWV Io ® �[�J ® ¤I¥
IRU ZKLFK I�[�  OLP ® o ® �[�I�7 pn¯ °D±�² \� IRU HYHU\ I � IRU VRPH VHTXHQFH I7 pn¯ °D±�² J ® ¤I¥
ZLWK HQWULHV IURP I7 p J pj¤I¥ � 1RWH WKDW

LI 7 LV SRZHU ERXQGHG� WKHQ Io ® �[�J ® ¤I¥ FDQQRW EH XQLIRUPO\ ERXQGHG�

7KDW LV� LI VXS p N7 p N � � �HTXLYDOHQWO\� LI VXS p N7 p [N � � IRU HYHU\ [ LQ D %DQDFK
VSDFH E\ WKH %DQDFK^6WHLQKDXV 7KHRUHP�� WKHQ LW LV QRW WUXH WKDW Io ® �[�J ® ¤I¥ LV
VXFK WKDW VXS ± VXS ® Mo ® �[�M � �� �,QGHHG� LI 7 LV SRZHU ERXQGHG DQG LI Io ® �[�J ® ¤I¥
LV ERXQGHG IRU HDFK [� WKHQ VHW p  VXS p N7 p N DQG q�[�  VXS ® Mo ® �[�M IRU HDFK
[� VR WKDW MI�[�M x p q�[�NINN\N IRU HYHU\ I � DQG WKLV OHDGV WR D FRQWUDGLFWLRQ LI
VXS ± q�[� � � ZKHQHYHU MI�[�M LV ODUJH HQRXJK� ZKLFK FDQ DOZD\V EH DWWDLQHG IRU
DQ DUELWUDU\ I VLQFH OLQHDU IXQFWLRQDOV DUH VXUMHFWLYH��

�� 6XSHU F \F O LF LW \ DQG 6W U RQJ 6W DELO LW \

7KH IROORZLQJ UHVXOW ZDV SURYHG LQ >�� 7KHRUHP ���@�

3URSRVLWLRQ ���� >�@ $ SRZHU ERXQGHG VXSHUF\FOLF RSHUDWRU RQ D QRUPHG VSDFH LV

QRW RI FODVV & � c�
7KLV PHDQV WKDW LI 7 �%> ; @ LV VXFK WKDW VXS p N7 p N � �� DQG LI WKHUH H[LVWV

D YHFWRU \ � ; VXFK WKDW o ® �[�7 p ¯ \ � [ IRU HYHU\ [ � ; � IRU VRPH )�YDOXHG VH�

TXHQFH Io ® �[�J ® ¤I¥ �L�H�� VRPH VHTXHQFH RI QXPEHUV WKDW DUH QRQ]HUR ZKHQHYHU [
LV QRQ]HUR� DQG VRPH VHTXHQFH I7 pn¯ °D±�² J ® ¤I¥ ZLWK HQWULHV IURP I7 p J pj¤I¥ �ERWK GH�
SHQGLQJ RQ [ IRU HDFK \�� WKHQ WKHUH H[LVWV D QRQ]HUR ] � ; IRU ZKLFK 7 p ] � ��

8VLQJ WKH DERYH SURSRVLWLRQ� PRUH ZDV SURYHG LQ >�� 7KHRUHP ���@� QDPHO\� LI
7 �%> ; @ LV VXFK WKDW VXS p N7 p N � �� DQG LI WKHUH H[LVWV D YHFWRU \ � ; VXFK WKDW

o ® �[�7 pn¯ \ � [ IRU HYHU\ [ � ; � IRU VRPH VHTXHQFH RI QXPEHUV Io ® �[�J ® ¤I¥ DQG

VRPH VHTXHQFH I7 pn¯ °D±�² J ® ¤I¥ ZLWK HQWULHV IURP I7 p J pj¤I¥ � WKHQ 7 p ] � � IRU HYHU\

] � ; � ,Q RWKHU ZRUGV� WKH UHVXOW LQ >�� 7KHRUHP ���@ PD\ EH UHDG DV IROORZV�

3URSRVLWLRQ ���� >�@ $ SRZHU ERXQGHG VXSHUF\FOLF RSHUDWRU RQ D QRUPHG VSDFH LV

VWURQJO\ VWDEOH�

6LQFH VXSHUF\FOLFLW\ LPSOLHV ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\� DQG VWURQJ VWDELOLW\
LPSOLHV ZHDN VWDELOLW\� 3URSRVLWLRQ ��� SURPSWV WKH TXHVWLRQ� GRHV ZHDN O�VHTXHQWLDO

VXSHUF\FOLFLW\ LPSO\ ZHDN VWDELOLW\ IRU D SRZHU ERXQGHG RSHUDWRU " 7KH UHODWLRQVKLSV
DURXQG WKLV TXHVWLRQ DUH VXPPDUL]HG LQ WKH IROORZLQJ GLDJUDP�

2 o �>\@� q  ;  � 7 pÆrb� 2
Z

�

Z

�

2 o �>\@� q t%u  ;
Ç
 � 7 pÈtb� 2 �
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,Q RWKHU ZRUGV�

7 » ³m³/´jµ�¶�·�¸#¹�¸Fº�» ¸  � 7 » ³m³MÃn·�Ê�ÂnË�º<¹¿³MÃN½jÌ�ºN¶
Z

�

Z

�

7 » ³ ¼ ¶�½j¾�º2¹¿ºNÀP³>¶�Á�´n¶�ÂnÃF» ½jº�º<¹¿³/´nµ#¶�·�¸#¹�¸Fº�» ¸
Ç
 � 7 » ³ ¼ ¶�½j¾�º2¹¿³/ÃN½jÌ�º�¶ �

7KH DERYH GLVSOD\HG TXHVWLRQ �RULJLQDOO\ SRVHG LQ >��@� UHPDLQV RSHQ LQ JHQHUDO�
7KHUH DUH� KRZHYHU� DrUPDWLYH DQVZHUV IRU SDUWLFXODU FODVVHV RI RSHUDWRUV� )RU
LQVWDQFH� LI DQ RSHUDWRU LV FRPSDFW� WKHQ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ FRLQFLGHV
ZLWK VXSHUF\FOLFLW\ >��� 7KHRUHP ���@� ZKLFK LPSOLHV VWURQJ VWDELOLW\ �3URSRVLWLRQ
����� ZKLFK LQ WXUQ LPSOLHV ZHDN VWDELOLW\ _ DFWXDOO\� LQ WKLV FDVH ZH JHW XQLIRUP
VWDELOLW\ >��� 7KHRUHP ���@� :H SURYH LQ &RUROODU\ ��� EHORZ WKH IROORZLQJ SDUWLFXODU
YHUVLRQ RI WKH DERYH TXHVWLRQ IRU DUELWUDU\ SRZHU ERXQGHG RSHUDWRUV�

7 » ³ ¼ ¶�½j¾�º<¹¿º�À:³/¶�Á�´n¶#ÂFÃn» ½jºNº2¹¿³/´jµ�¶�·�¸#¹�¸Fº�» ¸  � 7 » ³ ¼ ¶�½j¾�º<¹¿Á�´F½j³/» ³MÃN½jÌ�ºN¶ �

�� 0 DLQ 5HVXO W V

)URP QRZ RQ OHW < o v ; GHQRWH WKH VHW RI DOO ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF
YHFWRUV \ IRU DQ RSHUDWRU 7 RQ D QRUPHG VSDFH ; �

< o  j

\ � ; � 2 o �>\@� q t�u  ;
k

 
j

\ � ; � � [� � Io ® J � o ® 7 pn¯ \ tb� [
k

�

VR WKDW � �� < o � DQG 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LI DQG RQO\ LI < o � "�

2EVHUYH WKDW < o > I�J LV D 7 �LQYDULDQW FRQH� �,QGHHG� LI \ � < o � WKHQ 7\ � � DQG
HYHU\ QRQ]HUR YHFWRU LQ 2 o �>\@� OLHV LQ < o >�� /HPPD ���@� LQ SDUWLFXODU� 7\ OLHV LQ
< o � DQG o\ � < o IRU HYHU\ QRQ]HUR o � ) WULYLDOO\��

7KHRUHP ���� 6XSSRVH DQ RSHUDWRU 7 RQ D QRUPHG VSDFH ; LV ZHDNO\ O�VHTXHQWLDOO\

VXSHUF\FOLF� 7DNH DQ DUELWUDU\ \ � < o �
�D� ,I WKHUH H[LVWV DQ I ¥ � ; w VXFK WKDW OLP LQI p MI ¥ �7 p \�M ! �� WKHQ IRU HYHU\

[ � ; WKHUH H[LVWV D ERXQGHG VHTXHQFH RI VFDODUV Io Í �[�J Í ¤I¥ VXFK WKDW

o Í �[�I�7 p#Î °D±�² \�� I�[� IRU HYHU\ I � ; w �
�E� ,I IRU VRPH [ � ; WKHUH H[LVWV D ERXQGHG VFDODU VHTXHQFH Io Í �[�J Í ¤I¥ VXFK WKDW

o Í �[�I�7 p#Î °D±�² \�� I�[� IRU HYHU\ I � ; w � WKHQ WKHUH LV D FRQYHUJHQW VFDODU

VHTXHQFH Io ® �[�J ® ¤�¥ VXFK WKDW o ® �[�I�7 pn¯ °D±�² \�� I�[� IRU HYHU\ I � ; w �
�F� 6XSSRVH WKH RSHUDWRU 7 LV SRZHU ERXQGHG� ,I IRU VRPH QRQ]HUR [ � ; WKHUH H[�

LVWV D FRQYHUJHQW VHTXHQFH RI VFDODUV Io ® �[�J ® ¤�¥ � VD\ OLP ® o ® �[�  o�[� � )�
IRU ZKLFK OLP ® o ® �[�I�7 pn¯ °D±�² \�  I�[� IRU HYHU\ I � ; w � WKHQ o�[� � � DQG

o�[� OLP ® I�7 pj¯ °D±�² \�  I�[� IRU HYHU\ I � ; w �
�G� 6XSSRVH WKHUH LV D IXQFWLRQDO o � ; � ) VXFK WKDW o�[� � � ZKHQHYHU [ � �

DQG� IRU HDFK [ � ; � o�[� OLP ® I�7 pn¯ °D±�² \�  I�[� IRU HYHU\ I � ; w � 7KHQ

OLP LQI p MI�7 p \�M  � IRU HYHU\ I � ; w �
3URRI� /HW 7 EH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D QRUPHG VSDFH ; �
DQG p[ DQ DUEULWUDU\ YHFWRU \ � < o � "�

�D� 7DNH DQ DUELWUDU\ [ LQ ; � %\ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ WKHUH LV D VHTXHQFH
Io Í �[�J Í ¤�¥ VXFK WKDW o Í �[�I�7 p#Î °D±�² \�� I�[�� DQG VR Mo Í �[�M MI�7 p#Î °D±�² \�M � MI�[�M�
IRU HYHU\ I � ; w � 6XSSRVH WKHUH LV DQ I ¥ � ; w IRU ZKLFK OLP LQI p MI ¥ �7 p \�M! ��7KHQ
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IRU HYHU\ � LQ ��� OLP LQI p MI ¥ �7 p \�M� WKHUH LV DQ LQWHJHU Q Ð ! � VXFK WKDW Q y Q Ð LP�
SOLHV � � MI ¥ �7 p \�M� 7KXV� VLQFH OLP Í Mo Í �[�M MI ¥ �7 p#Î °D±�² \�M MI ¥ �[�M LV D UHDO QXPEHU�
OLP VXS Í Mo Í �[�M��� �,QGHHG� � OLP VXS Í Mo Í �[�M � OLP VXS Í Mo Í �[�M MI ¥ �7 p�Î ° ±�² \�M  
MI ¥ �[�M IRU Q Í �[� ODUJH HQRXJK _ UHFDOO� Io Í �[�J Í ¤I¥ GHSHQGV RQ [ EXW QRW RQ I�� 6R

Io Í �[�J Í ¤I¥ LV ERXQGHG�
�E� ,I Io Í �[�J Í ¤I¥ LV ERXQGHG� WKHQ �%RO]DQR^:HLHUVWUDVV� WKHUH H[LVWV D VXEVHTXHQFH
Io ® �[�J ® ¤I¥  Io Í ¯ �[�J ® ¤I¥ RI WKH VHTXHQFH RI VFDODUV Io Í �[�J Í ¤�¥ VXFK WKDW

Io ® �[�J ® ¤�¥ FRQYHUJHV�
0RUHRYHU� o ® �[�I�7 pn¯ °D±�² \�� I�[�� ,QGHHG� VLQFH o Í �[�I�7 p#Î °D±�² \�� I�[� IRU HYHU\

I LQ ; w � WKH FRQYHUJHQFH KROGV IRU HYHU\ VXEVHTXHQFH RI Io Í �[�I�7 p Î °D±�² \�J� LQ SDU�
WLFXODU� LW KROGV IRU Io ® �[�I�7 pn¯ °D±�² \�J� ZKHUH I7 pn¯ °D±�² J ® ¤I¥  I7 p Î ¯ °D±�² J ® ¤I¥ LV WKH
DVVRFLDWHG VXEVHTXHQFH RI I7 p#Î �[�J Í ¤I¥ �
�F� 7DNH DQ DUELWUDU\ [ � ; � /HW o�[� � ) EH WKH OLPLW RI D FRQYHUJHQW VHTXHQFH
Io ® �[�J ® ¤I¥ RI VFDODUV IRU ZKLFK o ® �[�I�7 pn¯ °D±�² \�� I�[� IRU HYHU\ I � ; w �ZKHUH
Io ® �[�J ® ¤I¥ DQG Q ® �[� GR QRW GHSHQG RQ I�� )URP WKH +DKQ^%DQDFK 7KHRUHP� LI
[ � �� WKHQ WKHUH H[LVWV I � � ; w VXFK WKDW I � �[� � � �DV N[N  VXS Ñ2ÒnÑ2Ó � MI�[�M ��
6LQFH 7 LV SRZHU ERXQGHG� VHW p  VXS p N7 p N� 7KXV LI [ � �� WKHQ

� � MI � �[�M  OLP ® Mo ® �[�M MI � �7 pn¯ °D±�² \�M
x Mo�[�M OLP VXS ® MI � �7 pn¯ ° ±�² \�M x p Mo�[�MNI � NN\N � ��

DQG KHQFH o�[� � �� 6XPPLQJ XS�

[ � � LPSOLHV o�[� � ��

%\ GHpQLWLRQ� IRU [ � � WKH VHTXHQFH Io ® �[�J ® ¤I¥ LV VXFK WKDW o ® �[� � � IRU HYHU\
N y �� 7KXV LI [ � �� WKHQ � � o ® �[�� o�[� � �� DQG VR o ® �[� q � � o�[� q � � 6LQFH
o ® �[�I�7 pj¯ °D±�² \�� I�[�� ZH JHW I�7 pj¯ °D±�² \�  Ô ¯ °D±�² Ò ° o�Õ ¯NÖ ×4ØDÙ ²Ô ¯ °D±�² �

Ò °D±�²Ô °D±�² � DQG VR
o�[� OLP ® I�7 p ¯N°D±�² \�  I�[� IRU HYHU\ I � ; w �

�G� :H NQRZ IURP OLQHDU DOJHEUD WKDW WKHUH LV QR LQMHFWLYH OLQHDU IXQFWLRQDO RQ D OLQ�
HDU VSDFH RI GLPHQVLRQ JUHDWHU WKDQ RQH �UHFDOO� ZH DUH DVVXPLQJ GLP ; ! ��� 7DNH
DQ DUELWUDU\ � � I � ; w � 1RZ WDNH D QRQ]HUR [ ¥ � ; LQ WKH NHUQHO 1 �I� � I�J RI I �

�G � � ,I [ ¥ � 2 o �>\@�� WKHQ [ ¥  o ¥ 7 p�Å \ IRU VRPH VFDODU o ¥ � � DQG VRPH QRQQHJ�
DWLYH LQWHJHU Q ¥ � 6R o ¥ I�7 p Å \�  I�[ ¥ �  �� 7KHQ I�7 p Å \�  �� %XW WKLV FDQQRW
KROG IRU HYHU\ I � ; w �VLQFH WKHUH LV QR � � ] � ; IRU ZKLFK I�]�  � IRU HYHU\
I � ; w �� 7KXV IRU HDFK QRQ]HUR I � ; w WKHUH H[LVWV D QRQ]HUR [ ¥ � 1 �I�Q2�>\@��

�G � � 7KHQ VXSSRVH [ ¥ �� 2�>\@�� 7KHUHIRUH o�[ ¥ � OLP ® I�7 pn¯ °D±NÅ4² \�  I�[ ¥ � IRU VRPH
VXEVHTXHQFH I7 p ¯�°D±�ÅG² J ® ¤I¥ RI I7 p J p�¤�¥ � 6LQFH o�[ ¥ � � �� DQG VLQFH

o�[ ¥ � OLP ® I�7 pn¯ ° ±NÅG² \�  I�[ ¥ �  ��
ZH JHW OLP ® I�7 pn¯ °D± Å ² \�  �� 7KHQ IRU DQ DUELWUDU\ � � I � ; w WKHUH LV D VXEVH�
TXHQFH RI II�7 p \�J FRQYHUJLQJ WR ]HUR� 6R OLP LQI p MI�7 p \�M � IRU HYHU\ I � ; w �
%HIRUH KDUYHVWLQJ WKH FRUROODULHV ZH QHHG WKH IROORZLQJ OHPPD�

/HPPD ���� /HW 7 EH D SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU

RQ D QRUPHG VSDFH ; �
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�D� 7 LV ZHDNO\ VWDEOH LI DQG RQO\ LI 7 p \ tb� � IRU HYHU\ \ � < o
�L�H�� LI DQG RQO\ LI OLP p MI�7 p \�M  � IRU HYHU\ I � ; w � IRU HYHU\ \ � < o ��

�E� 7 LV ZHDNO\ TXDVLVWDEOH LI DQG RQO\ LI OLP LQI p MI�7 p \�M  � IRU HYHU\ I � ; w �
IRU HYHU\ \ � < o �

3URRI� 7KDW WKH VHW RI ZHDNO\ VXSHUF\FOLF YHFWRUV LV GHQVH LQ WKH QRUP WRSRORJ\
ZDV VKRZQ LQ >��� 3URSRVLWLRQ ��� @� 7KLV KDV EHHQ H[WHQGHG WR WKH VHW RI ZHDNO\
O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRUV LQ >�� 7KHRUHP ���@� VR WKDW

< o � "  � < qo  ; �DQG VR < q t�uo  ; ��

7DNH DQ DUELWUDU\ [ LQ ; � 6LQFH < qo  ; � WKHUH H[LVWV D < o �YDOXHG VHTXHQFH I\ ® J
VXFK WKDW N\ ® b [N � �� ,I OLP p MI�7 p \�M  � �RU OLP LQI p MI�7 p \�M  �� IRU HYHU\ I

LQ ; w DQG IRU HYHU\ \ LQ < o � WKHQ OLP p MI�7 p \ ® �M  � �RU OLP LQI p MI�7 p \ ® �M  �� IRU
HYHU\ I LQ ; w DQG IRU HDFK LQWHJHU N� 7KXV� VLQFH 7 LV SRZHU ERXQGHG� DQG VLQFH

MI�7 p [�M x MI�7 p �\ ® b [��M� MI�7 p \ ® �M x NIN VXS p N7 p NN\ ® b [N� MI�7 p \ ® �M
IRU HYHU\ I � ; w DQG [ � ; � ZH JHW OLP p MI�7 p [�M � � �RU OLP LQI p MI�7 p [�M  �� IRU
HYHU\ I � ; w DQG HYHU\ [ � ; � +HQFH OLP p MI�7 p \�M  � �RU OLP LQI p MI�7 p \�M  ��
IRU HYHU\ I � ; w DQG HYHU\ \ � < o LPSOLHV 7 LV ZHDNO\ VWDEOH �RU ZHDNO\ TXD�
VLVWDEOH�� DQG WKH FRQYHUVH �LQ ERWK FDVHV� LV WULYLDO�

7KH UHVXOW EHORZ FRQVLVWV RI DQ LPSURYHPHQW RYHU >��� 7KHRUHP ���@� HQVXULQJ
WKDW ZHDN TXDVLVWDELOLW\ DOZD\V KDSSHQV IRU ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU
ERXQGHG RSHUDWRUV DFWLQJ RQ DUELWUDU\ QRUPHG VSDFHV�

&RUROODU\ ���� (YHU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF SRZHU ERXQGHG RSHUDWRU RQ

D QRUPHG VSDFH LV ZHDNO\ TXDVLVWDEOH �

3URRI� /HW 7 EH D SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU RQ D
QRUPHG VSDFH ; � 7DNH DQ DUELWUDU\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU \ LQ < o �
7KHRUHP ��� HQVXUHV WKDW LI WKHUH H[LVWV I ¥ � ; w VXFK WKDW OLP LQI p MI ¥ �7 p \�M ! ��
WKHQ OLP LQI p MI�7 p \�M  � IRU HYHU\ I � ; w � ZKLFK LV D FRQWUDGLFWLRQ� 6R LI D SRZHU
ERXQGHG RSHUDWRU 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF� WKHQ OLP LQI p MI�7 p \�M  �
IRU HYHU\ I � ; w � IRU HYHU\ \ � < o � 7KXV 7 LV ZHDNO\ TXDVLVWDEOH E\ /HPPD ����E��
&RUROODU\ ���� ,I 7 LV D SRZHU ERXQGHG RSHUDWRU RQ D QRUPHG VSDFH� WKHQ

2 o �>\@� q t�u  ; IRU VRPH \ � ;  � � � 2 o �[� q t�u IRU HYHU\ [ � ; �

3URRI� 6XSSRVH < o � " DQG WDNH DQ DUELWUDU\ \ � < o � 1RZ WDNH DQ DUELWUDU\ [ � ; �

,I 7 LV D SRZHU ERXQGHG RSHUDWRU RQ ; � WKHQ &RUROODU\ ��� VD\V WKDW 2 o �>\@� q t%u  ;
LPSOLHV OLP LQI p MI�7 p [�M  � IRU HYHU\ I � ; w � 7KLV PHDQV WKDW WKHUH LV DQ ; �YDOXHG
VXEVHTXHQFH I7 p Î [J Í ¤I¥ RI I7 p [J pj¤�¥ �ZKLFK DFWXDOO\ LV DQ 2 o �[��YDOXHG VHTXHQFH
WKDW GRHV QRW GHSHQG RQ I� VXFK WKDW OLP Í MI�7 p#Î [�M  � IRU HYHU\ I � ; w � 7KDW
LV� 7 p#Î [ tb� �� VR WKDW ]HUR LV D ZHDN OLPLW RI WKH ZHDNO\ FRQYHUJHQW 2 o �[��YDOXHG
VHTXHQFH I7 p#Î [J Í ¤I¥ � ZKLFK LQ WXUQ PHDQV WKDW � � 2 o �[� q t�u �

�� $SSO LF DW LRQV

$ 5DGRQ^5LHV] VSDFH LV D QRUPHG VSDFH ; IRU ZKLFK WKH IROORZLQJ SURSHUW\ KROGV�
DQ ; �YDOXHG VHTXHQFH I[ p J p�¤�¥ FRQYHUJHV VWURQJO\ �L�H�� FRQYHUJHV LQ WKH QRUP WRSRO�
RJ\� LI DQG RQO\ LI LW FRQYHUJHV ZHDNO\ DQG WKH VHTXHQFH RI QRUPV IN[ p NJ pj¤I¥ FRQ�
YHUJHV WR WKH QRUP RI WKH OLPLW �VHH� H�J�� >��� 'HpQLWLRQ ������@�� ,Q RGHU ZRUGV� D
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QRUPHG VSDFH ; LV D 5DGRQ^5LHV] VSDFH LI� IRU DQ DUELWUDU\ ; �YDOXHG VHTXHQFH I[ p J�
[ p � [ ��

j

[ ®Ütb� [ DQG N[ p N � N[N
k

�

+LOEHUW VSDFHV DUH 5DGRQ^5LHV] VSDFHV �FI� >�� 3UREOHP ��� S���@��

/HPPD ���� /HW ; EH D 5DGRQ^5LHV] VSDFH� ,I DQ ; �YDOXHG VHTXHQFH I[ p J pj¤I¥
FRQYHUJHV ZHDNO\ WR [ � ; EXW QRW VWURQJO\ �L�H�� [ p tb� [ DQG [ p �� [�� WKHQ

N[N x OLP LQI p N[ p N � OLP VXS p N[ p N�
3URRI� ,I ; LV D QRUPHG VSDFH� WKHQ [ p tb� [ LPSOLHV N[N x OLP LQI p N[ p N �VHH� H�J��
>�� 3URSRVLWLRQ ����@ _ FRPSDUH ZLWK >�� 3UREOHP ��� S���@ _ QRUP LV ZHDNO\ ORZHU
VHPLFRQWLQXRXV�� 7KXV LI [ p �� [ DQG ; LV D 5DGRQ^5LHV] VSDFH� WKHQ N[ p N �� N[N
E\ WKH DERYH GLVSOD\HG HTXLYDOHQFH� DQG WKLV LPSOLHV WKDW IN[ p NJ pj¤I¥ GRHV QRW FRQ�
YHUJH� DQG KHQFH OLP LQI p N[ p N � OLP VXS p N[ p N� 7KLV FRQFOXGHV WKH SURRI�
$V &RUROODU\ ��� VXSSOLHG DQ LPSURYHPHQW RYHU >��� 7KHRUHP ���@� WKH UHVXOW

EHORZ VXSSOLHV DQ LPSURYHPHQW RYHU >��� 7KHRUHP ���@� LQ WKH VHQVH WKDW LW RoHUV D
VKDUSHU FRQGLWLRQ IRU GLVWLQJXLVKLQJ ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\ IURP �VWURQJ�
VXSHUF\FOLFLW\� 6XSSRVH 7 LV D SRZHU ERXQGHG ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RS�
HUDWRU RQ D 5DGRQ^5LHV] VSDFH ; ZKLFK LV QRW VXSHUF\FOLF� 7DNH DQ DUELWUDU\ \ LQ
< o VR WKDW� IRU HDFK [ � ; � WKHUH LV D VHTXHQFH RI VFDODUV Io ® �[�J ® ¤I¥ IRU ZKLFK
o ® �[�7 pn¯ °D±�² \ tb� [ DQG o ® �[�7 pn¯ °D±�² \ �� [� 7KHRUHP ����E�F�G� DQG /HPPD ����E�
VKRZ WKDW� LI Io ® �[�J ® ¤I¥ LV ERXQGHG IRU HDFK [ � ; � WKHQ 7 LV ZHDNO\ TXDVLVWDEOH�
DQG E\ 7KHRUHP ����D� ZH VDZ LQ &RUROODU\ ��� WKDW ZHDN TXDVLVWDELOLW\ IRU 7 DOZD\V
KROGV� 'RHV ERXQGHGQHVV �WKXV FRQYHUJHQFH� RI Io ® �[�J ® ¤I¥ DOZD\V KROGV DV ZHOO "

&RUROODU\ ���� /HW 7 EH D SRZHU ERXQGHG RSHUDWRU RQ D 5DGRQ^5LHV] VSDFH� 6XS�

SRVH 7 LV ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF EXW QRW VXSHUF\FOLF� 7DNH DQ\ YHFWRU \ LQ

< o VR WKDW IRU HYHU\ [ LQ ; Q2 o �>\@� WKHUH H[LVWV D VHTXHQFH RI VFDODUV Io ® �[�J ® ¤I¥
IRU ZKLFK o ® �[�7 pn¯ °D±�² \ tb� [ IRU VRPH VXEVHTXHQFH I7 pn¯ °D±�² J ® ¤I¥ RI I7 p J pj¤I¥ � ,I
Io ® �[�J ® ¤I¥ LV ERXQGHG IRU HDFK [ � ; Q2 o �>\@�� WKHQ IRU HYHU\ QRQ]HUR I � ; w

OLP VXS Í MI�7 p Î \�M � NIN OLP VXS Í N7 p Î \N �e�

IRU VRPH VXEVHTXHQFH I7 p#Î J Í ¤I¥ RI I7 p J pj¤I¥ �
3URRI� /HW 7 EH DQ RSHUDWRU RQ D QRUPHG VSDFH ; � ,I LW LV ZHDNO\ O�VHTXHQWLDOO\ VX�
SHUF\FOLF EXW QRW VXSHUF\FOLF� WKHQ WDNH DQ\ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU
\ LQ < o � DQG UHFDOO WKDW LW LV QRW D VXSHUF\FOLF YHFWRU �WKHUH LV QR VXSHUF\FOLF YHFWRU��
7DNH DQ DUELWUDU\ [ LQ ; Q2 o �>\@�� 7KXV WKHUH LV D VHTXHQFH RI VFDODUV Io Í �[�J Í ¤I¥
VXFK WKDW o Í �[�7 p#Î °D±�² \ tb� [ IRU VRPH VXEVHTXHQFH I7 p#Î °D±�² J Í ¤I¥ RI I7 p J pj¤I¥ � 6LQFH
Io Í �[�J Í ¤�¥ LV ERXQGHG IRU HYHU\ [ � ; DQG 7 LV SRZHU ERXQGHG� 7KHRUHP ����E�F�
VD\V WKDW� LQ WKLV FDVH� WKHUH LV D QRQ]HUR FRQVWDQW VFDODU VHTXHQFH� VD\ o ® �[�  o�[�
IRU HYHU\ N y �� IRU ZKLFK o�[�7 pn¯ °D±�² \ tb� [� +HQFH� IRU HDFK [ � ; Q2 o �>\@��

MI�[�M  Mo�[�M OLP ® MI�7 pn¯ °D±�² \�M IRU HYHU\ I � ; w � ���

$V \ LV QRW VXSHUF\FOLF� WKHUH LV DQ [ ¥ � � LQ ; Q2 o �>\@� VXFK WKDW o Ý 7 pFÞ \ �� [ ¥ IRU
HYHU\ VHTXHQFH RI VFDODUV Io Ý J Ý ¤I¥ DQG HYHU\ VXEVHTXHQFH I7 pFÞ J Ý ¤I¥ RI I7 p J pj¤I¥ � 6R

o�[ ¥ �7 pn¯ ° ±NÅG² \ tb� [ ¥ DQG o�[ ¥ �7 pn¯ °D±�ÅG² \ �� [ ¥ �
$V ; LV D 5DGRQ^5LHV] VSDFH� LW IROORZV E\ /HPPD ��� WKDW

N[ ¥ N x OLP LQI ® No�[ ¥ �7 pn¯ °D± Å ² \N � OLP VXS ® No�[ ¥ �7 pn¯ °D± Å ² \N� ���
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1RZ VXSSRVH �e� IDLOV� 7KDW LV� VXSSRVH WKHUH H[LVWV D QRQ]HUR I � � ; w VXFK WKDW
OLP VXS Ý MI � �7 p Þ \�M  NI � NOLP VXS Ý N7 p Þ \N ���

IRU HYHU\ VXEVHTXHQFH I7 pFÞ J Ý ¤I¥ RI I7 p J pj¤I¥ � 7KHQ� E\ ���� ���� DQG ����
Mo�[ ¥ �M OLP VXS ® MI � �7 pn¯ °D±�ÅG² \�M  Mo�[ ¥ �M OLP ® MI � �7 pn¯ °D±NÅ4² \�M

 MI � �[ ¥ ��M x NI � N N[ ¥ N
� NI � N OLP VXS ® No�[ ¥ �7 pn¯ °D±NÅ4² \N
 Mo�[ ¥ �M OLP VXS ® MI � �7 pn¯ °D±NÅ4² \M�

ZKLFK LV D FRQWUDGLFWLRQ� 7KXV �e� KROGV�

7R SURFHHG ZH QHHG WKH IROORZLQJ SURSHUWLHV RI ZHDN O�VHTXHQWLDO VXSHUF\FOLFLW\�

/HPPD ���� $ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF RSHUDWRU KDV GHQVH UDQJH�

3URRI� 7DNH DQ RSHUDWRU 7 �%> ; @ RQ D QRUPHG VSDFH ; � ,I D YHFWRU \ LQ ; LV D
ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7 � WKHQ DQ\ YHFWRU LQ WKH SURMHFWLYH
RUELW 2 o �VSDQI\J� LV DJDLQ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF >�� /HPPD ���@� DQG
VR LV WKH YHFWRU 7\� 7KXV WKH SURMHFWLYH RUELW RI 7\ LV LQFOXGHG LQ WKH UDQJH RI 7 �

2 o �VSDQI7\J�  j

o7 p \ � ; � o � )� Q y �
k

v 5�7 � v ; �

$V 7\ LV D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF YHFWRU IRU 7 � WKHQ 2 o �VSDQI7\J� LV
ZHDNO\ O�VHTXHQWLDOO\ GHQVH LQ ; � DQG VR LV 5�7 � �L�H�� 5�7 � q t%u  ; �� 6LQFH 5�7 � LV
D OLQHDU PDQLIROG RI ; � LW LV FRQYH[� DQG WKHUHIRUH LW LV GHQVH �LQ WKH QRUP WRSRORJ\�
LQ ; �L�H�� 5�7 � q  ; � DFFRUGLQJ WR 5HPDUN ����

/HPPD ���� $ ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWU\ RQ D %DQDFK VSDFH LV VXU�

MHFWLYH �6R D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWU\ RQ D +LOEHUW VSDFH LV XQLWDU\�

3URRI� ,VRPHWULHV RQ %DQDFK VSDFHV KDYH FORVHG UDQJH �EHFDXVH WKH\ DUH ERXQGHG
DQG ERXQGHG EHORZ�� 7KXV DSSO\ /HPPD ��� DQG JHW D VXUMHFWLYH LVRPHWU\� 6XUMHF�
WLYH LVRPHWULHV RQ +LOEHUW VSDFHV DUH SUHFLVHO\ WKH XQLWDU\ RSHUDWRUV�

,W LV NQRZQ WKDW WKHUH DUH ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRUV >��
([DPSOH ���@� >�� SS������@� >��� 3URSRVLWLRQ ���� 7KHRUHP ���@�� $ XQLWDU\ RSHUDWRU
�DFWLQJ RQ D +LOEHUW VSDFH� LV VLQJXODU�FRQWLQXRXV LI LWV VFDODU VSHFWUDO PHDVXUH LV
VLQJXODU�FRQWLQXRXV ZLWK UHVSHFW WR QRUPDOL]HG /HEHVJXH PHDVXUH RQ WKH ��DOJHEUD
RI %RUHO VXEVHWV RI WKH XQLW FLUFOH�

&RUROODU\ ���� ,I DQ LVRPHWU\ RQ D +LOEHUW VSDFH LV ZHDNO\ O�VHTXHQWLDOO\ VXSHU�

F\FOLF� WKHQ LW LV D ZHDNO\ TXDVLVWDEOH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU �

3URRI� 7DNH D ZHDNO\ O�VHTXHQWLDOO\ VXSHUF\FOLF LVRPHWU\ RQ D +LOEHUW VSDFH� ,VRPH�
WULHV DUH SRZHU ERXQGHG� VR WKH FRQFOXVLRQ RI ZHDN TXDVLVWDELOLW\ IROORZV IURP &RU�
ROODU\ ���� /HPPD ��� VD\V WKDW WKH LVRPHWU\ PXVW EH XQLWDU\� %XW HYHU\ ZHDNO\ O�VH�
TXHQWLDOO\ VXSHUF\FOLF XQLWDU\ RSHUDWRU LV VLQJXODU�FRQWLQXRXV >�� 7KHRUHP ���@�

,W LV DOVR NQRZQ WKDW WKHUH DUH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV WKDW DUH
ZHDNO\ VWDEOH� DQG VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV WKDW DUH QRW ZHDNO\ VWDEOH
>�� 3URSRVLWLRQV ��� DQG ���@� :H FORVH WKH SDSHU ZLWK D TXHVWLRQ�

,V WKHUH D VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU WKDW LV QRW ZHDNO\ TXDVLVWDEOH "
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