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$EVWUDFW� ,W KDV EHHQ VKRZQ LQ D SUHYLRXV SDSHU >�@ WKDW DQ LQpQLWH�GLPHQVLRQDO VWRFKDVWLF
GLVFUHWH ELOLQHDU V\VWHP LV PHDQ�VTXDUH VWDEOH LI DQG RQO\ LI WKH VSHFWUDO UDGLL RI WZR +LOEHUW�
VSDFH RSHUDWRUV WUDQVIRUPDWLRQV DUH ERWK OHVV WKDQ RQH� 7KH SUHVHQW SDSHU LQYHVWLJDWHV
FRQGLWLRQV WR EH LPSRVHG RQ WKH PRGHO RSHUDWRUV LQ RUGHU WR HQVXUH WKDW VXFK VSHFWUDO
UDGLL FRLQFLGH� 6HYHUDO H[DPSOHV DUH SUHVHQWHG DQG WKH PDLQ UHVXOW HVWDEOLVKHV WKH VSHFWUDO
UDGLXV LQGHQWLW\ IRU PRGHOV ZLWK FRPSDFW RSHUDWRUV�

.H\ ZRUGV� 'LVFUHWH ELOLQHDU V\VWHPV� VWDELOLW\� RSHUDWRU WKHRU\�

$06 �026� 6XEMHFW &ODVVLpFDWLRQ� ��1��� ��&��� ��&���
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7KURXJKRXW WKLV SDSHU + ZLOO GHQRWH D VHSDUDEOH QRQWULYLDO FRPSOH[ +LOEHUW VSDFH�
DQG %>;@ ZLOO VWDQG IRU WKH %DQDFK DOJHEUD RI DOO ERXQGHG OLQHDU WUDQVIRUPDWLRQV RI D
%DQDFK VSDFH ; LQWR LWVHOI� %RWK WKH QRUP LQ ; DQG WKH LQGXFHG XQLIRUP QRUP LQ %>;@
ZLOO EH GHQRWHG E\ N c N� DQG U�c� ZLOO VWDQG IRU WKH VSHFWUDO UDGLXV LQ %>;@� $Q XSSHU
VWDU e ZLOO PHDQ DGMRLQW LQ %>+@ DV XVXDO� /HW I$N � %>+@� N y �J EH D ERXQGHG
VHTXHQFH RI RSHUDWRUV� DQG OHW IqN � &,� N y �J EH D QRQQHJDWLYH VHTXHQFH LQ C�� )RU
HDFK Q y � OHW )Q � %>%>+@@ EH GHpQHG DV )Q�4�  hQ

N  �qN$N4$e
N IRU DOO 4 � %>+@�

1RWH WKDW I)Q � %>%>+@@� Q y �J FRQYHUJHV XQLIRUPO\ �LQGHHG VXS{y� N)Q � { b )QN  
VXS{y� VXSN4N � N)Q� {�4� b )Q�4�N x VXSNy� N$NN

�h�
N  Q � �qN � � DV Q � ��� /HW

) � %>%>+@@ EH WKH OLPLW RI I)Q� Q y �J VR WKDW

)�4�  
�
;

N  �

qN$N4$e
N

IRU DOO 4 � %>+@� 6LPLODUO\ GHpQH ) � � %>%>+@@ DV

) � �4�  
�
;

N  �

qN$
e
N4$N

IRU DOO 4 � %>+@� ZKHUH WKH DERYH FRQYHUJHQFHV DUH LQ WKH XQLIRUP WRSRORJ\ RI %>%>+@@�

6XFK D SDLU �) �) � � RI ERXQGHG OLQHDU WUDQVIRUPDWLRQV IURP WKH %DQDFK VSDFH %>+@
LQWR LWVHOI DSSHDUV LQ WKH VWDELOLW\ DQDO\VLV IRU LQpQLWH�GLPHQVLRQDO VWRFKDVWLF GLVFUHWH EL�
OLQHDU V\VWHPV �VHH H�J� >�@� >�@ DQG >�@�� )RU LQVWDQFH� FRQVLGHU D GLVFUHWH ELOLQHDU PRGHO
ZKRVH +�YDOXHG VWDWH VHTXHQFH I[L� L y �J HYROYHV DV IROORZV�

[L� �  

�

$� �
�
;

N  �

KZL� HNL$N

�

[L � XL� � � [�  X��

ZKHUH IZL� L y �J DQG IXL� L y �J �WKH PXOWLSOLFDWLYH DQG DGGLWLYH LQSXW VHTXHQFHV�
UHVSHFWLYHO\� DUH ]HUR�PHDQ LQGHSHQGHQW +�YDOXHG VHFRQG�RUGHU UDQGRP VHTXHQFHV ZKLFK
DUH LQGHSHQGHQW RI HDFK RWKHU� 6XSSRVH IZL� L y �J LV VWDWLRQDU\ LQ FRUUHODWLRQ VR WKDW LW
KDV D FRQVWDQW FRUUHODWLRQ RSHUDWRU� VD\ 6 � % �

� >+@� +HUH %�>+@ GHQRWHV WKH FODVV RI DOO
QXFOHDU RSHUDWRUV �L�H� WKH WUDFH FODVV� IURP %>+@� DQG % �

� >+@ VWDQGV IRU WKH FODVV RI DOO
QRQQHJDWLYH QXFOHDU RSHUDWRUV� 0RUHRYHU� OHW IHN� N y �J EH DQ RUWKRQRUPDO EDVLV IRU +
PDGH XS RI HLJHQYHFWRUV RI 6� 7KH H[LVWHQFH RI VXFK DQ RUWKRQRUPDO EDVLV LV HQVXUHG E\ WKH
6SHFWUDO 7KHRUHP IRU FRPSDFW QRUPDO RSHUDWRUV �VHH H�J� >�� S���@�� 7KH DERYH GHVFULEHG
GLVFUHWH�WLPH PRGHO LV PHDQ�VTXDUH VWDEOH LI WKH VWDWH FRUUHODWLRQ VHTXHQFH FRQYHUJHV LQ
%>+@ WR D FRUUHODWLRQ RSHUDWRU �L�H� WR DQ RSHUDWRU LQ % �

� >+@� ZKHQHYHU WKH DGGLYH LQSXW
FRUUHODWLRQ VHTXHQFH GRHV VR� �)RU FRQWLQXRXV�WLPH YHUVLRQV VHH H�J� >�@ DQG >�@�� %\ VHWWLQJ
q�  � DQG qN  K6HN� HNL IRU HDFK N y � �L�H� WKH HLJHQYDOXHV RI 6�� LW KDV EHHQ VKRZQ
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LQ >�@ WKDW U�) � � � � LV D QHFHVVDU\ FRQGLWLRQ IRU PHDQ�VTXDUH VWDELOLW\ ZKLFK� WRJHWKHU
ZLWK LWV GXDO U�)� � �� LV VXrFLHQW DV ZHOO� 7KHUHIRUH� LI U�) � �  U�)�� WKHQ U�)� � � LV
D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU PHDQ�VTXDUH VWDELOLW\�

7KH SXUSRVH RI WKH SUHVHQW SDSHU LV WR LQYHVWLJDWH FRQGLWLRQV WR EH LPSRVHG RQ WKH
RSHUDWRUV I$N� N y �J WKDW HQVXUH WKH VSHFWUDO UDGLL LGHQWLW\ U�) � �  U�)�� 1RWH WKDW
WKLV WULYLDOO\ KROGV LI I$N� N y �J LV D VHTXHQFH RI VHOI�DGMRLQW RSHUDWRUV� :H VKDOO YHULI\
WKDW LW DOVR KROGV ZKHQHYHU WKH RSHUDWRUV I$N� N y �J DUH QRUPDO DQG FRPPXWH� 2Q WKH
RWKHU KDQG� D FODVV RI RSHUDWRUV IRU ZKLFK WKH LQHTXDOLW\ U�) � � � U�)� QHFHVVDULO\ KROGV
ZLOO EH H[KLELWHG DV ZHOO� 2XU PDLQ WKHRUHP HVWDEOLVKHV WKH LGHQWLW\ U�) � �  U�)� IRU DQ\
VHTXHQFH I$N� N y �J RI FRPSDFW RSHUDWRUV�

�� 35(/,0,1$5,(6

7KH UHVXOWV LQ WKH UHPDLQLQJ SDSHU DUH DOO EDVHG RQ WKH IROORZLQJ SURSHUW\ ZKRVH SURRI
FDQ EH IRXQG LQ >�@�

/HP P D� )RU DQ\ ERXQGHG VHTXHQFH I$N� N y �J WKH LGHQWLW\ N) LN  N) L�,�N KROGV IRU
HYHU\ L y ��

*LYHQ D VHTXHQFH RI RSHUDWRUV I$N � %>+@� N y �J OHW ,. GHQRWH WKH VHW RI DOO
QRQQHJDWLYH LQWHJHUV VXFK WKDW $N � 2� ,I $N  $ IRU HYHU\ N � ,.� WKHQ ) L�4�  
�hN � ,.qN�

L$L4$eL IRU DOO 4 � %>+@ DQG HYHU\ L y �� +HQFH N) L�,�N  �hN � ,.qN�
LN$LN�

IRU HDFK L y �� %\ XVLQJ WKH DERYH OHPPD� DQG DFFRUGLQJ WR WKH %HXUOLQJ�*HOIDQG IRUPXOD
IRU WKH VSHFWUDO UDGLXV �L�H� U�7 �  OLPL� � N7 LN� L IRU HYHU\ 7 � %>;@�� LW IROORZV WKDW
U�)�  �hN � ,.qN�U�$�

�� 6LQFH U�$�  U�$e� ZH PD\ FRQFOXGH�

,I WKH QRQ]HUR HOHPHQWV RI I$N� N y �J DUH FRQVWDQW� WKHQ U�) � �  U�)��

,Q SDUWLFXODU� LI WKH ELOLQHDU PRGHO GHVFULEHG LQ 6HFWLRQ � LV UHGXFHG WR D OLQHDU RQH �H�J�
E\ VHWWLQJ $N  2 IRU HYHU\ N y ��� WKHQ U�) � �  U�)�  U�$��

�� 7KLV VHWWOHV WKH
PHDQ�VTXDUH VWDELOLW\ SUREOHP IRU LQpQLWH�GLPHQVLRQDO GLVFUHWH OLQHDU V\VWHPV�

,I $M DQG $N DUH QRUPDO RSHUDWRUV WKDW FRPPXWH� WKHQ HDFK RI WKHP DOVR FRPPXWHV
ZLWK WKH RWKHU
V DGMRLQW� �7KLV LV )XJOHGH
V WKHRUHP ^ VHH H�J� >�� S���@�� 7KXV $M)�,�  
)�,�$M IRU HYHU\ M y �� VR WKDW ) L�,�  )�,�L IRU HYHU\ L y � E\ LQGXFWLRQ RQ
L� ZKHQHYHU I$N� N y �J LV D VHTXHQFH RI FRPPXWLQJ QRUPDO RSHUDWRUV� $SSO\LQJ WKH
SUHFHGLQJ OHPPD DQG WKH %HXUOLQJ�*HOIDQG IRUPXOD IRU WKH VSHFWUDO UDGLXV DJDLQ ZH JHW
U�)�  U�)�,��� +RZHYHU� IRU DQ\ VHTXHQFH RI QRUPDO RSHUDWRUV I$N� N y �J� ZH KDYH
) � �,�  )�,�� &RQFOXVLRQ�

,I I$N� N y �J LV D VHTXHQFH RI FRPPXWLQJ QRUPDO RSHUDWRUV� WKHQ U�) � �  U�)��

7KH FRPPXWLQJ FRQGLWLRQ FDQ EH UHOD[HG LI WKH QRQ]HUR QRUPDO RSHUDWRUV KDYH D FRQVWDQW
DEVROXWH YDOXH� 7KDW LV� LI $N$

e
N  $e

N$N  5 IRU HYHU\ N � ,.� ,Q VXFK D FDVH LW LV UHDGLO\
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YHULpHG E\ LQGXFWLRQ WKDW ) L�,�  ) � L�,�  �hN � ,.qN�
L5L IRU HYHU\ L y �� +HQFH� E\

XVLQJ WKH VDPH DUJXPHQWV �SUHYLRXV OHPPD DQG %HXUOLQJ�*HOIDQG IRUPXOD�� ZH KDYH�

,I WKH QRQ]HUR HOHPHQWV RI I$N� N y �J DUH QRUPDO RSHUDWRUV ZLWK D FRQVWDQW DEVROXWH
YDOXH �SDUWLFXODU FDVH� XQLWDU\ RSHUDWRUV�� WKHQ U�) � �  U�)��

1H[W ZH VKDOO FKDUDFWHUL]H D FODVV RI RSHUDWRUV IRU ZKLFK U�) � � � U�)�� )LUVW QRWH
WKDW� LI I$e

N$N� N y �J LV D VHTXHQFH RI �RUWKRJRQDO� SURMHFWLRQV WKDW DUH RUWKRJRQDO

WR HDFK RWKHU� WKHQ U�) � � x �hN � ,.q�
N�

�

� � �,QGHHG N) � �,�[N�  hN � ,.q�
NN$

e
N$N[N

� x

hN � ,.q�
NN[N

� IRU HYHU\ [ � + VR WKDW U�) � � x N) � N  N) � �,�N x �hN � ,.q�
N�

�

� E\ WKH
SUHYLRXV OHPPD�� 0RUHRYHU� LI WKH QRQ]HUR HOHPHQWV RI I$N� N y �J DUH FRLVRPHWULHV �L�H�
$N$

e
N  ,�� WKHQ U�)�  hN � ,.qN� �,Q IDFW )�,�  �hN � ,.qN�, VR WKDW )

L�,�  �hN � ,.qN�
L,

IRU HYHU\ L y � DQG KHQFH WKH UHVXOW IROORZV ^ XVH WKH SUHYLRXV OHPPD DQG WKH %HXUOLQJ�
*HOIDQG IRUPXOD�� &RQFOXVLRQ�

,I WKH QRQ]HUR HOHPHQWV RI I$N� N y �J DUH FRLVRPHWULHV VXFK WKDW $e
N$N DUH �RUWKRJRQDO�

SURMHFWLRQV WKDW DUH RUWKRJRQDO WR HDFK RWKHU� WKHQ U�) � � x �hN � ,.q�
N�

�

� x hN � ,.qN  U�)��

1RWH WKDW WKH VHFRQG RI WKH DERYH LQHTXDOLWLHV LQ IDFW LV -HQVHQ
V LQHTXDOLW\� 7KXV U�) � � �
U�)� ZKHQHYHU WKH C��VHTXHQFH IqN y �� N � ,.J KDV DW OHDVW WZR QRQ]HUR HOHPHQWV� 7KLV
JHQHUDOL]HV WKH FRQFUHWH H[DPSOH JLYHQ LQ >�@ �L�H� E\ VHWWLQJ +  C�� $�[  �|�� |�� |�� c c c�
DQG $�[  �|�� |�� |�� c c c� IRU DOO [  �|�� |�� |�� c c c� � C�� $N  2 IRU HYHU\ N y � DQG
q�  q�  �� LW IROORZV WKDW U�)�  �U�)

� �  ���

�� &21&/86,21

,Q WKLV pQDO VHFWLRQ ZH VKDOO YHULI\ WKDW U�) � �  U�)� IRU DQ\ ERXQGHG VHTXHQFH
I$N� N y �J RI FRPSDFW RSHUDWRUV� ,Q SDUWLFXODU� IRU DQ\ ERXQGHG VHTXHQFH RI RSHUDWRUV
GHpQHG RQ pQLWH�GLPHQVLRQDO VSDFHV� VR WKDW WKLV DOVR VHWWOHV WKH PHDQ�VTXDUH VWDELOLW\
SUREOHP IRU pQLWH�GLPHQVLRQDO GLVFUHWH ELOLQHDU V\VWHPV�

7 KHRU HP � ,I I$N� N y �J LV D VHTXHQFH RI FRPSDFW RSHUDWRUV� WKHQ U�) � �  U�)��

3URRI� /HW %� >+@ EH WKH FODVV RI DOO FRPSDFW RSHUDWRUV IURP %>+@� 6XSSRVH $N � %� >+@
IRU HYHU\ N y � VR WKDW )Q�,�  h

Q
N  �qN$N$

e
N LV FRPSDFW IRU HYHU\ Q y � �IRU %� >+@ LV D

WZR�VLGHG LGHDO RI %>+@ ^ VHH H�J� >�� S����@�� 6LQFH )Q�,� � )�,� LQ %>+@ DV Q � � LW
IROORZV WKDW )�,� � %� >+@ �EHFDXVH %� >+@ LV FORVHG LQ %>+@ ^ VHH H�J� >�� S����@�� /HW
I(P � %>+@� P y �J EH DQ LQFUHDVLQJ VHTXHQFH RI pQLWH�UDQN �RUWKRJRQDO� SURMHFWLRQV
WKDW FRQYHUJHV VWURQJO\ WR WKH LGHQWLW\� 6LQFH )�,� LV FRPSDFW LW IROORZV WKDW �VHH H�J� >��
S����@�

(P)�,�(P � )�,� LQ %>+@ DV P � ��

1RZ UHFDOO WKDW %�>+@ �WKH FODVV RI DOO QXFOHDU RSHUDWRUV� FRQWDLQV WKH pQLWH�UDQN RSHUDWRUV
VR WKDW (P � %�>+@ IRU HDFK P y �� /HW N c N� EH WKH VWDQGDUG �WUDFH� QRUP LQ %�>+@



�

�L�H� N7N� LV WKH WUDFH RI �7
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� IRU HYHU\ 7 � %�>+@�� 6LQFH %�>+@ LV D WZR�VLGHG LGHDO
RI %>+@ VXFK WKDW PD[IN7/N�� N/7N�J x N/N N7N� IRU HYHU\ / � %>+@ DQG 7 � %�>+@
�VHH H�J� >�� S����@�� LI IROORZV WKDW (P)�,�(P � %�>+@� ,QGHHG
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�

� N)�,�N � �

IRU HDFK P y �� 6LQFH (P)�,�(P � %�>+@ ZH JHW

q
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q
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IRU HDFK P y � DQG HYHU\ L y � �DFWXDOO\ N) L�4�N x N) L�4�N� x N4N�N)
� LN IRU HYHU\
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IRU HDFK P y � DQG HYHU\ L y �� 0RUHRYHU� VLQFH N)�,� b (P)�,�(PN � � DV P � ��
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q

q) L� �
q
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q

q) L
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q x N(0N�� N)N N) � LN
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N� IRU DOO 4 � %>+@�

6LQFH ob �

�$N LV FRPSDFW ZKHQHYHU $N LV� WKH DERYH HTXLYDOHQFH OHDGV WR
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� o � U�)� � o

IRU HYHU\ o ! � �UHDVRQ� ob�U�)�  U�ob�)��� 7KXV� LI RQH RI WKH DERYH VSHFWUDO UDGLL LV
OHVV WKDQ WKH RWKHU� WKHQ LW LV OHVV WKDQ LWVHOI� 7KHUHIRUH

U
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�� 2�/�9� &RVWD DQG &�6� .XEUXVO\� /\DSXQRY HTXDWLRQ IRU LQpQLWH�GLPHQVLRQDO GLVFUHWH
ELOLQHDU V\VWHPV� 6\VWHPV &RQWURO /HWW� �� ������ ��^���

�� 2�/�9� &RVWD DQG &�6� .XEUXVO\� 5LFFDWL HTXDWLRQ IRU LQpQLWH�GLPHQVLRQDO GLVFUHWH
ELOLQHDU V\VWHPV� ,0$ -� 0DWK� &RQWURO ,QIRUP� ������� WR DSSHDU�

�� *� 'D 3UDWR DQG $� ,FKLNDZD� /\DSXQRY HTXDWLRQ IRU WLPH�YDU\LQJ OLQHDU V\VWHPV�
6\VWHPV &RQWURO /HWW� � ������ ���^����

�� &�6� .XEUXVO\� 0HDQ VTXDUH VWDELOLW\ IRU GLVFUHWH ERXQGHG OLQHDU V\VWHPV LQ +LOEHUW
VSDFH� 6,$0 -� &RQWURO 2SWLP� �� ������ ��^���

�� &�6� .XEUXVO\� 2Q WKH H[LVWHQFH� HYROXWLRQ� DQG VWDELOLW\ RI LQpQLWH�GLPHQVLRQDO
VWRFKDVWLF GLVFUHWH ELOLQHDU PRGHOV� &RQWURO 7KHRU\ $GY� 7HFK� � ������ ���^����

�� &�6� .XEUXVO\ DQG 2�/�9� &RVWD� 0HDQ�VTXDUH VWDELOLW\ IRU GLVFUHWH ELOLQHDU V\VWHPV
LQ +LOEHUW VSDFH� 6\VWHPV &RQWURO /HWW� �� ������ ���^����

�� +� 5DGMDYL DQG 3� 5RVHQWKDO� ,QYDULDQW 6XEVSDFHV �6SULQJHU� %HUOLQ� ������

�� -� :HLGPDQQ� /LQHDU 2SHUDWRUV LQ +LOEHUW 6SDFHV �6SULQJHU� 1HZ <RUN� ������

�� -� =DEF]\N� 2Q WKH VWDELOLW\ RI LQpQLWH�GLPHQVLRQDO OLQHDU VWRFKDVWLF V\VWHPV� 3URE�
7KHRU\ � ������ ���^����


