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/HW 7 EH DQ RSHUDWRU RQ D +LOEHUW VSDFH + �L�H� D ERXQGHG OLQHDU WUDQVIRUPDWLRQ RI +
LQWR LWVHOI�� %\ D VXEVSDFH RI + ZH PHDQ D FORVHG OLQHDU PDQLIROG RI LW� 1 �7 � DQG 5�7 �
ZLOO GHQRWH WKH QXOO VXEVSDFH DQG UDQJH RI 7 � UHVSHFWLYHO\� 5HFDOO WKDW 7 LV K\SRQRUPDO
LI 2 x 7 e7 b 77 e �HTXLYDOHQWO\� LI MM7 e[MM x MM7[MM IRU DOO [ � +�� DQG FRK\SRQRUPDO LI
LWV DGMRLQW 7 e LV K\SRQRUPDO� 7 LV QRUPDO LI LW LV ERWK K\SRQRUPDO DQG FRK\SRQRUPDO�
DQG VHPLQRUPDO LI LW LV HLWKHU K\SRQRUPDO RU FRK\SRQRUPDO� $Q\ VHPLQRUPDO RSHUDWRU
LV QRUPDORLG �L�H� LW LV VXFK WKDW U�7 �  MM7 MM� ZKHUH U�7 � GHQRWHV WKH VSHFWUDO UDGLXV RI
7 �� $Q RSHUDWRU LV FRPSOHWHO\ QRQXQLWDU\ LI WKH UHVWULFWLRQ RI LW WR DQ\ QRQ]HUR UHGXFLQJ
VXEVSDFH LV QRW XQLWDU\� :H VKDOO VD\ WKDW DQ RSHUDWRU 7 LV VWURQJO\ VWDEOH LI WKH SRZHU
VHTXHQFH I7Q� Q y �J FRQYHUJHV VWURQJO\ WR 2 DV Q � � �L�H� 7Q

V

b�2��

&OHDUO\ D VWURQJO\ VWDEOH RSHUDWRU LV FRPSOHWHO\ QRQXQLWDU\ �DFWXDOO\ D VWURQJO\ VWDEOH
RSHUDWRU LV FRPSOHWHO\ QRQLVRPHWULF�� EXW LW PD\ QRW EH D FRQWUDFWLRQ �QRW HYHQ VLPLODU WR
D FRQWUDFWLRQ � H�J� VHH >�@�� +RZHYHU D VWURQJO\ VWDEOH QRUPDORLG RSHUDWRU LV D FRQWUDFWLRQ�
,QGHHG� LI 7 LV VWURQJO\ VWDEOH WKHQ LW LV SRZHU ERXQGHG �L�H� VXS

Q
MM7QMM � �� DFFRUGLQJ WR

WKH %DQDFK�6WHLQKDXV WKHRUHP�� DQG D SRZHU ERXQGHG RSHUDWRU 7 LV VXFK WKDW U�7 � x �
�E\ WKH %HXUOLQJ�*HOIDQG IRUPXOD IRU WKH VSHFWUDO UDGLXV�� 6XPPLQJ XS� LI D QRUPDORLG

RSHUDWRU LV VWURQJO\ VWDEOH� WKHQ LW LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ�

6WURQJ VWDELOLW\ FDQ EH UHDGLO\ FKDUDFWHUL]HG IRU QRUPDO RSHUDWRUV� LI D QRUPDO RSHUD�

WRU LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ� WKHQ LW LV VWURQJO\ VWDEOH� $ UDWKHU HOHPHQWDU\
DQG HVVHQWLDOO\ JHRPHWULF SURRI IRU WKH DERYH VWDWHPHQW ZLOO EH JLYHQ EHORZ� 0RUHRYHU
VXFK D FKDUDFWHUL]DWLRQ IRU VWURQJ VWDELOLW\ FDQ EH H[WHQGHG WR FRK\SRQRUPDO RSHUDWRUV
DV RULJLQDOO\ YHULpHG E\ 3XWQDP >�@� LI D FRK\SRQRUPDO RSHUDWRU LV D FRPSOHWHO\ QRQXQL�

WDU\ FRQWUDFWLRQ� WKHQ LW LV VWURQJO\ VWDEOH� 2SSRVLWH WR WKH QRUPDO FDVH WKH SURRI RI WKH
DERYH VWDWHPHQW� DV JLYHQ LQ >�@� LV HVVHQWLDOO\ DQDO\WLF LQYROYLQJ D QRQHOHPHQWDU\ PHDVXUH
WKHRUHWLFDO DSSURDFK�

,Q WKH SUHVHQW SDSHU ZH VKDOO JLYH D QHZ DQG HOHPHQWDU\ JHRPHWULF SURRI IRU WKH
FKDUDFWHUL]DWLRQ RI VWURQJ VWDELOLW\ IRU FRK\SRQRUPDO RSHUDWRUV� %\ ?HOHPHQWDU\� ZH PHDQ
WKDW DOO SURRIV LQ WKLV SDSHU XVH RQO\ VWDQGDUG UHVXOWV RI VLQJOH RSHUDWRU WKHRU\�
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,I 7 LV D FRQWUDFWLRQ �L�H� MM7 MM x �� WKHQ I7 eQ7Q� Q y �J LV D PRQRWRQH VHOI�DGMRLQW
ERXQGHG VHTXHQFH �LQ IDFW D QRQLQFUHDVLQJ QRQQHJDWLYH VHTXHQFH RI FRQWUDFWLRQV�� VR WKDW
I7 eQ7Q� Q y �J FRQYHUJHV VWURQJO\� /HW WKH RSHUDWRU $ RQ + EH LWV �VWURQJ� OLPLW� ,W LV
WULYLDOO\ YHULpHG WKDW $ LV D QRQQHJDWLYH FRQWUDFWLRQ �DFWXDOO\ 2 x $ x ,� VXFK WKDW
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IRU DOO [ � + DQG HYHU\ Q y � �L�H� 7 eQ$7Q  $ y 2 IRU HYHU\ Q y ��� $FFRUGLQJ WR

SURSHUW\ ��� 7 LV VWURQJO\ VWDEOH LI DQG RQO\ LI $  2� 6LQFH 1 �$�  1 �$
�

� � SURSHUW\ ���
DFWXDOO\ OHDGV WR

1 �$�  I[ � + � 7Q[ � � DV Q � �J�

5HFDOO WKDW 1 �, b $�  I[ � + � MM$
�

�[MM  MM[MMJ� IRU MM�, b $�
�

�[MM�  K�, b $�[�[L  

MM[MM� b MM$
�

�[MM� IRU DOO [ � +� 0RUHRYHU� VLQFH $
�

� DQG 7 DUH FRQWUDFWLRQV�

I[ � +� MM7Q[MM  MM[MM �Q y �J  I[ � + � MM$
�

�[MM  MM[MMJ E\ SURSHUWLHV ��� DQG ����
7KHUHIRUH

��� 1 �, b$�  I[ � + � MM7Q[MM  MM[MM �Q y �J�

6LQFH 7 e LV D FRQWUDFWLRQ ZKHQHYHU 7 LV� OHW WKH RSHUDWRU $e RQ + EH WKH VWURQJ OLPLW RI
I7Q7 eQ� Q y �J� 7KXV� E\ SURSHUW\ ����

1 �, b$� ? 1 �, b$e�  I[ � + � MM7Q[MM  MM7 eQ[MM  MM[MM �Q y �J�

1RZ� DFFRUGLQJ WR 1DJ\�)RLDV�/DQJHU GHFRPSRVLWLRQ IRU FRQWUDFWLRQV �FI� >�� S��@��
1 �, b$�? 1 �,b$e� LV WKH ODUJHVW UHGXFLQJ VXEVSDFH RI 7 RQ ZKLFK 7 LV XQLWDU\� VR WKDW
D FRQWUDFWLRQ LV FRPSOHWHO\ QRQXQLWDU\ LI DQG RQO\ LI 1 �,b$�? 1 �,b$e�  I�J� )XUWKHU
SURSHUWLHV RQ WKH RSHUDWRUV $ DQG $e KDYH EHHQ LQYHVWLJDWHG LQ >�@ DQG >�@�

5HPDUN� ,I 7 LV D QRUPDO FRQWUDFWLRQ WKHQ $e  $  $�� ,QGHHG WKH QRUPDOLW\ RI 7
LPSOLHV WKDW 7 eQ7Q  7Q7 eQ  �7 e7 �Q IRU HYHU\ Q y �� 7KXV $  $e E\ WKHLU YHU\
GHpQLWLRQ� DQG VR 1 �, b $�  1 �, b $e�� 7KHUHIRUH� LI WKH QRUPDO FRQWUDFWLRQ 7 LV
FRPSOHWHO\ QRQXQLWDU\�

1 �, b$�  I�J�

0RUHRYHU $  $� EHFDXVH LW LV WKH �VWURQJ� OLPLW RI D SRZHU VHTXHQFH � YL]�
I�7 e7 �Q � Q y �J�� VR WKDW 5�$�  1 �, b$�� +HQFH $  2 ZKHQHYHU 1 �, b$�  I�J�
2XWFRPH� D QRUPDO FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ LV VWURQJO\ VWDEOH�
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$ NH\ SURSHUW\ IRU DFKLHYLQJ VWURQJ VWDELOLW\ LQ WKH DERYH UHPDUN ZDV WKH LGHPSRWHQF\
RI $ �L�H� $  $��� $V ZH VKDOO VHH EHORZ DQ\ FRK\SRQRUPDO FRQWUDFWLRQ LV HQGRZHG ZLWK
VXFK D SURSHUW\� DQG VR D FRK\SRQRUPDO FRQWUDFWLRQ ZLOO EH VWURQJO\ VWDEOH SURYLGHG WKDW
1 �, b$�  I�J�
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/HPPD� /HW 7 EH D FRQWUDFWLRQ DQG OHW $ EH WKH VWURQJ OLPLW RI I7 eQ7Q� Q y �J� ,I 7 LV

FRK\SRQRUPDO WKHQ $  $��

3URRI� /HW 7 EH D FRK\SRQRUPDO RSHUDWRU VR WKDW N7 e[N�  K77 e[� [L x MM77 e[MM MM[MM x
MM7 e�[MM MM[MM IRU DOO [ � +� 7KXV� E\ LQGXFWLRQ�

N7 e[NQ x N7 eQ[N N[NQb�

IRU DOO [ � + DQG HYHU\ Q y � �LQGHHG WKH DVVHUWLRQ LV WDXWRORJLFDO IRU Q  �� KROGV IRU Q  �
DQG� LI LW KROGV IRU VRPH Q y �� WKHQ LW KROGV IRU Q � � VLQFH MM7 e[MM�Q x MM7 e�[MMQMM[MMQ x
MM7 eQ � �[MM MM7 e[MMQb�MM[MMQ IRU DOO [ � +�� 1RZ VXSSRVH WKH FRK\SRQRUPDO RSHUDWRU 7 LV D
FRQWUDFWLRQ DQG WDNH \ �� 1 �$� DUELWUDU\� 7KH DERYH LQHTXDOLW\ OHDGV WR
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UHDO VHTXHQFH IpQ� Q y �J WKDW FRQYHUJHV WR D QRQ]HUR OLPLW�� 7KHUHIRUH
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� \MM� b MM$\MM�  �� DQG KHQFH $\  $�\� 7KXV $[  $�[
IRU DOO [ � +� XW

1H[W ZH VKDOO YHULI\ WKDW 1 �, b $� v 1 �, b $e� ZKHQHYHU 7 LV D FRK\SRQRUPDO
FRQWUDFWLRQ� DQG VR DQ\ FRK\SRQRUPDO FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ LV VXFK WKDW
1 �, b$�  I�J�

7KHRUHP� $ FRK\SRQRUPDO FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ LV VWURQJO\ VWDEOH�

3URRI� /HW 7 EH D FRK\SRQRUPDO RSHUDWRU �L�H� MM7[MM x MM7 e[MM IRU HYHU\ [ � +� RU

HTXLYDOHQWO\ 2 x 77 e b 7 e7 � VR WKDW MM�77 e b 7 e7 �
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[ � +� 6XSSRVH 7 LV D FRQWUDFWLRQ DQG WDNH \ � 1 �, b$� DUELWUDU\� %\ SURSHUW\ ��� ZH

JHW MM\MM  MM7\MM x MM7 e\MM x MM\MM� DQG KHQFH �77 e b 7 e7 �
�

� \  �� 7KXV

1 �, b$� v 1 �77 e b 7 e7 ��

$FFRUGLQJ WR WKH DERYH LQFOXVLRQ� DQG VLQFH 1 �, b $� LV LQYDULDQW XQGHU 7 �FI� SURSHUW\
��� DJDLQ�� LW LV UHDGLO\ YHULpHG E\ LQGXFWLRQ WKDW

7 e7Q\  7Q7 e\

IRU HYHU\ Q y �� +HQFH MM\MM  MM7Q � �\MM x MM7 e7Q\MM  MM7Q7 e\MM x MM7 e\MM x MM\MM� VR WKDW
MM7Q7 e\MM  MM7 e\MM� IRU HYHU\ Q y �� 7KXV 7 e\ � 1 �, b $� DQG MM7\MM  MM7 e\MM  MM\MM�
&RQFOXVLRQ� 1 �, b $� LV D UHGXFLQJ VXEVSDFH IRU 7 RQ ZKLFK 7 LV XQLWDU\� 7KHUHIRUH� LI
WKH FRK\SRQRUPDO FRQWUDFWLRQ 7 LV FRPSOHWHO\ QRQXQLWDU\�

1 �, b$�  I�J�

+RZHYHU 5�$�  1 �, b$� E\ WKH SUHYLRXV OHPPD� +HQFH $  2� XW
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�� &�6� .XEUXVO\� 6WURQJ VWDELOLW\ GRHV QRW LPSO\ VLPLODULW\ WR D FRQWUDFWLRQ� 6\VW� &RQ�
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�� 9� 3WwDN DQG 3� 9UERYwD� $Q DEVWUDFW PRGHO IRU FRPSUHVVLRQV� &DVRSLV 3HVW� 0DWH�
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�� &�5� 3XWQDP� +\SRQRUPDO FRQWUDFWLRQV DQG VWURQJ SRZHU FRQYHUJHQFH� 3DFLpF -�
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�� %� 6]��1DJ\ DQG &� )RLDV� +DUPRQLF $QDO\VLV RI 2SHUDWRUV RQ +LOEHUW 6SDFHV� 1RUWK�
+ROODQG� $PVWHUGDP �������

1DWLRQDO /DERUDWRU\ IRU 6FLHQWLpF &RPSXWDWLRQ /1&&� DQG &DWKROLF 8QLYHUVLW\ 38&�5-�
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