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$EVWUDFW� 7KH TXDGUDWLF RSWLPDO IHHGEDFN FRQWURO SUREOHP IRU LQpQLWH�GLPHQVLRQDO GLVFUHWH
ELOLQHDU V\VWHPV LV DVVRFLDWHG ZLWK DQ DOJHEUDLF 5LFFDWL�OLNH RSHUDWRU HTXDWLRQ� 7KH H[LVWHQFH
DQG XQLTXHQHVV RI QRQQHJDWLYH VROXWLRQ WR VXFK D 5LFFDWL�OLNH RSHUDWRU HTXDWLRQ LV HVWDEOLVKHG
DV WKH VWURQJ OLPLW RI D VHTXHQFH RI VROXWLRQV WR /\DSXQRY�OLNH RSHUDWRU HTXDWLRQV�
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/HW ; DQG ; � EH %DQDFK VSDFHV� DQG OHW %>;�; �@ EH WKH %DQDFK VSDFH RI DOO ERXQGHG
OLQHDU WUDQVIRUPDWLRQV RI ; LQWR ; �� :H VKDOO ZULWH %>;@ IRU %>;�;@� DQG *>;@ IRU WKH JURXS
RI DOO LQYHUWLEOH RSHUDWRUV IURP%>;@ �L�H� WKRVH ZKLFK DUH DOVR ERXQGHG EHORZ DQG PDS; RQWR
LWVHOI�� 7KH QRUPV LQ ;� LQ ; � DQG WKH LQGXFHG XQLIRUP QRUP LQ %>;�; �@ ZLOO DOO EH GHQRWHG
E\ MM c MM� DQG U�c� ZLOO VWDQG IRU WKH VSHFWUDO UDGLXV LQ WKH %DQDFK DOJHEUD %>;@� 7KURXJKRXW
WKH SDSHU +� + � DQG + �� ZLOO VWDQG IRU VHSDUDEOH QRQWULYLDO FRPSOH[ +LOEHUW VSDFHV� ,QQHU
SURGXFW LQ DQ\ RI WKHP ZLOO EH GHQRWHG E\ Kc� cL� DQG DQ XSSHU VWDU e ZLOO VWDQG IRU DGMRLQW DV
XVXDO� /HW % � >+@ EH WKH ZHDNO\ FORVHG FRQYH[ FRQH RI DOO �VHOI�DGMRLQW� QRQQHJDWLYH RSHUDWRUV
LQ %>+@� DQG VHW * � >+@  % � >+@ ?*>+@� 7KH FODVV RI DOO QXFOHDU RSHUDWRUV �L�H� WKH WUDFH�
FODVV� IURP %>+@ ZLOO EH GHQRWHG E\ %�>+@� 6HW %

�
� >+@  %�>+@ ? % � >+@� 7KH WUDFH RI

7 � %�>+@ LV GHpQHG DV WU�7 �  
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N  �K7HN� HNL ZKLFK GRHV QRW GHSHQG RQ WKH FKRLFH RI WKH

RUWKRQRUPDO EDVLV IHN� N y �J IRU +� )RU HDFK 7 � %�>+@ VHW MM7 MM�  WU��7 e7 �
�
� � VR WKDW

MM7 MM�  WU�7 � ZKHQHYHU 7 � % �
� >+@� ,QGHHG� MM c MM� LV D QRUP LQ %�>+@ DQG �%�>+@� MM MM�� LV D

%DQDFK VSDFH ZKLFK LV D WZR�VLGHG LGHDO RI %>+@ VXFK WKDW PD[ IMM7/MM�� MM/7 MM�J x MM/MM MM7 MM�
DQG WU�7/�  WU�/7 � IRU HYHU\ / � %>+@ DQG 7 � %�>+@� 6LQFH MWU�7 �M x MM7 MM� IRU HYHU\
7 � %�>+@� WU � %�>+@� &, LV D ERXQGHG OLQHDU IXQFWLRQDO� )RU DQ\ I� J � + OHW �IrJ� � %�>+@
EH GHpQHG DV �I r J�K  KK� JLI IRU DOO K � +� VR WKDW �I r I� � % �

� >+@� /HW C��%�>+@� EH
WKH %DQDFK VSDFH RI DOO %�>+@�YDOXHG MM c MM��VXPPDEOH VHTXHQFHV� :H VKDOO XVH WKH VDPH
V\PERO MM c MM� WR GHQRWH WKH QRUP LQ C��%�>+@�� VR WKDW MM7MM�  
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L � MM7LMM� � � IRU HYHU\

7  I7L � %�>+@� L y �J � C��%�>+@�� 7KH FODVV RI DOO % �
� >+@�YDOXHG VHTXHQFHV IURP

C��%�>+@� ZLOO EH GHQRWHG E\ C��%
�
� >+@��

*LYHQ D p[HG SUREDELOLW\ VSDFH �n�h� z�� ZKHUH h LV D ��DOJHEUD RI VXEVHWV RI D QRQHPSW\
VHW n DQG z LV D SUREDELOLW\ PHDVXUH RQ h� VHW +  /��n� z�+� IRU DQ\ +LOEHUW VSDFH
+� 7KXV + LV WKH +LOEHUW VSDFH PDGH XS RI HTXLYDOHQFH FODVVHV RI +�YDOXHG PHDVXUDEOH
PDSV [ GHpQHG �DOPRVW HYHU\ZKHUH ZLWK UHVSHFW WR WKH PHDVXUH z� RQ n VXFK WKDW MM[MM�+ � 
�MM[MM� � 
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QRUP LQ + LV JHQHUDWHG E\ WKH LQQHU SURGXFW K[� \L+ � �K[� \L � 
5
n
K[���� \���LGz��� IRU

DOO [� \ � +� +HQFH + LV WKH +LOEHUW VSDFH RI DOO +�YDOXHG VHFRQG�RUGHU UDQGRP YDULDEOHV RQ
�n�h� z�� +HUH � VWDQGV IRU WKH H[SHFWDWLRQ RI WKH XQGHUO\LQJ VFDODU�YDOXHG UDQGRP YDULDEOHV
RQ �n�h� z�� )RU DQ\ [ � + LWV H[SHFWDWLRQ� FRUUHODWLRQ DQG FRYDULDQFH �GHpQHG DV XVXDO �
VHH H�J� >�@� ZLOO EH GHQRWHG E\ ([ � +� (�[r[� � % �

� >+@ DQG (�[ r[�b �([r([� � % �
� >+@�

UHVSHFWLYHO\� /HW C��+� EH WKH +LOEHUW VSDFH RI DOO +�YDOXHG VHFRQG�RUGHU UDQGRP VHTXHQFHV
[  I[L � +� L y �J VXFK WKDW MM[MM�
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4XDGUDWLF RSWLPDO FRQWURO SUREOHPV DQG WKH DVVRFLDWHG DOJHEUDLF 5LFFDWL RSHUDWRU HTXD�
WLRQ IRU LQpQLWH�GLPHQVLRQDO GLVFUHWH OLQHDU V\VWHPV� RSHUDWLQJ HLWKHU LQ D GHWHUPLQLVWLF RU
LQ D VWRFKDVWLF HQYLURQPHQW� KDYH EHHQ LQYHVWLJDWHG RYHU WKH SDVW WZR GHFDGHV �VHH H�J� >�@�
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>��@� >�@ DQG >��@�� )RU LQpQLWH�GLPHQVLRQDO GLVFUHWH ELOLQHDU V\VWHPV RSHUDWLQJ LQ D VWRFKDVWLF
HQYLURQPHQW� ZKLFK FRPSULVH WKH PRGHOV ZH VKDOO EH DGGUHVVLQJ LQ WKH SUHVHQW SDSHU� WKLV KDV
SUHYLRXVO\ EHHQ LQYHVWLJDWHG LQ >��@� :H VKDOO FRQVLGHU KHUH DQ RSHUDWRU WKHRUHWLF DSSURDFK
WKDW GLoHUV IURP WKDW RI >��@ LQ ZKLFK LW UHOLHV RQ WKH SURSHUWLHV RI WKH RSHUDWRUV ) DQG ) �

LQ %>%>+@@ �VHH 6HFWLRQ �� WKDW KDYH UHFHQWO\ EHHQ HVWDEOLVKHG LQ >�@� 0RUHRYHU WKH FULWHULRQ
WR EH PLQLPL]HG KHUH LV PRWLYDWHG IURP WKH + � � FRQWURO SUREOHP� WKH PDLQ GLoHUHQFH UHO\LQJ
RQ WKH DGPLVVLEOH FODVV RI DGGLWLYH LQSXW VHTXHQFHV� :H VKDOO ZRUN XQGHU LQGHSHQGHQFH DQG
]HUR�PHDQ DVVXPSWLRQV ZKLFK FRQVLGHUDEO\ VLPSOLI\ WKH SUREOHP DQG DOORZV IRU DQ H[DFW VR�
OXWLRQ WR EH REWDLQHG� )XUWKHUPRUH WKH VROXWLRQ WR WKH TXDGUDWLF VWRFKDVWLF RSWLPDO FRQWURO
SUREOHP ZLOO EH VWDWHG XQGHU GHWHFWDELOLW\ K\SRWKHVLV� WKXV PLUURULQJ LWV OLQHDU FRXQWHUSDUW�
([LVWHQFH DQG XQLTXHQHVV RI D QRQQHJDWLYH VROXWLRQ WR WKH DVVRFLDWHG 5LFFDWL�OLNH HTXDWLRQ
ZLOO EH HVWDEOLVKHG LQ 6HFWLRQ � E\ XVLQJ WKH DX[LOLDU\ UHVXOWV GHYHORSHG LQ 6HFWLRQ ��

&RQVLGHU D GLVFUHWH ELOLQHDU V\VWHP ZLWK D OLQHDU IHHGEDFN ORRS RSHUDWLQJ LQ D VWRFKDVWLF
HQYLURQPHQW� ZKRVH PRGHO LV JLYHQ E\ WKH IROORZLQJ LQpQLWH�GLPHQVLRQDO GLoHUHQFH HTXDWLRQ�
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ZKHUH I$N � %>+@� N y �J LV D ERXQGHG VHTXHQFH� % � %>+ ��+@� ' � %>+ ���+@� . �
%>+�+ �@� IHN� N y �J LV DQ RUWKRQRUPDO EDVLV IRU +� I[L � +� L y �J �WKH VWDWH VHTXHQFH�
DQG IZL � +� L y �J �WKH PXOWLSOLFDWLYH LQSXW VHTXHQFH� DUH VHFRQG�RUGHU +�YDOXHG UDQGRP
VHTXHQFHV� DQG Y  IYL � +��� L y �J �WKH DGGLWLYH LQSXW VHTXHQFH� LV D VHFRQG�RUGHU
+ ���YDOXHG UDQGRP VHTXHQFH� &RQGLWLRQV HQVXULQJ FRQYHUJHQFH LQ + IRU WKH DERYH LQpQLWH�
GLPHQVLRQDO PRGHO KDYH EHHQ HVWDEOLVKHG LQ >�@� :H VKDOO SUHFLVH WKH DVVXPSWLRQV RQ WKH
VWRFKDVWLF HQYLURQPHQW WKDW ZLOO VXrFH RXU QHHGV LQ WKH QH[W VHFWLRQ� 1RZ WDNH 0 � % � >+@
DQG 1 � *� >+ �@� DQG FRQVLGHU WKH RXWSXW VHTXHQFH ]  I]L � +j+�� L y �J JLYHQ E\
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IRU HYHU\ LQWHJHU L y �� 7KH TXDGUDWLF VWRFKDVWLF RSWLPDO FRQWURO SUREOHP DVVRFLDWHG ZLWK
WKH DERYH GLVFUHWH PRGHO WKDW ZH VKDOO EH DGGUHVVLQJ LQ WKLV SDSHU LV WKDW RI pQGLQJ WKH VWDWH
IHHGEDFN VWDELOL]LQJ FRQWUROOHU . WKDW PLQLPL]HV WKH LPSDFW RI WKH DGGLWLYH LQSXW GLVWXUEDQFH
Y RQ WKH RXWSXW ]� )RUPDOO\� pQG . � b% WKDW PLQLPL]HV

���D� VXS
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MM]MMC��+ j+ � �
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ZKHUH WKH DGPLVVLEOH FODVVHV 9 Z ~ C��+��� DQG b% ~ %>+�+ �@ ZLOO EH VSHFLpHG QH[W VR WKDW
WKH DERYH FULWHULRQ LV ZHOO GHpQHG� ,QGHHG� LW ZLOO EH VKRZQ WKDW WKH VROXWLRQ . � b% WR WKH
DERYH SUREOHP DFWXDOO\ PLQLPL]HV MM]MMC��+ j+ � � RYHU b% IRU DQ\ Y � 9 Z �DQG� LQ SDUWLFXODU�
IRU YL  � IRU HYHU\ L y �� ZKLFK FKDUDFWHUL]HV DQ DGGLWLYH�LQSXW�IUHH PRGHO ^ L�H� RQH ZLWK
Y  ���
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/HW XV PDNH WKH IROORZLQJ DVVXPSWLRQV RQ WKH VWRFKDVWLF HQYLURQPHQW� 6XSSRVH IZL �
+� L y �J LV DQ LQGHSHQGHQW UDQGRP VHTXHQFH WKDW LV VWDWLRQDU\ LQ H[SHFWDWLRQ DQG FRU�
UHODWLRQ� VR WKDW (ZL  V � + DQG (�ZL r ZL�  6 � % �

� >+@ IRU HYHU\ L y �� 6HW
&  6b�VrV� � % �

� >+@ DQG OHW 9 Z EH WKH FODVV RI DOO ]HUR�PHDQ LQGHSHQGHQW UDQGRP VHTXHQFHV
IURP C��+��� WKDW DUH LQGHSHQGHQW RI IZL � +� L y �J� 6XSSRVH Y  IYL � +��� L y �J � 9 Z

DQG VHW 5L  (�YL r YL� � % �
� >+@ IRU HYHU\ L y �� ,W KDV EHHQ VKRZQ LQ >�@ WKDW� XQGHU WKH

DERYH DVVXPSWLRQV �ZKLFK LQ IDFW DUH HVVHQWLDOO\ WKH VDPH DVVXPSWLRQV PDGH LQ >�@�� WKH VWDWH
FRUUHODWLRQ VHTXHQFH I4L  (�[L r [L� � % �

� >+@� L y �J HYROYHV DFFRUGLQJ WR WKH IROORZLQJ
OLQHDU PRGHO�
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IRU DOO 3 � %>+@� +HUH IHN� N y �J LV VXSSRVHG WR EH DQ RUWKRQRUPDO EDVLV IRU + WKDW HQVXUHV
WKH DERYH FRQYHUJHQFHV LQ WKH XQLIRUP WRSRORJLHV RI %>+@ DQG %>%>+@@� UHVSHFWLYHO\� 7KH
H[LVWHQFH RI VXFK DQ RUWKRQRUPDO EDVLV �H�J� WKH RQH PDGH XS RI HLJHQYHFWRUV RI 6 � % �

� >+@��
ZKLFK PD\ GHSHQG RQ WKH FRUUHODWLRQ RSHUDWRU 6 � % �

� >+@ EXW QRW RQ WKH ERXQGHG VHTXHQFH
I�$� b%.� � %>+@� $N � %>+@� N y �J� KDV EHHQ HVWDEOLVKHG LQ >�@ �DOVR VHH >�@��

$VVRFLDWHG ZLWK 7 DQG )%. VHW 7 � � %>%>+@@ DQG ) �
%. � %>%>+@@ DV IROORZV� IRU DOO

3 � %>+@�

7 � �3 �  
�;

N�C �

K&HC� HNL$
e
C 3 $N�

) �
%.�3 �  ) e

%. 3 )%. � 7 � �3 ��



�

1RWH WKDW WKH IHHGEDFN ORRS LQ PRGHO ��� LV FKDUDFWHUL]HG E\ WKH SURGXFW %. � %>+@� $Q

DEVHQFH RI LW �L�H� WKH FDVH RI %.  2� OHDGV WR RSHUDWRUV )2� )2 DQG ) �
2 � 6HW )  )2�

)  )2 DQG ) �  ) �
2 IRU VKRUW� VR WKDW )%.  ) b%. DQG� IRU DOO 3 � %>+@�
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*LYHQ % � %>+ ��+@ VHW

b%  I. � %>+�+ �@ � U�) �
%.� � �J�

8QGHU WKH DVVXPSWLRQV PDGH LQ WKH SUHYLRXV VHFWLRQ U�) �
%.� � � LV D QHFHVVDU\ FRQGLWLRQ

IRU PHDQ�VTXDUH VWDELOLW\ RI PRGHO ��� ZKLFK� WRJHWKHU ZLWK LWV GXDO U�)%.� � �� LV VXrFLHQW
DV ZHOO �FI� >�@�� 7KXV D VWDELOL]LQJ VWDWH IHHGEDFN FRQWUROOHU . QHFHVVDULO\ OLHV LQ b%� 1RZ
FRQVLGHU WKH IROORZLQJ IXQFWLRQDO -c�c� � C��%
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VWDWH WKH RSWLPL]DWLRQ SUREOHP ���D� LQ WHUPV RI VXFK D IXQFWLRQDO� EXW pUVW OHW XV YHU�

LI\ WKDW LQ IDFW LW LV ZHOO GHpQHG� 1RWH WKDW
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IRU HYHU\ . � b%� LV ZHOO GHpQHG�

5HPDUN �� 1RWH WKDW U�) �
%.� � � LV QRW HTXLYDOHQW WR U�)%.� � � IRU WKH JHQHUDO ELOLQHDU

FDVH ZKHUH 7 LV QRW QXOO� DQG WKLV LV WKH UHDVRQ ZK\ WKH XSSHU V\PERO � FDQ QRW EH VXSSUHVVHG
IURP WKH GHpQLWLRQ RI b% � 7R FKHFN WKLV FRQVLGHU WKH IROORZLQJ SDUWLFXODU FDVH ZLWK %.  2�
6HW +  C�� WDNH DQ DUELWUDU\ UHDO o � �� DQG VHW $�� $� � %>C�@ DV IROORZV�
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)RU DQ\ Y � 9 Z WKH VWDWH FRUUHODWLRQ VHTXHQFH I4L� L y �J HYROYHV DV LQ ���� DQG IRU
DQ\ . � b% WKH IXQFWLRQDOV LQ ��� DUH ZHOO GHpQHG� 7KLV ZLOO EH HQRXJK WR HVWDEOLVK WKDW
] � C��+ j+�� ZKHQHYHU Y � 9 Z DQG . � b%� VR WKDW WKH RSWLPL]DWLRQ SUREOHP SRVHG LQ
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�� 2�/�9� &RVWD DQG &�6� .XEUXVO\� /\DSXQRY HTXDWLRQ IRU LQpQLWH�GLPHQVLRQDO GLVFUHWH
ELOLQHDU V\VWHPV� 6\VWHPV &RQWURO /HWW� �� ������ ��^���

�� 1� 'XQIRUG DQG -�7� 6FKZDUW]� /LQHDU 2SHUDWRUV � 3DUW ,� *HQHUDO 7KHRU\ �:LOH\� 1HZ
<RUN� ������

�� :�:� +DJHU DQG /�/� +RURZLW]� &RQYHUJHQFH DQG VWDELOLW\ SURSHUWLHV RI WKH GLVFUHWH
5LFFDWL RSHUDWRU HTXDWLRQ DQG WKH DVVRFLDWHG RSWLPDO FRQWURO DQG pOWHULQJ SUREOHPV�
6,$0 -� &RQWURO 2SWLP� �� ������ ���^����

�� &�6� .XEUXVO\� 0HDQ VTXDUH VWDELOLW\ IRU GLVFUHWH ERXQGHG OLQHDU V\VWHPV LQ +LOEHUW
VSDFH� 6,$0 -� &RQWURO 2SWLP� �� ������ ��^���

�� &�6� .XEUXVO\� 4XDGUDWLF�PHDQ FRQYHUJHQFH DQG PHDQ�VTXDUH VWDELOLW\ IRU GLVFUHWH OLQHDU
V\VWHPV� D +LOEHUW�VSDFH DSSURDFK� ,0$ -� 0DWK� &RQWURO ,QIRUP� � ������ ��^����

�� &�6� .XEUXVO\� 2Q WKH H[LVWHQFH� HYROXWLRQ� DQG VWDELOLW\ RI LQpQLWH�GLPHQVLRQDO VWRFKDV�
WLF GLVFUHWH ELOLQHDU PRGHOV� &RQWURO 7KHRU\ $GY� 7HFK� � ������ ���^����

�� &�6� .XEUXVO\ DQG 2�/�9� &RVWD� 0HDQ�VTXDUH VWDELOLW\ IRU GLVFUHWH ELOLQHDU V\VWHPV LQ
+LOEHUW VSDFH� 6\VWHPV &RQWURO /HWW� �� ������ ���^����

�� .�<� /HH� 6��1� &KRZ DQG 5�2� %DUU� 2Q WKH FRQWURO RI GLVFUHWH�WLPH GLVWULEXWHG SDUDP�
HWHU V\VWHPV� 6,$0 -� &RQWURO �� ������ ���^����

�� -� :HLGPDQQ� /LQHDU 2SHUDWRUV LQ +LOEHUW 6SDFHV �6SULQJHU� 1HZ <RUN� ������

��� -� =DEF]\N� 5HPDUNV RQ WKH FRQWURO RI GLVFUHWH�WLPH GLVWULEXWHG SDUDPHWHU V\VWHPV�
6,$0 -� &RQWURO �� ������ ���^����

��� -� =DEF]\N� 2Q RSWLPDO VWRFKDVWLF FRQWURO RI GLVFUHWH�WLPH V\VWHPV LQ +LOEHUW VSDFH�
6,$0 -� &RQWURO �� ������ ����^�����

��� -� =DEF]\N� 6WDELOLW\ SURSHUWLHV RI WKH GLVFUHWH 5LFFDWL RSHUDWRU HTXDWLRQ� .\EHUQHWLFD
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