
$GYDQFHV LQ 0DWKHPDWLFDO 6FLHQFHV DQG $SSOLFDWLRQV � ������ ���^���

6,0,/$5,7< 72 &2175$&7,216 $1' :($. 67$%,/,7<

&�6� .XEUXVO\

$EVWUDFW� $ VXUYH\ RQ WKH SUREOHP RI FKDUDFWHUL]LQJ +LOEHUW�VSDFH RSHUDWRUV WKDW DUH
VLPLODU WR FRQWUDFWLRQV LV IROORZHG E\ DQ DQDO\VLV RQ WKH UHODWLRQVKLS EHWZHHQ VLPLODULW\ WR
D FRQWUDFWLRQ DQG ZHDN VWDELOLW\� 7KLV OHDGV WR WKH SUREOHP RI FKDUDFWHUL]LQJ WKH ZHDNO\
VWDEOH XQLWDU\ RSHUDWRUV�

�� ,1752'8&7,21

7KURXJKRXW WKLV SDSHU + DQG +� ZLOO VWDQG IRU XQLWDULO\ HTXLYDOHQW QRQWULYLDO FRPSOH[
VHSDUDEOH +LOEHUW VSDFHV� DQG C��+�  j�

N  �+ ZLOO GHQRWH WKH +LOEHUW VSDFH REWDLQHG E\
WKH GLUHFW VXP RI FRXQWDEO\ LQpQLWH FRSLHV RI +� /HW %>+�+�@ VWDQG IRU WKH %DQDFK VSDFH
RI DOO RSHUDWRUV �L�H� ERXQGHG OLQHDU WUDQVIRUPDWLRQV� RI + LQWR +�� DQG OHW * >+�+�@ GHQRWH
WKH FODVV RI DOO LQYHUWLEOH RSHUDWRUV IURP %>+�+�@ �L�H� WKRVH ZKLFK DUH DOVR ERXQGHG EHORZ
DQG PDS + RQWR +��� 6HW %>+@  %>+�+@ DQG * >+@  * >+�+@ IRU VKRUW� /HW % � >+@ EH
WKH ZHDNO\ FORVHG FRQYH[ FRQH RI DOO �VHOI�DGMRLQW� QRQQHJDWLYH RSHUDWRUV LQ %>+@� DQG VHW
* � >+@  * >+@ ? % � >+@� 3RLQW VSHFWUXP� UHVLGXDO VSHFWUXP DQG FRQWLQXRXV VSHFWUXP LQ
%>+@ ZLOO EH GHQRWHG E\ �3 �c�� �5�c� DQG �&�c�� DQG U�c�� Z�c� DQG MM c MM ZLOO VWDQG IRU
VSHFWUDO UDGLXV� QXPHULFDO UDGLXV DQG �LQGXFHG XQLIRUP� QRUP LQ %>+@� UHVSHFWLYHO\� $V
XVXDO� DQ XSSHU VWDU e ZLOO GHQRWH DGMRLQW� 7 ZLOO DOZD\V PHDQ DQ RSHUDWRU LQ %>+@�

$Q RSHUDWRU 7 LV VDLG WR EH ZHDNO\� VWURQJO\ RU XQLIRUPO\ VWDEOH LI WKH SRZHU VHTXHQFH
I7Q� Q y �J FRQYHUJHV ZHDNO\� VWURQJO\ RU XQLIRUPO\ WR WKH QXOO RSHUDWRU �L�H� LI 7Q Z

b� 2�

7Q V
b� 2� RU 7Q X

b� 2�� UHVSHFWLYHO\� ,I WKH SRZHU VHTXHQFH LV ERXQGHG �UHFDOO WKDW ZHDN�
VWURQJ DQG XQLIRUP ERXQGHGQHVV DUH HTXLYDOHQW E\ WKH %DQDFK�6WHLQKDXV WKHRUHP�� WKHQ
7 LV FDOOHG SRZHU ERXQGHG �L�H� LI VXSQ MM7

QMM � ��� $FFRUGLQJ WR WKH *HOIDQG�%HXUOLQJ
IRUPXOD �U�7 �  OLPQ MM7QMM� Q� SRZHU ERXQGHGQHVV� VWDELOLW\ DQG WKH VSHFWUDO UDGLXV DUH
UHODWHG DV IROORZV�
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$Q RSHUDWRU 7 � %>+@ LV VLPLODU WR & � %>+�@ LI &  :7:b� IRU VRPH : � * >+�+�@�
5HFDOO WKDW VLPLODULW\ SUHVHUYHV VWDELOLW\� SRZHU ERXQGHGQHVV� WKH VSHFWUXP DQG LWV SDUWV
�3 �c�� �5�c� DQG �&�c�� %\ D FRQWUDFWLRQ �D VWULFW FRQWUDFWLRQ� ZH PHDQ DQ RSHUDWRU 7
VXFK WKDW MM7 MM x � �MM7 MM � ���

3U REO HP � � :KLFK RSHUDWRUV DUH VLPLODU WR FRQWUDFWLRQV"

+DOPRV KDV FODVVLpHG WKLV DV ?RQH RI WKH PRVW GLrFXOW RSHQ SUREOHPV RI RSHUDWRU
WKHRU\� >�� S���@� 7KH SXUSRVH RI WKH SUHVHQW SDSHU LV WR VXUYH\ VRPH VSHFLpF DVSHFWV
UHODWHG WR WKH DERYH SUREOHP� 3DUWLFXODUO\� ZH VKDOO EH IRFXVLQJ RQ WKH UHODWLRQVKLS EHWZHHQ
VLPLODULW\ WR D FRQWUDFWLRQ DQG ZHDN VWDELOLW\� %HIRUH JRLQJ IXUWKHU OHW XV UHFDOO WKDW WKH
IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D� 7 LV VLPLODU WR D FRQWUDFWLRQ�

�E� 7KHUH H[LVWV 4 � * � >+@ VXFK WKDW MM474b�MM x ��
�F� 7KHUH H[LVWV 4 � * � >+@ VXFK WKDW 4� b 7 e4�7 � % � >+@�
�G� 7Q LV VLPLODU WR D FRQWUDFWLRQ IRU VRPH LQWHJHU Q y ��
�H� 7KHUH H[LVW D FRQWUDFWLRQ & � %>+�@� $ � %>+��+@ DQG % � %>+�+�@ VXFK WKDW

7Q  $&Q% IRU HYHU\ LQWHJHU Q y ��
�I� 7KHUH H[LVW D FRQWUDFWLRQ & � %>+�@� $ � %>+��+@ DQG % � %>+�+�@ VXFK WKDW

3�
Q � MM$&

Q% b 7QMM� � ��

7KH DERYH HTXLYDOHQW FRQGLWLRQV WR VLPLODULW\ WR D FRQWUDFWLRQ KDYH EHHQ YHULpHG LQ >�� ���
��� ��@�

�� 32:(5 %281'('1(66

3HUKDSV WKH KLVWRU\ RI 3UREOHP � KDV EHJXQ LQ ���� ZKHQ WKH IROORZLQJ UHVXOW� GXH WR
1DJ\ >��@� ZDV SXEOLVKHG�

3U RSRVLW LRQ � � ,I 7 � * >+@ DQG ERWK 7 DQG 7b� DUH SRZHU ERXQGHG� WKHQ 7 LV VLPLODU

WR D XQLWDU\ RSHUDWRU�

1RWH WKDW WKH FRQYHUVH LV WULYLDOO\ WUXH� DQG WKDW VLPLODULW\ WR D XQLWDU\ RSHUDWRU LV D
SDUWLFXODU FDVH RI VLPLODULW\ WR D FRQWUDFWLRQ� ,Q ����� WU\LQJ WR UHPRYH WKH LQYHUWLELOLW\
FRQGLWLRQ IURP WKH DERYH SURSRVLWLRQ� 1DJ\ >��@ SUHVHQWHG D VROXWLRQ WR 3UREOHP � IRU
D SDUWLFXODU FODVV RI RSHUDWRUV� ZKLFK LQ WXUQ VROYHV 3UREOHP � IRU WKH pQLWH�GLPHQVLRQDO
FDVH�

3U RSRVLW LRQ � � (YHU\ SRZHU ERXQGHG FRPSDFW RSHUDWRU LV VLPLODU WR D FRQWUDFWLRQ�



6LQFH VLPLODULW\ WR D FRQWUDFWLRQ LPSOLHV SRZHU ERXQGHGQHVV LQ JHQHUDO� WKH DERYH
SURSRVLWLRQ FKDUDFWHUL]HV� ZLWKLQ WKH FODVV RI DOO FRPSDFW RSHUDWRUV� WKRVH ZKLFK DUH VLPLODU
WR D FRQWUDFWLRQ� WKH\ DUH WKH SRZHU ERXQGHG RSHUDWRUV� ,W ZDV WKHQ WKDW 1DJ\ KDV SRVHG
WKH IROORZLQJ TXHVWLRQ� ZKLFK FORVHV +DOPRV
 ���� ?*OLPSVH LQWR +LOEHUW 6SDFHV� >�@�

4XHVW LRQ � � 'RHV WKH HTXLYDOHQFH EHWZHHQ SRZHU ERXQGHGQHVV DQG VLPLODULW\ WR D FRQ�

WUDFWLRQ VWLOO KROG IRU QRQFRPSDFW RSHUDWRUV"

7KH DQVZHU ZDV JLYHQ E\ )RJXHO >�@ LQ ���� DQG UHZRUNHG LQ D YHU\ HOOHJDQW ZD\ E\
+DOPRV >�@ RQ WKH SDJHV IROORZLQJ )RJXHO
V SDSHU�

$QVZHU �� 1R� /HW 6 � %>+@ EH D XQLODWHUDO VKLIW� ZKLFK PHDQV WKDW WKHUH H[LVWV DQ
RUWKRQRUPDO EDVLV IHN� N y �J IRU + VXFK WKDW 6HN  HN � � IRU HYHU\ N y �� /HW 3 � %>+@
EH WKH RUWKRJRQDO SURMHFWLRQ RQWR WKH FORVHG VSDQIHM � M  N�� N y �J� 7KH IROORZLQJ
RSHUDWRU ) � %>+j+@ LV SRZHU ERXQGHG EXW QRW VLPLODU WR D FRQWUDFWLRQ�

)  

v

6e 3
2 6

w

�

+RZHYHU� WKHUH DUH FODVVHV RI QRW QHFHVVDULO\ FRPSDFW RSHUDWRUV ZKHUH WKH DERYH
HTXLYDOHQFH EHWZHHQ SRZHU ERXQGHGQHVV DQG VLPLODULW\ WR D FRQWUDFWLRQ GRHV KROG� )RU
LQVWDQFH� WKH FODVV RI DOO VSHFWUDORLG RSHUDWRUV� 5HFDOO WKDW DQ RSHUDWRU 7 LV VSHFWUDORLG LI
U�7 �  Z�7 �� 7 LV QRUPDORLG LI U�7 �  MM7 MM� RU HTXLYDOHQWO\ LI Z�7 �  MM7 MM� $Q RSHUDWRU
LV K\SRQRUPDO LI 77 e x 7 e7 � $ VXEQRUPDO RSHUDWRU LV RQH WKDW KDV D QRUPDO H[WHQVLRQ
�L�H� RQH WKDW LV WKH UHVWULFWLRQ RI D QRUPDO RSHUDWRU WR DQ LQYDULDQW VXEVSDFH�� $Q RSHUDWRU
7 LV FDOOHG TXDVLQRUPDO LI LW FRPPXWHV ZLWK 7 e7 � 7KHVH FODVVHV DUH UHODWHG DV IROORZV�

1RUPDOV ~ 4XDVLQRUPDOV ~ 6XEQRUPDOV ~
+\SRQRUPDOV ~ 1RUPDORLGV ~ 6SHFWUDORLGV�

3U RSRVLW LRQ � � (YHU\ SRZHU ERXQGHG VSHFWUDORLG RSHUDWRU LV VLPLODU WR D FRQWUDFWLRQ�

,QGHHG� 7 LV VLPLODU WR D FRQWUDFWLRQ ZKHQHYHU Z�7 � x � >�� S���@� %\ JRLQJ MXVW RQH
VWHS GRZQ VLPLODULW\ WR D FRQWUDFWLRQ FROODSVHV WR FRQWUDFWLRQ LWVHOI� $FWXDOO\� E\ UHFDOOLQJ
WKDW 7 LV QRUPDORLG LI DQG RQO\ LI MM7QMM  MM7 MMQ IRU HYHU\ LQWHJHU Q y �� LW IROORZV WKDW
HYHU\ SRZHU ERXQGHG QRUPDORLG RSHUDWRU LV D FRQWUDFWLRQ�

,Q OLJKW RI WKH QHJDWLYH DQVZHU WR 4XHVWLRQ �� +DOPRV UHIRUPXODWHG LW LQ ���� ZKHUH
SRZHU ERXQGHGQHVV ZDV UHSODFHG E\ SRO\QRPLDO ERXQGHGQHVV� 7KXV WKH VL[WK SUREOHP
LQ +DOPRV
 ?7HQ 3UREOHPV LQ +LOEHUW 6SDFH� >�@ UHDGV DV IROORZV� ?LV HYHU\ SRO\QRPLDOO\
ERXQGHG RSHUDWRU VLPLODU WR D FRQWUDFWLRQ"� 5HFDOO WKDW DQ RSHUDWRU 7 LV SRO\QRPLDOO\

ERXQGHG LI VXSS MMS�7 �MM MMSMM� � �� ZKHUH WKH VXSUHPXP LV WDNHQ RYHU DOO SRO\QRPLDOV S



DQG MMSMM�  VXSMyMx� MS�y�M� 6LQFH VLPLODULW\ WR D FRQWUDFWLRQ LPSOLHV SRO\QRPLDO ERXQG�
HGQHVV� ZKDW LV DFWXDOO\ EHLQJ DVNHG LV ZKHWKHU SRO\QRPLDO ERXQGHGQHVV LV WKH VROXWLRQ
RI 3UREOHP �� 6RPH SDUWLDO HYLGHQFHV WRZDUGV DQ DrUPDWLYH DQVZHU ZHUH SUHVHQWHG E\
&KDWDJH >�@ LQ ����� +RZHYHU� HYDOXDWLQJ WKH SURJUHVV RQ WKRVH WHQ SUREOHPV SRVHG LQ >�@�
+DOPRV UHSRUWHG LQ ���� WKDW WKHUH ZDV QR SURJUHVV XS WR WKHQ UHJDUGLQJ D SRVVLEOH HTXLY�
DOHQFH EHWZHHQ VLPLODULW\ WR D FRQWUDFWLRQ DQG SRO\QRPLDO ERXQGHGQHVV >��@� $SSDUHQWO\
DQRWKHU GHFDGH RI CLJQRUDQFH
 KDV DOUHDG\ EHHQ FRPSOHWHG� %\ WKH ZD\� WKH RSHUDWRU )
DSSHDULQJ LQ $QVZHU � LV QRW SRO\QRPLDOO\ ERXQGHG� DV YHULpHG E\ /HERZ >��@ LQ �����

�� :($. 67$%,/,7<

/HW XV QRZ KDYH D VRPHZKDW GLoHUHQW ORRN DW VLPLODULW\ WR D FRQWUDFWLRQ� )LUVW ZH
QRWH WKDW ZHDN VWDELOLW\ DQG VLPLODULW\ WR D FRQWUDFWLRQ VKDUH VRPH FRPPRQ SURSHUWLHV�
)RU LQVWDQFH� OHW c DQG b GHQRWH WKH RSHQ XQLW GLVF DQG XQLW FLUFOH LQ WKH FRPSOH[ SODQH
FHQWHUHG DW WKH RULJLQ� UHVSHFWLYHO\� DQG FRQVLGHU WKH IROORZLQJ SURSRVLWLRQV�

3U RSRVLW LRQ � � ,I 7 LV ZHDNO\ VWDEOH� WKHQ 7 LV SRZHU ERXQGHG DQG �3 �7 � > �5�7 � v c�

3U RSRVLW LRQ � � ,I 7 LV VLPLODU WR D FRQWUDFWLRQ� WKHQ 7 LV SRZHU ERXQGHG DQG �5�7 � v c�

6LQFH ZHDN VWDELOLW\ WULYLDOO\ LPSOLHV �3 �7 � v c� 3URSRVLWLRQ � LV UHDGLO\ YHUL�
pHG E\ UHFDOOLQJ WKDW WKH DGMRLQW RSHUDWLRQ SUHVHUYHV ZHDN VWDELOLW\� DQG WKDW �5�7 �  
�3 �7

e�eQ�3 �7 �� 6LQFH VLPLODULW\ SUHVHUYHV SRZHU ERXQGHGQHVV� DV ZHOO DV HDFK SDUW RI WKH
VSHFWUXP� 3URSRVLWLRQ � LV DOVR UHDGLO\ YHULpHG EHFDXVH �5�7 � v Iy � &, � MyM � MM7 MMJ IRU
DQ\ RSHUDWRU 7 �VHH H�J� >��@��

5HFDOO WKDW U�7 � x � ZKHQHYHU 7 LV SRZHU ERXQGHG� DQG U�7 � � � LI DQG RQO\ LI 7 LV
XQLIRUPO\ VWDEOH� 7KXV� DFFRUGLQJ WR 3URSRVLWLRQ �� ZH PD\ FRQFOXGH� LI WKH FRQWLQXRXV
VSHFWUXP GRHV QRW LQWHUVHFW WKH XQLW FLUFOH �WULYLDO H[DPSOH� FRPSDFW RSHUDWRUV�� WKHQ
WKH ZHDN DQG XQLIRUP �DQG VR VWURQJ� VWDELOLW\ FRQFHSWV FRLQFLGH� ,Q RWKHU ZRUGV� 7 LV

XQLIRUPLO\ VWDEOH LI DQG RQO\ LI 7 LV ZHDNO\ VWDEOH DQG �&�7 � ? b  ��

1H[W UHFDOO WKDW U�7 �  LQI: � *>+ �+ � @ MM:7:b�MM >��@� DQG KHQFH DQ RSHUDWRU 7 LV
VLPLODU WR D VWULFW FRQWUDFWLRQ LI DQG RQO\ LI U�7 � � �� 7KHUHIRUH XQLIRUP VWDELOLW\ LV
HTXLYDOHQW WR VLPLODULW\ WR D VWULFW FRQWUDFWLRQ� $ QDWXUDO TXHVWLRQ� UDLVHG LQ >��@� LV ZKHWKHU
WKH LPSOLFDWLRQV FKDUDFWHUL]HG E\ WKH DERYH HTXLYDOHQFH FDQ VXUYLYH �DW OHDVW LQ RQH VHQVH�
WKH IROORZLQJ UHOD[DWLRQ� RQ WKH RQH KDQG FKDQJH XQLIRUP VWDELOLW\ WR ZHDN VWDELOLW\� DQG
RQ WKH RWKHU KDQG UHSODFH VLPLODULW\ WR D VWULFW FRQWUDFWLRQ E\ VLPLODULW\ WR D FRQWUDFWLRQ�

4XHVW LRQ � � ,V HYHU\ ZHDNO\ VWDEOH RSHUDWRU VLPLODU WR D FRQWUDFWLRQ"

,I WKHUH H[LVWV D ZHDNO\ VWDEOH RSHUDWRU QRW VLPLODU WR D FRQWUDFWLRQ� WKHQ LW LV QHFHVVDU�
LO\ D SRZHU ERXQGHG RSHUDWRU QRW VLPLODU WR D FRQWUDFWLRQ� 7KH RSHUDWRU ZH KDYH VHHQ ZLWK



WKLV SURSHUW\ ZDV WKH RSHUDWRU ) LQ $QVZHU �� +RZHYHU VXFK DQ RSHUDWRU ) LV QRW ZHDNO\
VWDEOH� ,QGHHG� )RJXHO KDV VKRZQ LQ >�@ WKDW =�7 � ? =�7 e�"  I�J ZKHQHYHU 7 LV VLPLODU

WR D FRQWUDFWLRQ� ZKHUH =�7 � � I[ � + � 7Q[
Z

b� �J DQG WKH XSSHU V\PERO " GHQRWHV
RUWKRJRQDO FRPSOHPHQW �QRWH� DQ RSHUDWRU 7 LV ZHDNO\ VWDEOH LI DQG RQO\ LI =�7 �  +��
7KH RSHUDWRU ) ZDV GHOLEHUDWHO\ EXLOW LQ >�@ WR pW WKH FRQGLWLRQ =�) � ? =�) e�" � I�J�
WKXV HQVXULQJ WKDW LW LV QRW VLPLODU WR D FRQWUDFWLRQ� %XW WKLV HQVXUHV WKDW LW LV QRW ZHDNO\
VWDEOH DV ZHOO �IRU =�) e�" � I�J� VR WKDW =�) e� � +� DQG KHQFH ) e LV QRW ZHDNO\ VWDEOH�
RU HTXLYDOHQWO\ ) LV QRW ZHDNO\ VWDEOH�� 1RWH WKDW� VLQFH WKH SRZHU ERXQGHG RSHUDWRU
) LV QHLWKHU ZHDNO\ VWDEOH QRU VLPLODU WR D FRQWUDFWLRQ� LW DOVR VKRZV WKDW WKH FRQYHUVHV
WR 3URSRVLWLRQV � DQG � IDLO �EHFDXVH �3 �) �  �3 �6

e�  c� �5�) �  �5�6
e�  � DQG

�&�) �  �&�6
e�  b��

$ SDUWLDO HYLGHQFH WRZDUGV D QHJDWLYH DQVZHU WR 4XHVWLRQ � LV VXSSOLHG E\ WKH IROORZLQJ
SURSRVLWLRQ�

3U RSRVLW LRQ � � ,I D VWURQJO\ VWDEOH RSHUDWRU LV VLPLODU WR D FRQWUDFWLRQ� WKHQ LW LV VLPLODU

WR D SDUW RI D EDFNZDUG VKLIW�

1RWH WKDW WKH FRQYHUVH LV WULYLDOO\ WUXH� VR WKDW D SRVLWLYH DQVZHU WR 4XHVWLRQ � ZRXOG
OHDG WR D XQLYHUVDO PRGHO IRU VWURQJ VWDELOLW\ �YL]� RSHUDWRUV WKDW DUH VLPLODU WR SDUWV RI
EDFNZDUG VKLIWV�� 5HFDOO WKDW D SDUW RI DQ RSHUDWRU LV D UHVWULFWLRQ RI LW WR DQ LQYDULDQW
VXEVSDFH� 7KH DERYH SURSRVLWLRQ LV D VLPSOH H[WHQVLRQ RI WKH IROORZLQJ UHVXOW �VHH H�J� >�
S���@�� D VWURQJO\ VWDEOH FRQWUDFWLRQ LV XQLWDULO\ HTXLYDOHQW WR D SDUW RI D EDFNZDUG VKLIW�
7KLV LQ WXUQ LV D UHpQHPHQW RI 5RWD
V WKHRUHP >��@ �LI U�7 � � �� WKHQ 7 LV VLPLODU WR D SDUW
RI D EDFNZDUG VKLIW� GXH WR GH %UDQJHV DQG 5RYQ\DN >�@� 1RWH WKDW WKH DERYH PHQWLRQHG
EDFNZDUG VKLIWV �L�H� DGMRLQW RI XQLODWHUDO VKLIWV� DUH JHQHUDOO\ RI LQpQLWH PXOWLSOLFLW\ �WKH\
UHDOO\ DUH GHpQHG RQ C��+���

$ pQDO DQVZHU WR 4XHVWLRQ � KDV UHFHQWO\ DSSHDUHG LQ >��@�

$QVZHU �� 1R� 1RW HYHQ VWURQJ VWDELOLW\ LPSOLHV VLPLODULW\ WR D FRQWUDFWLRQ� 7DNH WKH
RSHUDWRU ) � %>+j+@ GHpQHG LQ $QVZHU �� 7KH IROORZLQJ RSHUDWRU 6e

) � %>C��+j+�@ LV
VWURQJO\ VWDEOH EXW QRW VLPLODU WR D FRQWUDFWLRQ� 6e

)[  j�
N  �)[N � � IRU DOO [  j�

N  �[N �
C��+ j +�� 6e

) LV WKH SURGXFW RI D EDFNZDUG VKLIW RI LQpQLWH PXOWLSOLFLW\ E\ WKH LQpQLWH
GLUHFW VXP j�

N  �) � 7KXV LW FDQ EH WKRXJKW RI DV D EDFNZDUG VKLIW RI LQpQLWH PXOWLSOLFLW\
WKDW KDV EHHQ FRQVWDQWO\ ZHLJKWHG E\ ) � ZKLFK LV LGHQWLpHG ZLWK WKH IROORZLQJ LQpQLWH
PDWUL[ RI RSHUDWRUV
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,W LV REYLRXV WKDW VLPLODULW\ WR D FRQWUDFWLRQ GRHV QRW LPSO\ ZHDN VWDELOLW\� MXVW WDNH
D FRQWUDFWLRQ ZLWK DQ HLJHQYDOXH LQ WKH XQLW FLUFOH �H�J� WKH LGHQWLW\�� 7KHUHIRUH D VXLWDEOH
FRQYHUVH WR 4XHVWLRQ � VKRXOG UHDG DV IROORZV >��@�



4XHVW LRQ � � 'RHV VLPLODULW\ WR D FRQWUDFWLRQ LPSO\ ZHDN VWDELOLW\ IRU RSHUDWRUV ZLWK SRLQW

VSHFWUXP LQ WKH RSHQ XQLW GLVF"

,I 7 LV D FRQWUDFWLRQ� WKHQ =  I[ � + � 7Q[
Z

b� �J LV D VXEVSDFH �L�H� D FORVHG
OLQHDU PDQLIROG� ZKLFK UHGXFHV 7 � DQG 7 LV XQLWDU\ RQ ="� 7KLV LV )RJXHO
V GHFRPSRVLWLRQ
>�@� D FRQWUDFWLRQ LV WKH GLUHFW VXP RI D ZHDNO\ VWDEOH FRQWUDFWLRQ DQG D XQLWDU\ RSHUDWRU�
+RZHYHU� WKH ODUJHVW UHGXFLQJ VXEVSDFH RI D FRQWUDFWLRQ 7 RQ ZKLFK LW LV XQLWDU\ LV QRW ="

LQ JHQHUDO� EXW .  I[ � + � MM7Q[MM  MM7 eQ[MM  MM[MM� �Q y �J� VR WKDW 7 LV FRPSOHWHO\
QRQXQLWDU\ RQ . " �DQ RSHUDWRU LV FRPSOHWHO\ QRQXQLWDU\ LI WKH UHVWULFWLRQ RI LW WR DQ\
QRQ]HUR UHGXFLQJ VXEVSDFH LV QRW XQLWDU\�� 7KLV LV 1DJ\�)RLDV�/DQJHU GHFRPSRVLWLRQ >���
��@� D FRQWUDFWLRQ LV XQLTXHO\ WKH GLUHFW VXP RI D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ DQG
D XQLWDU\ RSHUDWRU� $FFRUGLQJ WR WKH DERYH GHFRPSRVLWLRQV D FRPSOHWHO\ QRQXQLWDU\ FRQ�

WUDFWLRQ LV ZHDNO\ VWDEOH �IRU =" v . � VR WKDW . " v =�� %\ XVLQJ )RJXHO
V GHFRPSRVLWLRQ
LW KDV EHHQ YHULpHG LQ >��@ WKDW WKH IROORZLQJ TXHVWLRQ LV HTXLYDOHQW WR 4XHVWLRQ ��

4XHVW LRQ � 
� ,V HYHU\ XQLWDU\ RSHUDWRU ZLWK HPSW\ SRLQW VSHFWUXP ZHDNO\ VWDEOH"

3HUKDSV WKH pUVW XQLWDU\ RSHUDWRU ZLWKRXW HLJHQYDOXHV WKDW FRPHV WR RQH
V PLQG LV D
ELODWHUDO VKLIW �VHH H�J� >�� FK��@�� +RZHYHU� D ELODWHUDO VKLIW LV ZHDNO\ VWDEOH� $FWXDOO\�
IRU DQ\ ZHLJKWHG VKLIW �ELODWHUDO RU XQLODWHUDO RI DUELWUDU\ PXOWLSOLFLW\� ZHDN VWDELOLW\ LV

HTXLYDOHQW WR SRZHU ERXQGHGQHVV� ZKLFK LQ WXUQ LV HTXLYDOHQW WR VLPLODULW\ WR D FRQWUDFWLRQ

>��@ �FDXWLRQ� WKH RSHUDWRU 6e
) LQ $QVZHU � LV QRW D ZHLJKWHG EDFNZDUG VKLIW RI LQpQLWH

PXOWLSOLFLW\��

5HFDOO WKDW D XQLWDU\ RSHUDWRU LV DEVROXWHO\ FRQWLQXRXV �VLQJXODU� VLQJXODU�FRQWLQXRXV�
VLQJXODU�GLVFUHWH� LI LWV VSHFWUDO PHDVXUH LV DEVROXWHO\ FRQWLQXRXV �VLQJXODU� VLQJXODU�
FRQWLQXRXV� VLQJXODU�GLVFUHWH� ZLWK UHVSHFW WR QRUPDOL]HG /HEHVJXH PHDVXUH RQ WKH XQLW
FLUFOH� (YHU\ XQLWDU\ RSHUDWRU LV XQLTXHO\ WKH GLUHFW VXP RI DQ DEVROXWHO\ FRQWLQXRXV XQL�
WDU\ DQG D VLQJXODU XQLWDU\ �VHH H�J� >� S���� ��@�� %XW DQ DEVROXWHO\ FRQWLQXRXV XQLWDU\
RSHUDWRU LV VLPLODU WR D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ >��@� VR WKDW DQ DEVROXWHO\ FRQ�

WLQXRXV XQLWDU\ RSHUDWRU LV ZHDNO\ VWDEOH �UHDVRQ� VLPLODULW\ SUHVHUYHV VWDELOLW\�� +HQFH
4XHVWLRQ �
 DFWXDOO\ DVNV ZKHWKHU D VLQJXODU XQLWDU\ RSHUDWRU ZLWK HPSW\ SRLQW VSHFWUXP
LV ZHDNO\ VWDEOH� 1RZ UHFDOO WKDW D VLQJXODU XQLWDU\ RSHUDWRU LV WKH GLUHFW VXP RI D VLQJXODU�
FRQWLQXRXV XQLWDU\ DQG D VLQJXODU�GLVFUHWH XQLWDU\� DQG WKDW WKH DEVHQFH RI SRLQW VSHFWUXP
LPSOLHV WKDW LWV VLQJXODU�GLVFUHWH GLUHFW VXPPDQG LV PLVVLQJ� 7KHUHIRUH 4XHVWLRQ � FDQ EH
UHpQHG D ELW IXUWKHU WKDQ 4XHVWLRQ �
� EHLQJ HTXLYDOHQW WR WKH IROORZLQJ RQH DV ZHOO�

4XHVW LRQ � � � ,V HYHU\ VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRU ZHDNO\ VWDEOH"

:KHQ IRUPXODWLQJ 4XHVWLRQ � ZH FDUHG RI UXOLQJ RXW FRQWUDFWLRQV ZLWK HLJHQYDOXHV LQ
WKH XQLW FLUFOH� VR WKDW XQLWDU\ GLDJRQDOV KDYH EHHQ SXW DVLGH IURP 4XHVWLRQ �
� VLQFH WKH\
DUH FHUWDLQO\ QRW ZHDNO\ VWDEOH� 4XHVWLRQ �� DOVR UXOHV RXW ELODWHUDO VKLIWV RU DQ\ GLUHFW
VXPPDQG RI WKHP� VLQFH WKHVH DUH SUHFLVHO\ WKH DEVROXWHO\ FRQWLQXRXV XQLWDU\ RSHUDWRUV
�VHH H�J� >� S���� ��@�� DQG KHQFH ZHDNO\ VWDEOH�



%HIRUH DQVZHULQJ 4XHVWLRQ � OHW XV UHFDOO WKDW WKH VSHFWUDO PHDVXUH RI D XQLWDU\ RS�
HUDWRU LV FDOOHG SXUH LI LW LV HLWKHU DEVROXWHO\ FRQWLQXRXV� VLQJXODU�FRQWLQXRXV RU VLQJXODU�
GLVFUHWH ZLWK UHVSHFW WR QRUPDOL]HG /HEHVJXH PHDVXUH RQ WKH XQLW FLUFOH� 3XWWLQJ LW DQRWKHU
ZD\� LI WZR GLUHFW VXPPDQGV DUH QHFHVVDULO\ PLVVLQJ LQ WKH GHFRPSRVLWLRQ RI D XQLWDU\ RS�
HUDWRU DV D GLUHFW VXP RI DQ DEVROXWHO\ FRQWLQXRXV XQLWDU\� D VLQJXODU�FRQWLQXRXV XQLWDU\�
DQG D VLQJXODU�GLVFUHWH XQLWDU\�

$QVZHU �� 1R� 7KHUH DUH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV WKDW DUH QRW ZHDNO\ VWDEOH�
)RU LQVWDQFH� OHW z EH WKH QRUPDOL]HG /HEHVJXH PHDVXUH RQ b� VHW +  / ��z�� DQG FRQVLGHU
WKH IROORZLQJ XQLWDU\ RSHUDWRU 8 � %>/ ��z�@�

�8I��]�  ]TI�q]� D�H� RQ b

IRU DOO I � / ��z�� ZKHUH T LV D VXrFLHQWO\ VPDOO QRQ]HUR UDWLRQDO �H�J� � � MTM x � ���
DQG q LV DQ LUUDWLRQDO LQ b �L�H� q  H�}Lo ZLWK o � >�� �� LUUDWLRQDO�� ,W KDV UHFHQWO\
EHHQ YHULpHG LQ >�@ WKDW 8 LV QRW D VLQJXODU�GLVFUHWH XQLWDU\ DQG WKDW I8Q� Q y �J KDV D
VXEVHTXHQFH� VD\ I8QN � N y �J� VXFK WKDW � � LQIN MK8QN�� �LM� 7KHUHIRUH 8 LV QRW ZHDNO\
VWDEOH� DQG KHQFH LW LV QRW DQ DEVROXWHO\ FRQWLQXRXV XQLWDU\ DV ZHOO� +RZHYHU� WKH VSHFWUDO
PHDVXUH RI 8 LV SXUH �VHH H�J� >��@�� VR WKDW 8 PXVW EH D VLQJXODU�FRQWLQXRXV XQLWDU\�

7R FORVH WKLV VHFWLRQ ZH QRWH WKDW WKH DERYH WHFKQLTXH XVHG WR JLYH D QHJDWLYH DQVZHU
WR 4XHVWLRQ � KDV D SHFXOLDU DVSHFW� WKH VLQJXODU�FRQWLQXRXV XQLWDU\ RSHUDWRUV LW VXSSOLHV
DUH ERUQ ZHDNO\ XQVWDEOH� 7KXV LW PD\ QRW SURYLGH DQ LQVLJKW LQWR WKH DQVZHU WR WKH
QH[W QDWXUDO TXHVWLRQ� EXW LW FHUWDLQO\ VXJJHVWV WKH TXHVWLRQ� LV HYHU\ VLQJXODU�FRQWLQXRXV
XQLWDU\ RSHUDWRU ZHDNO\ XQVWDEOH" ,Q RWKHU ZRUGV� DUH WKH ZHDNO\ VWDEOH XQLWDU\ RSHUDWRUV
SUHFLVHO\ WKH DEVROXWHO\ FRQWLQXRXV RQHV" (TXLYDOHQWO\� LV D XQLWDU\ RSHUDWRU ZHDNO\ VWDEOH
LI DQG RQO\ LI LW LV D ELODWHUDO VKLIW RU D GLUHFW VXPPDQG RI LW"

�� ),1$/ 5(0$5.6

7KH XQLIRUP VWDELOLW\ SUREOHP �L�H� WKH FKDUDFWHUL]DWLRQ RI DOO XQLIRUPO\ VWDEOH RSHU�
DWRUV� LV FHUWDLQO\ VROYHG �UHFDOO� 7 LV XQLIRUPO\ VWDEOH LI DQG RQO\ LI U�7 � � �� ZKLFK LQ
WXUQ LV HTXLYDOHQW WR VLPLODULW\ WR D VWULFW FRQWUDFWLRQ�� 0RUHRYHU� WKHUH H[LVWV LQ FXUUHQW
OLWHUDWXUH D KXJH FROOHFWLRQ RI HTXLYDOHQW FRQGLWLRQV IRU XQLIRUP VWDELOLW\ �VHH H�J� >��� ���
��� ��@ DQG WKH UHIHUHQFHV WKHUHLQ�� +RZHYHU� WKH VDPH SUREOHP LQ ZHDNHU WRSRORJLHV VWLOO
UHPDLQV XQVROYHG� $V IDU DV ZHDN VWDELOLW\ LV FRQFHUQHG �ZKLFK RSHUDWRUV DUH ZHDNO\ VWD�
EOH"� ZH KDYH PDGH DQ DWWHPSW KHUH WR VXUYH\ VRPH DVSHFWV RI WKH SUREOHP E\ WU\LQJ WR
LQWHUZHDYH LW ZLWK 3UREOHP ��

5HJDUGLQJ VWURQJ VWDELOLW\ WKH SUREOHP SUHVHQWV DQ H[WUD FRPSOH[LW\� RSSRVLWH WR
XQLIRUP DQG ZHDN VWDELOLWLHV� VWURQJ VWDELOLW\ LV QRW SUHVHUYHG E\ WKH DGMRLQW RSHUDWLRQ�
)XUWKHUPRUH �DQG WKLV LV SHUKDSV ZKDW LV DFWXDOO\ EHKLQG WKH DERYH UHPDUN�� WKH UROH
SOD\HG E\ VWURQJ VWDELOLW\ LQ WKH LQYDULDQW VXEVSDFH SUREOHP �ZLWQHVV� WKH &cc FODVVHV RI
1DJ\ DQG )RLDV >��@� UDQNV LW LQ D PXFK PRUH GHOLFDWH VWDWXV WKDQ ZHDN VWDELOLW\� HYHQ



WKRXJK ZH FDQ DOUHDG\ FODVVLI\ VWURQJ VWDELOLW\ DPRQJ VSHFLpF FODVVHV RI RSHUDWRUV� )RU
LQVWDQFH� 3XWQDP KDV VKRZQ LQ >��@ WKDW D FRK\SRQRUPDO RSHUDWRU �L�H� RQH ZKRVH DGMRLQW
LV K\SRQRUPDO� LV VWURQJO\ VWDEOH LI LW LV D FRPSOHWHO\ QRQXQLWDU\ FRQWUDFWLRQ �QRWH� WKH
FRQYHUVH KROGV HYHQ IRU D QRUPDORLG RSHUDWRU��

$&12:/('*(0(176

8QFRXQWDEOH GLVFXVVLRQV ZLWK 'U� 3�&�0� 9LHLUD� WR ZKRP WKH IRUPXODWLRQ RI 4XHVWLRQ
� LV GXH� FHUWDLQO\ UHSUHVHQWHG D UDWKHU VLJQLpFDQW PRWLYDWLRQ IRU ZULWLQJ WKLV SDSHU� 7KLV
UHVHDUFK ZDV VXSSRUWHG LQ SDUW E\ &13T �%UD]LOLDQ 1DWLRQDO 5HVHDUFK &RXQFLO��

5()(5(1&(6

�� /� GH %UDQJHV DQG 5RYQ\DN� $SSHQGL[ RQ VTXDUH VXPPDEOH SRZHU VHULHV� 3HUWXUEDWLRQ
7KHRU\ DQG LWV $SSOLFDWLRQV LQ 4XDQWXP 0HFKDQLFV �:LOH\� 1HZ <RUN� ������

�� 3� &KDWDJH� *HQHUDOL]HG DOJHEUDLF RSHUDWRUV� 3URF� $PHU� 0DWK� 6RF� �� ������
���^����

�� *�+� &KRH� 3URGXFWV RI RSHUDWRUV ZLWK VLQJXODU FRQWLQXRXV VSHFWUD� $06 3URF� 6\PS�

3XUH 0DWK� �� 3DUW � ������ ��^���

�� 3�$� )LOOPRUH� 1RWHV RQ 2SHUDWRU 7KHRU\ �9DQ 1RVWUDQG� 1HZ <RUN� ������

�� 6�5� )RJXHO� 3RZHUV RI D FRQWUDFWLRQ LQ +LOEHUW VSDFH� 3DFLpF -� 0DWK� �� ������
���^����

�� 6�5� )RJXHO� $ FRXQWHUH[DPSOH WR D SUREOHP RI 6]��1DJL� 3URF� $PHU� 0DWK� 6RF� ��

������ ���^����

�� 3�5� +DOPRV� $ JOLPSVH LQWR +LOEHUW VSDFH� /HFWXUHV RQ 0RGHUQ 0DWKHPDWLFV YRO� �
�:LOH\� 1HZ <RUN� ������

�� 3�5� +DOPRV� 2Q )RJXHO
V DQVZHU WR 1DJ\
V TXHVWLRQ� 3URF� $PHU� 0DWK� 6RF� ��

������ ���^����

�� 3�5� +DOPRV� 7HQ SUREOHPV LQ +LOEHUW VSDFH� %XOO� $PHU� 0DWK� 6RF� �� ������
���^����

��� 3�5� +DOPRV� 7HQ \HDUV LQ +LOEHUW VSDFH� ,QWHJUDO (T� 2SHUDWRU 7KHRU\ � ������
���^����

��� 3�5� +DOPRV� $ +LOEHUW 6SDFH 3UREOHP %RRN �QG HGQ� �6SULQJHU� 1HZ <RUN� ������

��� +� +HOVRQ� &RF\FOHV RQ WKH FLUFOH� -� 2SHUDWRU 7KHRU\ �� ������ ���^����

��� -�$�5� +ROEURRN� 6SHFWUDO GLODWLRQV DQG SRO\QRPLDOO\ ERXQGHG RSHUDWRUV� ,QGLDQD
8QLY� 0DWK� -� �� ������ ����^�����

��� -�$�5� +ROEURRN� 2SHUDWRUV VLPLODU WR FRQWUDFWLRQV� $FWD 6FL� 0DWK� �� ������ ���^
����



��� /� .wHUFK\� 2Q LQYDULDQW VXEVSDFHV RI &���FRQWUDFWLRQV� $FWD 6FL� 0DWK� �� ������
���^����

��� &�6� .XEUXVO\� 0HDQ VTXDUH VWDELOLW\ IRU GLVFUHWH ERXQGHG OLQHDU V\VWHPV LQ +LOEHUW
VSDFH� 6,$0 -� &RQWURO 2SWLPL]� �� ������ ��^���

��� &�6� .XEUXVO\� 8QLIRUP VWDELOLW\ IRU WLPH�YDU\LQJ LQpQLWH�GLPHQVLRQDO GLVFUHWH OLQHDU
V\VWHPV� ,0$ -� 0DWK� &RQWURO ,QI� � ������ ���^����

��� &�6� .XEUXVO\� $ QRWH RQ WKH /\DSXQRY HTXDWLRQ IRU GLVFUHWH OLQHDU V\VWHPV LQ +LOEHUW
VSDFH� $SSO� 0DWK� /HWW� � ������ ���^����

��� &�6� .XEUXVO\� 6WURQJ VWDELOLW\ GRHV QRW LPSO\ VLPLODULW\ WR D FRQWUDFWLRQ� 6\VW� &RQ�

WURO /HWW� �� ������ ���^����

��� &�6� .XEUXVO\ DQG 3�&�0� 9LHLUD� :HDN DV\PSWRWLF VWDELOLW\ IRU GLVFUHWH OLQHDU GLV�
WULEXWHG V\VWHPV� 3URF� ,)$& 6\PS� &RQWURO RI 'LVWU� 3DUDP� 6\VW� � ������ ��^���

��� &�6� .XEUXVO\ DQG 3�&�0� 9LHLUD� &RQVWUDLQHG�LQSXW FRQVWUDLQHG�VWDWH VWDELOLW\ LQ D
%DQDFK VSDFH� ,0$ -� 0DWK� &RQWURO ,QI� � ������ ���^����

��� +� /DQJHU� (LQ =HUVSDOWXQJVVDW] I�XU 2SHUDWRUHQ LP +LOEHUWUDXP� $FWD 0DWK� $FDG�

6FL� +XQJ� �� ������ ���^����

��� $� /HERZ� $ SRZHU�ERXQGHG RSHUDWRU WKDW LV QRW SRO\QRPLDOO\ ERXQGHG� 0LFKLJDQ

0DWK� -� �� ������ ���^����

��� %� 6]��1DJ\� 2Q XQLIRUPO\ ERXQGHG OLQHDU WUDQVIRUPDWLRQV LQ +LOEHUW VSDFH� $FWD 6FL�

0DWK� �� ������ ���^����

��� %� 6]��1DJ\� &RPSOHWHO\ FRQWLQXRXV RSHUDWRUV ZLWK XQLIRUPO\ ERXQGHG LWHUDWHV� 0DJ�

\DU 7XG� $NDG� 0DW� .XWDWwR ,QW� .�R]O� � ������ ��^���

��� %� 6]��1DJ\ DQG &� )RLDV� 6XU OHV FRQWUDFWLRQV GH O
HVSDFH GH +LOEHUW ,9� $FWD 6FL�

0DWK� �� ������ ���^����

��� %� 6]��1DJ\ DQG &� )RLDV� +DUPRQLF $QDO\VLV RI 2SHUDWRUV RQ +LOEHUW 6SDFH �1RUWK�
+ROODQG� $PVWHUGDP� ������

��� &�5� 3XWQDP� +\SRQRUPDO FRQWUDFWLRQV DQG VWURQJ SRZHU FRQYHUJHQFH� 3DFLpF -�

0DWK� �� ������ ���^����

��� +� 5DGMDYL DQG 3� 5RVHQWKDO� ,QYDULDQW 6XEVSDFHV �6SULQJHU� 1HZ <RUN� ������

��� *��&� 5RWD� 2Q PRGHOV IRU OLQHDU RSHUDWRUV� &RPP� 3XUH $SSO� 0DWK� �� ������
���^����

��� $�/� 6KLHOGV� :HLJKWHG VKLIW RSHUDWRUV DQG DQDO\WLF IXQFWLRQ WKHRU\� 7RSLFV LQ 2SHU�

DWRU 7KHRU\ �QG SU� �$PHU� 0DWK� 6RF�� 3URYLGHQFH� ������

&DWKROLF 8QLYHUVLW\� ������ 5LR GH -DQHLUR� %UD]LO� 1DWLRQDO /DERUDWRU\ IRU 6FLHQWLpF &RP�
SXWDWLRQ� ������ 5LR GH -DQHLUR� %UD]LO�


