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/HW%>;@ EH WKH %DQDFK DOJHEUD RI DOO ERXQGHG OLQHDU RSHUDWRUV IURP D %DQDFK VSDFH
; LQWR LWVHOI� %RWK WKH QRUP LQ; DQG WKH LQGXFHG XQLIRUP QRUP LQ %>;@ ZLOO EH GHQRWHG
E\ MM c MM� DQG U�c� ZLOO VWDQG IRU WKH VSHFWUDO UDGLXV LQ %>;@� 7KURXJKRXW WKH SDSHU ZH
DVVXPH WKDW + LV D VHSDUDEOH QRQWULYLDO FRPSOH[ +LOEHUW VSDFH� ZLWK LQQHU SURGXFW
Kc� cL� /HW 7 e � %>+@ EH WKH DGMRLQW RI 7 � %>+@� DQG VHW M7 M  �7 e7 �� � � % � >+@�
ZKHUH % � >+@ � I7 � %>+@ � � x 7J LV WKH ZHDNO\ FORVHG FRQYH[ FRQH RI DOO VHOI�
DGMRLQW QRQQHJDWLYH RSHUDWRUV LQ %>+@� /HW %� >+@ EH WKH FODVV RI DOO FRPSDFW RSHUDWRUV
IURP %>+@� ,I 7 � %� >+@ �RU HTXLYDOHQOW\� M7 M � %� >+@�� OHW IyN� N y �J EH WKH
QRQLQFUHDVLQJ QRQQHJDWLYH QXOO VHTXHQFH PDGH XS RI DOO HLJHQYDOXHV RI M7 M� HDFK QRQ]HUR
RQH FRXQWHG DFFRUGLQJ WR LWV PXOWLSOLFLW\� DQG VHW MM7 MM�  

3�
N  � yN� /HW %�>+@ � 

I7 � %� � MM7 MM� � �J GHQRWH WKH FODVV RI DOO QXFOHDU RSHUDWRUV IURP %>+@� DQG VHW
% �

� >+@  %�>+@?% � >+@� MM c MM� LV D QRUP LQ %�>+@ DQG �%�>+@� MM MM�� LV D %DQDFK VSDFH�
,QGHHG� %�>+@ LV D WZR�VLGHG LGHDO RI %>+@� VR WKDW PD[IMM/7 MM�� MM7/MM�J x MM/MM MM7 MM�
IRU HYHU\ 7 � %�>+@� 7KH WUDFH RI 7 � %�>+@ LV GHpQHG DV WU�7 �  

3�
N  �K7HN� HNL�

ZKLFK GRHV QRW GHSHQG RQ WKH FKRLFH RI WKH RUWKRQRUPDO EDVLV IHN� N y �J IRU +�
DQG MWU�7 �M x WU�M7 M�  MM7 MM� IRU HYHU\ 7 � %�>+@� )LQDOO\� IRU DQ\ I� J � +� OHW
�I r J� � %�>+@ EH GHpQHG DV �I r J�K  KK� JLI IRU DOO K � +� VR WKDW �I r I� � % �

� >+@�
�)RU D V\VWHPDWLF SUHVHQWDWLRQ RQ QXFOHDU RSHUDWRUV� WKH UHDGHU LV UHIHUUHG WR >�� ��@��

�� ,1752'8&7,21

&RQVLGHU D GLVFUHWH ELOLQHDU V\VWHP RSHUDWLQJ LQ D VWRFKDVWLF HQYLURQPHQW� ZKRVH
PRGHO LV JLYHQ E\ WKH IROORZLQJ LQpQLWH�GLPHQVLRQDO GLoHUHQFH HTXDWLRQ�

��� [L� �  
K

$� �
�
;

N  �

KZL� HNL$N

L

[N � XL � �� [�  X��

ZKHUH I$N � %>+@� N y �J LV D ERXQGHG VHTXHQFH� IHN� N y �J LV DQ RUWKRQRUPDO
EDVLV IRU +� DQG I[L� L y �J� IZL� L y �J DQG IXL� L y �J DUH +�YDOXHG VHFRQG�RUGHU
UDQGRP VHTXHQFHV� /HW XV PDNH WKH IROORZLQJ VLPSOLI\LQJ DVVXPSWLRQV RQ WKH VWRFKDVWLF
HQYLURQPHQW �D PRUH JHQHUDO VHWXS FDQ EH IRXQG LQ >��@ EXW WKH RQH ZH VHW EHORZ ZLOO
VXrFH RXU SUHVHQW QHHGV�� IZL� L y �J LV DQ LQGHSHQGHQW VHTXHQFH ZKLFK LV VWDWLRQDU\
LQ H[SHFWDWLRQ DQG FRUUHODWLRQ� DQG IXL� L y �J LV D ]HUR�PHDQ LQGHSHQGHQW VHTXHQFH
ZKLFK LV LQGHSHQGHQW RI IZL� L y �J� /HW V � +� 6 � % �

� >+@ DQG & � 6bVrV � % �
� >+@

GHQRWH� UHVSHFWLYHO\� H[SHFWDWLRQ� FRUUHODWLRQ DQG FRYDULDQFH DVVRFLDWHG ZLWK WKH UDQGRP
VHTXHQFH IZL� L y �J� /HW I5L � % �

� >+@� L y �J DQG I4L � % �
� >+@� L y �J VWDQG IRU

WKH FRUUHODWLRQ VHTXHQFHV DVVRFLDWHG ZLWK IXL� L y �J DQG I[L� L y �J� UHVSHFWLYHO\ �IRU
D IRUPDO GHpQLWLRQ RI H[SHFWDWLRQ� FRUUHODWLRQ DQG FRYDULDQFH RI +�YDOXHG VHFRQG�RUGHU
UDQGRP YDULDEOHV� VHH H�J� >�� �@�� ,W KDV EHHQ VKRZQ LQ >��@ WKDW WKH VWDWH FRUUHODWLRQ
VHTXHQFH I4L� L y �J HQYROYHV DV IROORZV�

��� 4L� �  )�4L� �5L� �� 4�  5��
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+HUH� ) � %>%>+@@ LV JLYHQ E\ )�4�  )4) e � 7 �4� IRU DOO 4 � %>+@� ZLWK ) � 
$� �

3�
N  �KV� HNL$N LQ %>+@� DQG 7 � %>%>+@@ GHpQHG E\

7 �4�  
�
;

N�C �

K&HC� HNL$N 4 $e
C

IRU DOO 4 � %>+@� ZKHUH WKH DERYH FRQYHUJHQFHV DUH LQ WKH XQLIRUP WRSRORJLHV RI %>+@
DQG %>%>+@@� UHVSHFWLYHO\� %\ VHWWLQJ )� � ) DQG )N � $N IRU HYHU\ N y �� WKH
RSHUDWRU ) � %>%>+@@ FDQ EH FRQFLVHO\ ZULWWHQ DV

)�4�  
�
;

N�C �

K&HC� HNL)N 4 ) e
C

IRU DOO 4 � %>+@� +HUH� IH�  �j�� HN  �jHN� N y �J LV DQ RUWKRQRUPDO EDVLV IRU WKH
+LOEHUW VSDFH+  ,&j+� DQG & � ��j&� � % �

� >+@� ZLWK j GHQRWLQJ GLUHFW RUWKRJRQDO
VXP �VHH H�J� >�@�� ,Q WKH VHTXHO� ZH VKDOO DOVR QHHG WR GHpQH RSHUDWRUV DVVRFLDWHG ZLWK
7 DQG ) � VD\ 7 � � %>%>+@@ DQG ) � � %>%>+@@� DFFRUGLQJ WR WKH IROORZLQJ UXOH� IRU
DOO 4 � %>+@�

7 � �4�  
�
;

N�C �

K&HC� HNL$e
C 4 $N� ) � �4�  

�
;

N�C �

K&HC� HNL) e
C 4 )N�

7KH PHDQ�VTXDUH VWDELOLW\ SUREOHP IRU WKH LQpQLWH�GLPHQVLRQDO ELOLQHDU PRGHO ���
LV FRQFHUQHG ZLWK WKH DV\PSWRWLF EHKDYLRXU RI WKH VWDWH FRUUHODWLRQ VHTXHQFH ZKRVH
HYROXWLRQ ZDV GHVFULEHG LQ ��� �VHH H�J� >��@ DQG� IRU FRQWLQRXV�WLPH YHUVLRQV� >�� ��@�
ZKHUH WKH UROH SOD\HG E\ PHDQ�VTXDUH VWDELOLW\ LQ VWRFKDVWLF V\VWHP WKHRU\ LV DGGUHVVHG
DV ZHOO�� 3UHFLVHO\� LW LV WKH SUREOHP RI pQGLQJ FRQGLWLRQV RQ WKH RSHUDWRU ) ZKLFK
HQVXUH WKDW WKH IROORZLQJ GHpQLWLRQ LV IXOpOOHG�

'HpQLWLRQ� &RQVLGHU WKH SUHFHGLQJ VHWXS� 7KH PRGHO ��� LV �XQLIRUPO\� PHDQ�VTXDUH

VWDEOH LI WKH VWDWH FRUUHODWLRQ VHTXHQFH I4L� L y �J FRQYHUJHV LQ %>+@ WR D FRUUHOD�
WLRQ RSHUDWRU �L�H� WR DQ RSHUDWRU LQ % �

� >+@� ZKHQHYHU WKH LQSXW FRUUHODWLRQ VHTXHQFH
I5L� L y �J FRQYHUJHV LQ %>+@ WR D FRUUHODWLRQ RSHUDWRU�

$ VXrFLHQW FRQGLWLRQ IRU PHDQ�VTXDUH VWDELOLW\ ZDV JLYHQ LQ >��@� ,I WKHUH H[LVW

UHDO FRQVWDQWV � y � DQG � � o � � VXFK WKDW �L� MM) LMM x � oL IRU DOO L y � DQG �LL�
PD[IMM7 MM� MM7 � MMJ � �� b o�� ��� WKHQ WKH PRGHO ��� LV PHDQ�VTXDUH VWDEOH� $FWXDOO\�
WKH FRQGLWLRQ �LL� RFFXULQJ LQ >��@ ZDV GHpQHG GLoHUHQWO\ EXW VKRXOG KDYH EHHQ GHpQHG
DV DERYH� ,W LPSRVHV WKDW 7 DQG 7 � DUH ERWK VWULFW FRQWUDFWLRQV� ZKLFK PD\ EH WKRXJKW



�

RI DV WRR VWULQJHQW D UHTXLUHPHQW IRU VWDELOLW\ SXUSRVHV� 7KH DLP RI WKH SUHVHQW SDSHU
LV WR SURYLGH D FRQGLWLRQ IRU PHDQ�VTXDUH VWDELOLW\ ZLWKRXW UHTXLULQJ WKDW 7 RU 7 � DUH
FRQWUDFWLRQV� 7KLV ZLOO EH HVWDEOLVKHG LQ 6HFWLRQ �� E\ XVLQJ WKH UHVXOWV RI 6HFWLRQ ��
3UHFLVHO\� ZH VKDOO VKRZ WKDW PD[IU�)�� U�) � �J � � LPSOLHV PHDQ�VTXDUH VWDELOLW\ DV
GHpQHG DERYH�

�� ,17(50(',$7( 5(68/76

*LYHQ DQ DUELWUDU\ ERXQGHG VHTXHQFH RI RSHUDWRUV I)N � %>+@� N y �J� DQG D
QRQQHJDWLYH QXFOHDU RSHUDWRU & � % �

� >+@� VHW )Q � %>%>+@@ DV IROORZV� )RU HDFK Q y ��

)Q�4�  
Q
;

N�C �

K&HC� HNL)N4) e
C

IRU DOO 4 � %>+@� ZKHUH IHN� N y �J LV DQ RUWKRQRUPDO EDVLV IRU + ZKLFK HQVXUHV WKDW
WKH VHTXHQFH I)Q� Q y �J FRQYHUJHV LQ %>%>+@@� 7KH H[LVWHQFH RI VXFK DQ RUWKRQRUPDO
EDVLV� ZKLFK PD\ GHSHQG RQ WKH RSHUDWRU & EXW QRW RQ WKH ERXQGHG VHTXHQFH I)N� N y
�J� KDV EHHQ HVWDEOLVKHG LQ >��@� /HW ) � %>%>+@@ EH WKH OLPLW RI I)Q� Q y �J� DQG
ZULWH

)�4�  
�
;

N�C �

K&HC� HNL)N4) e
C

IRU DOO 4 � %>+@� 1RZ VHW ) �
Q � %>%>+@@ DV IROORZV� )RU HDFK Q y ��

) �
Q �4�  

Q
;

N�C �

K&HC� HNL) e
C 4)N

IRU DOO 4 � %>+@� 6LQFH I)Q� Q y �J FRQYHUJHV XQLIRUPO\ IRU DQ DUELWUDU\ ERXQGHG
VHTXHQFH I)N� N y �J� DQG VLQFH ERXQGHGQHVV IRU I)N� N y �J DQG IRU I) e

N � N y �J DUH
HTXLYDOHQW� LW IROORZV WKDW I) �

Q � Q y �J DOVR FRQYHUJHV LQ %>%>+@@� /HW ) � � %>%>+@@
EH LWV OLPLW� VR WKDW

) � �4�  
�
;

N�C �

K&HC� HNL) e
C 4)N

IRU DOO 4 � %>+@� 3URSRVLWLRQV �3�� WR �3�� EHORZ FRPSULVH WKH SURSHUWLHV RI WKH
RSHUDWRUV ) DQG ) � WKDW ZLOO EH QHHGHG LQ WKH VHTXHO� 1RWH WKDW� LI DQ\ RI WKHP KROGV
WUXH� WKHQ LW GRHV KROG IRU ) LQWHUFKDQJHG ZLWK ) � �

3URSRVLWLRQV� )RU HYHU\ LQWHJHU L y ��

�3�� ) L�% � >+@� v % � >+@�
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�3�� MM) LMM  MM) L�,�MM�
�3�� ) L�%�>+@� v %�>+@�

�3�� WU�') L�4��  WU�4) � L�'��� ' � %>+@�4 � %�>+@�

�3�� VXS
MM4MM�  �

MM) L�4�MM�  MM) � L MM�

3URRI RI �3��� /HW IIM � M y �J EH DQ RUWKRQRUPDO EDVLV IRU + PDGH XS RI HLJHQYHFWRUV
RI & � % �

� >+@ �ZKRVH H[LVWHQFH LV HQVXUHG E\ WKH VSHFWUDO WKHRUHP IRU FRPSDFW QRUPDO
RSHUDWRUV � VHH H�J� >� S����@�� )RU HDFK M y � OHW qM y � EH WKH HLJHQYDOXH RI &
DVVRFLDWHG ZLWK WKH HLJHQYHFWRU IM � 7DNH DQ DUELWUDU\ LQWHJHU Q y �� DQG VHW )M�Q�  
3Q

N  �KIM � HNL)N LQ %>+@ IRU HDFK M y �� 7DNH J � + DQG K � + DUELWUDU\� ,W KDV EHHQ
VKRZQ LQ >�@ WKDW

K)Q�4�J�KL  
;

My�

qMK4) e
M �Q�J�)

e
M �Q�KL

IRU DOO 4 � %>+@� 7KHUHIRUH� E\ LQGXFWLRQ RQ L ZH JHW

��� K) L
Q�4�J�KL  

;

M��ccc�MLy�

qM� c c c qMLK4) e
ML�Q� c c c)

e
M��Q�J�)

e
ML�Q� c c c)

e
M��Q�KL

IRU HYHU\ LQWHJHU L y � DQG DOO 4 � %>+@� 7KXV� LI 4 � % � >+@� WKHQ

��� K) L
Q�4�K�KL  

;

M��ccc�MLy�

qM� c c c qML MM4� �) e
ML�Q� c c c)

e
M��Q�KMM

��

DQG KHQFH ) L
Q�4� � % � >+@ IRU HYHU\ L y �� 6LQFH )Q � ) DV Q � � LQ %>%>+@@� LW

IROORZV WKDW ) L
Q � ) L DV Q � � LQ %>%>+@@� DQG VR ) L

Q�4�� ) L�4� DV Q � � LQ %>+@
IRU HYHU\ 4 � %>+@ DQG HDFK L y �� 7KHUHIRUH� ) L�4� � % � >+@ ZKHQHYHU 4 � % � >+@�
EHFDXVH % � >+@ LV FORVHG LQ %>+@� XW

3URRI RI �3��� 7DNH J � +� K � +� Q y �� DQG L y � DUELWUDU\� %\ XVLQJ WKH 6FKZDU]
LQHTXDOLW\ WKUHH WLPHV� LW IROORZV IURP ��� DQG ��� WKDW

MK) L
Q�4�J�KLM x MM4MM

;

M��ccc�MLy�

qM� c c c qML MM) e
ML�Q� c c c)

e
M��Q�JMM MM)

e
ML�Q� c c c)

e
M��Q�KMM

x MM4MMK) L
Q�,�J� JL� � K) L

Q�,�K�KL� � x MM4MM MM) L
Q�,�MM MMJMM MMKMM

IRU HYHU\ 4 � %>+@� 7KXV� MM) L
QMM  MM) L

Q�,�MM� VLQFH

MM) L
Q�,�MM x MM) L

QMM  VXS
MM4MM �

MM) L
Q�4�MM  VXS

MM4MM �

VXS
MMJMM  MMKMM  �

MK) L
Q�4�J�KLM x MM) L

Q�,�MM�
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7KHUHIRUH� MM) LMM  MM) L�,�MM� ,QGHHG� MM) L
QMM � MM) LMM DQG MM) L

Q�,�MM � MM) L�,�MM� EHFDXVH
) L
Q � ) L LQ %>%>+@@� DV Q � � IRU HDFK L y �� XW

3URRI RI �3��� 7DNH 4 � %�>+@ DUELWUDU\� )LUVW QRWH WKDW� VLQFH %�>+@ LV D WZR�VLGHG
LGHDO RI %>+@� ')Q�4� � %�>+@ DQG 4) �

Q �'� � %�>+@ IRU DQ\ ' � %>+@ DQG HYHU\
LQWHJHU Q y �� 6LQFH WU � %�>+@� ,& LV D OLQHDU IXQFWLRQDO� DQG VLQFH

��� WU�'(�  WU�('�

IRU HYHU\ ' � %>+@ DQG ( � %�>+@� ZH JHW E\ WKH YHU\ GHpQLWLRQ RI )Q DQG )Q
� WKDW

��� WU�')Q�4��  WU�4 )Q
� �'��

IRU HDFK Q y � DQG HYHU\ ' � %>+@� 1RZ� WDNH DUELWUDU\ LQWHJUHV Q� { y �� DQG
FRQVLGHU WKH SRODU GHFRPSRVLWLRQ )Q � {�4� b )Q�4�  9 M)Q� {�4� b )Q�4�M� ZKHUH
9  9Q�{�4� � %>+@ LV D SDUWLDO LVRPHWU\� VR WKDW M)Q � {�4�b)Q�4�M  9 e�)Q � {�4�b
)Q�4�� �VHH H�J� >� SS���� ���@�� )URP ��� ZH JHW

MM)Q� {�4�b)Q�4�MM�  WU�9 e)Q� {�4��b WU�9 e)Q�4��

 WU�4) �
Q � {�9

e��b WU�4) �
Q �9

e�� x MM4MM�MM) �
Q � { b) �

Q MM�

E\ OLQHDULW\ RI WKH WUDFH DQG UHFDOOLQJ WKDW D SDUWLDO LVRPHWU\ LV D FRQWUDF�
WLRQ �VR WKDW MM9 eMM x ��� 7KXV� VLQFH I) �

Q � Q y �J FRQYHUJHV LQ %>%>+@@�
OLPQ� � VXS{y� MM)Q � {�4� b )Q�4�MM�  �� +HQFH� I)Q�4�� Q y �J FRQYHUJHV LQ WKH
%DQDFK VSDFH %�>+@� +RZHYHU� I)Q�4�� Q y �J FRQYHUJHV WR )�4� LQ %>+@� 7KHUHIRUH�

��� )Q�4�� )�4� DV Q � � LQ %�>+@�

VLQFH FRQYHUJHQFH LQ %�>+@ LPSOHLV FRQYHUJHQFH LQ %>+@� FOHDUO\ WR WKH VDPH OLPLW� 7KXV
)�4� � %�>+@� VR WKDW %�>+@ LV LQYDULDQW XQGHU ) � DQG WKH LQFOXVLRQ LQ �3�� LV WULYLDOO\
YHULpHG E\ LQGXFWLRQ� XW

3URRI RI �3��� 7DNH ' � %>+@ DQG 4 � %�>+@ DUELWUDU\� &RQYHUJHQFH LQ ��� LPSOLHV
WKDW

')Q�4�� ')�4� DV Q � � LQ %�>+@�

0RUHRYHU� VLQFH I) �
Q �'�� Q y �J FRQYHUJHV WR ) � �'� LQ %>+@�

4) �
Q �'�� 4) � �'� DV Q � � LQ %�>+@�

6LQFH WU � %�>+@� ,& LV FRQWLQXRXV� WKH DERYH WZR FRQYHUJHQFH UHVXOWV OHDG WR

��� WU�' )�4��  WU�4 ) � �'���
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DFFRUGLQJ WR ���� 7KXV� �3�� KROGV IRU L  �� 6XSSRVH LW KROGV IRU VRPH L y �� 7KHQ�
VLQFH )�4� � %�>+@� DQG DFFRUGLQJ WR ��� DQG ����

WU�') L� ��4��  WU�)�4�) � L

�'��  WU�) � L

�'�)�4��  WU�4 ) � L��

�'���

ZKLFK FRPSOHWHV WKH SURRI E\ LQGXFWLRQ� XW

3URRI RI �3��� 7DNH 4 � %�>+@ DQG L y � DUELWUDU\� &RQVLGHU WKH SRODU GHFRPSRVLWLRQ
) L�4�  9LM) L�4�M� ZKHUH 9L  9L�4� � %>+@ LV D SDUWLDO LVRPHWU\� VR WKDW M) L�4�M  
9 e
L ) L�4�� )URP �3�� ZH JHW

MM) L�4�MM�  WU�9 e
L ) L�4��  WU�4 ) � L

�9 e
L �� x MM4MM�MM) � L MM�

VLQFH MM9 e
L MM x �� 2Q WKH RWKHU KDQG� IURP �3�� DQG ���� E\ XVLQJ WKH YHU\ GHpQLWLRQ RI

WUDFH� DQG DFFRUGLQJ WR WKH )RXULHU VHULHV WKHRUHP �VHH H�J� >� S����@�� ZH KDYH

WU�) L�I r J��  WU��I r J�) � L

�,��  WU�) � L

�,��I r J��

 
�
;

N  �

K) � L

�,��I r J�KN�KNL  
�
;

N  �

K) � L

�,�I �KNL KKN� JL  K) � L

�,�I � JL

IRU HYHU\ I� J�� +� DQG IRU DQ\ RUWKRQRUPDO EDVLV IKN� N y �J IRU +� +HQFH�

MK) � �,�I � JLM x WU�M) L�I r J�M�  MM) L�I r J�MM��

IRU DOO I� J � +� 7KHUHIRUH� VLQFH MMI r JMM�  MMI MM MMJMM IRU HYHU\ I� J � +�

MM) � L

�,�MM  VXS
MMI MM MMJMM  �

MK) � L

�,�I � JLM x VXS
MM4MM�  �

MM) L�4�MM��

)LQDOO\� UHFDOO WKDW MM) � L MM  MM) � L

�,�MM �FI� �3�� ZLWK ) UHSODFHG E\ ) � �� XW

�� ),1$/ 5(68/76

*LYHQ DQ RSHUDWRU VHTXHQFH I5L � %>+@� L y �J FRQVLGHU DQRWKHU RSHUDWRU VHTXHQFH
I4L � %>+@� L y �J UHFXUVLYHO\ GHpQHG E\ D OLQHDU DXWRQRPRXV GLoHUHQFH HTXDWLRQ�

4L� �  )�4L� �5L � �� 4�  5��

ZLWK ) � %>%>+@@ GHpQHG DV LQ WKH SUHYLRXV VHFWLRQ� ZKRVH VROXWLRQ LV JLYHQ E\

4L  
L

;

M  �

) LbM�5M�



�

IRU HDFK L y �� +HQFH� WKH RSHUDWRU VHTXHQFH I4L� L y �J LV % � >+@�YDOXHG DQG�RU %�>+@�
YDOXHG ZKHQHYHU WKH RSHUDWRU VHTXHQFH I5M � M y �J KDV WKH VDPH SURSHUWLHV� DFFRUGLQJ
WR SURSRVLWLRQV �3�� DQG �3��� $V ZH KDYH VHHQ LQ 6HFWLRQ �� WKH DERYH OLQHDU PRGHO
LQ %>+@ GHVFULEHV WKH VWDWH FRUUHODWLRQ HYROXWLRQ IRU DQ LQpQLWH�GLPHQVLRQDO ELOLQHDU
V\VWHP LI I5L� L y �J DQG I4L� L y �J DUH LGHQWLpHG ZLWK LQSXW DQG VWDWH FRUUHODWLRQ
VHTXHQFHV� UHVSHFWLYHOO\ �DQG KHQFH UHVWULFWHG WR EH % �

� >+@�YDOXHG�� 7KH WKHRUHP EHORZ
VKRZV WKDW PHDQ�VTXDUH VWDELOLW\ DV GHpQHG LQ 6HFWLRQ � LV HQVXUHG ZKHQHYHU U�)� � �
DQG U�) � � � �� %HIRUH VWDWLQJ LW ZH VKDOO JLYH HTXLYDOHQW FRQGLWLRQV IRU U�)� � � DQG
IRU U�) � � � � �IXUWKHU FRQGLWLRQV IRU U�)� � � ZHUH HVWDEOLVKHG LQ >�@��

/HPPD �� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D�� U�)� � ��
�E�� I4L � %>+@� L y �J FRQYHUJHV LQ %>+@ ZKHQHYHU I5L � %>+@� L y �J FRQYHUJHV LQ

%>+@�

�F�� I4L � % � >+@� L y �J FRQYHUJHV LQ %>+@ ZKHQHYHU I5L � % � >+@� L y �J FRQYHUJHV

LQ %>+@�

/HPPD �� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�

�D�� U�) � � � ��

�E�� I4L � %�>+@� L y �J FRQYHUJHV LQ %�>+@ ZKHQHYHU I5L � %�>+@� L y �J FRQYHUJHV

LQ %�>+@�

�F�� I4L � % �
� >+@ L y �J FRQYHUJHV LQ %�>+@ ZKHQHYHU I5L � % �

� >+@� L y �J FRQYHUJHV

LQ %�>+@�

7KHRUHP� ,I U�)� � � DQG U�) � � � �� WKHQ

�PVV� I4L � % �
� >+@� L y �J FRQYHUJHV LQ %>+@ WR D QXFOHDU RSHUDWRU ZKHQHYHU I5L �

% �
� >+@� L y �J FRQYHUJHV LQ %>+@ WR D QXFOHDU RSHUDWRU�

3URRI RI /HPPD �� 6LQFH %>+@ LV D %DQDFK VSDFH� DQG VLQFH ) � %>%>+@@� ZH JHW �D��
�� �E�� �VHH H�J� >��@�� 1RWH WKDW �E��  � �F�� WULYLDOO\� 1RZ� VXSSRVH �F�� KROGV�

DQG VHW 5L  , IRU HYHU\ L y �� 7KXV� I4L  
3L

M  �)M�,�� L y �J FRQYHUJHV LQ %>+@�

VR WKDW ) L�,� � � DV L � � LQ %>+@� +HQFH� MM) LMM � � DV L � �� DFFRUGLQJ WR �3���
(TXLYDOHQWO\ �VHH H�J� >�@�� U�)� � �� 7KHQ� �F��  � �D��� XW

3URRI RI /HPPD �� &RQVLGHU SURSRVLWLRQ �3�� DQG VHW )�  )M%�>+@ � %�>+@� %�>+@�
VR WKDW ) L

��4�  ) L�4� IRU DOO 4 � %�>+@ DQG HYHU\ L y �� 7KXV�

MM) L
�MM� � VXS

MM4MM�  �

MM) L
��4�MM�  VXS

MM4MM�  �

MM) L�4�MM�  MM) � L MM



�

IRU HDFK L y �� DFFRUGLQJ WR �3��� +HQFH� )� � %>%�>+@@� 0RUHRYHU� OHWWLQJ U��c� VWDQG
IRU WKH VSHFWUDO UDGLXV LQ WKH %DQDFK DOJHEUD %>%�>+@@� ZH JHW

��� U��)��  U�) � �

E\ WKH %HXUOLQJ�*HOIDQG IRUPXOD IRU WKH VSHFWUDO UDGLXV �VHH H�J� >� S����@�� 1RZ� LI

5L � %�>+@ IRU HYHU\ L y �� WKHQ 4L  
3L

M  �)
LbM
� �5M� IRU HDFK L y �� VR WKDW

4L � �  )��4L� �5L � �� 4�  5��

7KHUHIRUH� VLQFH %�>+@ LV D %DQDFK VSDFH DQG VLQFH )� � %>%�>+@@� LW IROORZV WKDW
U��)�� � � LI DQG RQO\ LI �E�� KROGV �VHH H�J� >��@�� 7KXV� �D�� �� �E�� E\ ���� DQG
�E��  � �F�� WULYLDOO\� 7R YHULI\ WKDW �F��  � �D�� SURFHHG DV IROORZV� 7DNH DQ DUELWUDU\
5 � %�>+@� 5HFDOOLQJ WKDW DQ\ RSHUDWRU LQ %>+@ KDV D &DUWHVLDQ GHFRPSRVLWLRQ �ZKRVH
UHDO DQG LPDJLQDU\ SDUWV DUH VHOI�DGMRLQW�� DQG WKDW DQ\ VHOI�DGMRLQW RSHUDWRU LQ %>+@
FDQ EH GHFRPSRVHG LQ QHJDWLYH DQG SRVLWLYH SDUWV �VHH H�J� >� S����@�� ZH JHW

5  �5� b5�� �
S
b� �5� b5��

ZKHUH 5P � % �
� >+@ IRU HDFK P  �� �� �� �� 1RZ VXSSRVH �F�� KROGV� DQG VHW 5L�P  

5P � % �
� >+@ IRU HDFK P  �� �� �� � DQG HYHU\ L y �� 7KXV� I4L�P  

3L
M  �)M�5P� �

% �
� >+@� L y �J FRQYHUJHV LQ %�>+@� VR WKDW VXSLy� MM4L�PMM� � �� IRU HDFK P  �� �� �� ��
+HQFH� IRU HYHU\ L y ��

L
;

M  �

MM)M
� �5�MM� x

L
;

M  �

�
;

P �

MM)M�5P�MM�  
L

;

M  �

�
;

P  �

WU�)M�5P��  
�

;

P �

WU
t

L
;

M  �

)M�5P�
u

 
�

;

P �

WU�4L�P�  
�

;

P  �

MM4L�PMM� x
�

;

P �

VXS
Ly�

MM4L�PMM� � �

IRU DOO 5 LQ WKH %DQDFK VSDFH %�>+@� (TXLYDOHQWO\ �VHH H�J� >�@�� WKH RSHUDWRU )� �
%>%�>+@@ LV VXFK WKDW U��)�� � �� 7KHQ� �F��  � �D�� E\ ���� XW

3URRI RI 7KHRUHP� 6XSSRVH U�)� � �� ,W LV ZHOO�NQRZQ �VHH H�J� >��@� WKDW U�)� � �

LPSOLHV WKH H[LVWHQFH RI �, b )�b� � %>%>+@@� WKH FRQYHUJHQFH RI I3L
M  �)M �

%>%>+@@� L y �J LQ %>%>+@@ WR �, b )�b�� DQG WKDW WKH OLPLWV LQ �E�� RI /HPPD �
DUH VXFK WKDW 4�  �, b )�b��5� � �DQG VR DUH WKH OLPLWV LQ �F���� 7DNH DQ DU�
ELWUDU\ VHTXHQFH I5L � % �

� >+@� L y �J WKDW FRQYHUJHV LQ %>+@ WR D QXFOHDU RSHU�
DWRU 5 � � % �

� >+@� 6LQFH �D��  � �F�� LQ /HPPD �� I4L � % �
� >+@� L y �J FRQ�

YHUJHV LQ %>+@ WR 4�  �, b )�b��5� �� 6HW 3L  
3L

M  � )M�5� � LQ % �
� >+@� VR WKDW

MM3L b4� MM x N
3L

M  � )M b �, b )�b�N MM5� MM� IRU HYHU\ L y �� +HQFH�

���� OLP
L� �

MM3L b4� MM  ��



�

1RZ QRWH WKDW� DFFRUGLQJ WR �3��� �3�� DQG �3���

MM3LMM�  WU�3L�  
L

;

M  �

WU�) L�5� ��  
L

;

M  �

MM)M�5� �MM� x
t

L
;

M  �

MM) � L MM
u

MM5� MM�

IRU HYHU\ L y �� ,I U�) � � � �� WKHQ

���� VXS
Ly�

MM3LMM� � ��

EHFDXVH
3�

M  � MM) � L MM � � ZKHQHYHU U�) � � � �� �VHH H�J� >�@�� )URP ���� DQG ����

LW IROORZV WKDW 4� � %�>+@ �VHH H�J� >�� �� S����@�� DQG KHQFH 4 � � % �
� >+@ �EHFDXVH

% � >+@ LV FORVHG LQ %>+@�� 7KXV� U�)� � � DQG U�) � � � �  � �PVV�� XW

5HPDUN� ,W LV ZRUWK UHPDUNLQJ WKDW �PVV�  � U�) � � � �� 7KLV FDQ EH YHULpHG E\
DSSO\LQJ WKH VDPH WHFKQLTXH XVHG WR VKRZ WKDW �F��  � �D�� LQ /HPPD �� +HUH RQH
KDV WR QRWLFH WKDW �PVV� HQVXUHV WKDW I4L�P � % �

� >+@� L y �J FRQYHUJHV LQ %>+@ WR�
VD\� 4� �P � % �

� >+@ IRU HDFK P  �� �� �� �� +RZHYHU� � x 4L�P x 4� �P � %�>+@�
VLQFH � x ) L� ��5P�  4L� ��P b4L�P� IRU HYHU\ L y � DQG HDFK P  �� �� �� �� +HQFH�
FRQYHUJHQFH LQ %>+@ DFWXDOO\ OHDGV WR FRQYHUJHQFH LQ %�>+@ �VHH H�J� >�@��

5()(5(1&(6

>�@ *� %DFKPDQ DQG /� 1DULFL� )XQFWLRQDO $QDO\VLV �$FDGHPLF 3UHVV� 1HZ <RUN� ������

>�@ $�9� %DODNULVKQDQ� $SSOLHG )XQFWLRQDO $QDO\VLV �QG HG� �6SULQJHU�9HUODJ� 1HZ
<RUN� ������

>�@ 2�/�9� &RVWD DQG &�6� .XEUXVO\� /\DSXQRY HTXDWLRQ IRU LQpQLWH�GLPHQVLRQDO GLV�
FUHWH ELOLQHDU V\VWHPV� 6\VWHPV &RQWURO /HWW� �� ������ ��^���

>�@ *� GD 3UDWR DQG $� ,FKLNDZD� /LDSXQRY HTXDWLRQ IRU WLPH�YDU\LQJ OLQHDU V\VWHPV�
6\VWHPV &RQWURO /HWW� � ������ ���^����

>�@ ,�&� *RKEHUJ DQG 0�*� .UHLQ� ,QWURGXFWLRQ WR WKH 7KHRU\ RI /LQHDU 1RQVHOIDGMRLQW

2SHUDWRUV 7UDQVO� 0DWK� 0RQRJU� �� �$PHU� 0DWK� 6RF�� 3URYLGHQFH� ������

>�@ 3�5� +DOPRV� $ +LOEHUW 6SDFH 3UREOHP %RRN �QG HG� �6SULQJHU�9HUODJ� 1HZ <RUN�
������

>�@ &�6� .XEUXVO\� 0HDQ VTXDUH VWDELOLW\ IRU GLVFUHWH ERXQGHG OLQHDU V\VWHPV LQ +LOEHUW
VSDFH� 6,$0 -� &RQWURO 2SWLPL]� �� ������ ��^���

>�@ &�6� .XEUXVO\� 2Q FRQYHUJHQFH RI QXFOHDU DQG FRUUHODWLRQ RSHUDWRUV LQ +LOEHUW
VSDFH� 0DW� $SOLF� &RPS� � ������ ��������



��

>�@ &�6� .XEUXVO\� 4XDGUDWLF�PHDQ FRQYHUJHQFH DQG PHDQ�VTXDUH VWDELOLW\ IRU GLVFUHWH
OLQHDU V\VWHPV� D +LOEHUW�VSDFH DSSURDFK� ,0$ -� 0DWK� &RQWURO ,QIRUP� � ������
��^����

>��@ &�6� .XEUXVO\� 2Q WKH H[LVWHQFH� HYROXWLRQ� DQG VWDELOLW\ RI LQpQLWH�GLPHQVLRQDO
VWRFKDVWLF GLVFUHWH ELOLQHDU PRGHOV� &RQWURO 7KHRU\ $GY� 7HFKQRO� � ������ ���^
����

>��@ &�6� .XEUXVO\� 8QLIRUP VWDELOLW\ IRU WLPH�YDU\LQJ LQpQLWH�GLPHQVLRQDO GLVFUHWH OLQ�
HDU V\VWHPV� ,0$ -� 0DWK� &RQWURO ,QIRUP� � ������ ���^����

>��@ &�6� .XEUXVO\� 2Q VWRFKDVWLF PRGHOOLQJ IRU GLVFUHWH ELOLQHDU V\VWHPV LQ +LOEHUW
VSDFH� 0DWK� &RPS� 6LPXO� �� ������ ������

>��@ 5� 6FKDWWHQ� 1RUP ,GHDOV RI &RPSOHWHO\ &RQWLQXRXV 2SHUDWRUV �QG SU� �6SULQJHU�
9HUODJ� %HUOLQ� ������

>��@ -� :HLGPDQQ� /LQHDU 2SHUDWRUV LQ +LOEHUW 6SDFHV �6SULQJHU 9HUODJ� 1HZ <RUN�
������

>��@ -� =DEF]\N� 2Q WKH VWDELOLW\ RI LQpQLWH�GLPHQVLRQDO OLQHDU VWRFKDVWLF V\VWHPV�
3UREDE� 7KHRU\ � ������ ��������


