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/HW %>;@ EH WKH %DQDFK DOJHEUD RI DOO ERXQGHG OLQHDU RSHUDWRUV IURP D %DQDFK VSDFH ;

LQWR LWVHOI� DQG OHW *>;@ EH WKH JURXS RI DOO LQYHUWLEOH RSHUDWRUV IURP %>;@� %RWK WKH QRUP LQ
; DQG WKH LQGXFHG XQLIRUP QRUP LQ %>;@ ZLOO EH GHQRWHG E\ N c N� DQG U��c� ZLOO VWDQG IRU WKH
VSHFWUDO UDGLXV LQ %>;@� $Q RSHUDWRU 7 � %>;@ LV VDLG WR EH VLPLODU WR D VWULFW FRQWUDFWLRQ
LI N:b�7:N � � IRU VRPH : � *>;@� 7KURXJKRXW WKLV SDSHU� + ZLOO VWDQG IRU D VHSDUDEOH
QRQWULYLDO FRPSOH[ +LOEHUW VSDFH ZLWK LQQHU SURGXFW Kc� cL� DQG DQ XSSHU VWDU e ZLOO GHQRWH
DGMRLQW RI D +LOEHUW�VSDFH RSHUDWRU� DV XVXDO� 7KH +LOEHUW VSDFH j�

M  �+ REWDLQHG E\ WKH GLUHFW
�RUWKRJRQDO� VXP RI FRXQWDEO\ LQpQLWH FRSLHV RI + ZLOO EH GHQRWHG E\ C��+�� DQG LWV LQQHU
SURGXFW E\ Kc� cLC��+�� /HW %

� >+@ EH WKH ZHDNO\ FORVHG FRQH RI %>+@ PDGH XS RI DOO VHOI�DGMRLQW
QRQQHJDWLYH RSHUDWRUV� OHW * � >+@  % � >+@?*>+@ EH WKH FODVV RI DOO VWULFWO\ SRVLWLYH RSHUDWRUV�
DQG OHW % �

� >+@ EH WKH FODVV RI DOO FRPSDFW RSHUDWRUV IURP % � >+@� 7KH WUDFH RI 7 � % �
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� >+@ � WU�7 � � �J� WKH FODVV

RI DOO QRQQHJDWLYH QXFOHDU RSHUDWRUV� )LQDOO\� IRU DQ\ K � +� OHW �K r K� � % �
� >+@ EH GHpQHG DV

�K r K�[  K[�KLK IRU DOO [ � +�
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*LYHQ DQ RSHUDWRU VHTXHQFH I5L � %>;@� L y �J� FRQVLGHU DQRWKHU RSHUDWRU VHTXHQFH
I4L � %>;@� L y �J UHFXUVLYHO\ GHpQHG E\ D OLQHDU DXWRQRPRXV GLoHUHQFH HTXDWLRQ
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ZKHUH ) VWDQGV IRU D ERXQGHG OLQHDU WUDQVIRUPDWLRQ IURP WKH %DQDFK VSDFH %>+@ LQWR LW�
VHOI� 5HFDOO WKDW I4L � %>+@� L y �J FRQYHUJHV LQ %>+@ ZKHQHYHU I5L � %>+@� L y �J
FRQYHUJHV LQ %>+@ LI DQG RQO\ LI >�@
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$V D EDFNJURXQG IRU RXU IXUWKHU GLVFXVVLRQ OHW XV FRQVLGHU pUVW D ZHOO�NQRZQ SDUWLFXODU FDVH�
YL]� )  )) � ZKHUH )) � %>%>+@@ LV GHpQHG E\

)) �4�  ) 4 ) e �4 � %>+@

IRU VRPH ) � %>+@� 6LQFH N) L
) N  N) LN� IRU HYHU\ L y �� U��)) �  U��) �

� DFFRUGLQJ WR WKH
*HOIDQG IRUPXOD IRU WKH VSHFWUDO UDGLXV� +HQFH� U��)) � � � LI DQG RQO\ LI U��) � � �� +RZHYHU�
DV LV ZHOO NQRZQ �VHH H�J� >�� �� �� �� ��@�� U��) � � � LI DQG RQO\ LI

��� IRU HYHU\ 9 � * � >+@ WKHUH H[LVWV D XQLTXH VROXWLRQ : � * � >+@ IRU WKH
/\DSXQRY HTXDWLRQ 9  : b)�: ��
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7KH SXUSRVH RI WKLV SDSHU LV WR VKRZ WKDW WKH HTXLYDOHQFH EHWZHHQ ��� DQG ��� VWLOO KROGV IRU D
PRUH JHQHUDO FDVH ZKHUH� LQVWHDG RI VHWWLQJ )  )) � ZH WDNH ) � )) � 7 ZLWK 7 LQ %>%>+@@
GHpQHG DV IROORZV�
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K&HC� HNL$N 4 $e
C �4 � %>+@�

ZKHUH I$N � %>+@� N y �J LV DQ DUELWUDU\ ERXQGHG VHTXHQFH RI RSHUDWRUV� & � % �
� >+@ LV DQ\

QRQQHJDWLYH QXFOHDU RSHUDWRU� DQG IHN� N y �J LV D VXLWDEOH RUWKRQRUPDO EDVLV IRU + HQVXULQJ
FRQYHUJHQFH IRU WKH DERYH LQpQLWH VHULHV�

6XFK D GHWHUPLQLVWLF OLQHDU VHWXS� FRQFHUQLQJ WKH FRQYHUJHQFH SUHVHUYLQJ SURSHUW\ RI WKH
OLQHDU PRGHO ���� QDWXUDOO\ DUULVHV LQ WKH PHDQ�VTXDUH VWDELOLW\ SUREOHP IRU LQpQLWH�GLPHQVLRQDO
GLVFUHWH �HLWKHU OLQHDU RU ELOLQHDU� V\VWHPV RSHUDWLQJ LQ D VWRFKDVWLF HQYLURQPHQW� $FWXDOO\�
PHDQ�VTXDUH VWDELOLW\ IRU DQ LQpQLWH�GLPHQVLRQDO GLVFUHWH �HLWKHU OLQHDU RU ELOLQHDU� V\VWHP UH�
TXLUHV WKDW WKH VWDWH FRUUHODWLRQ VHTXHQFH� VD\ I4L � % �

� >+@� L y �J� FRQYHUJHV LQ %>+@ ZKHQHYHU
WKH LQSXW FRUUHODWLRQ VHTXHQFH� VD\ I5L � % �

� >+@� L y �J� FRQYHUJHV LQ %>+@� DQG VXFK D VWDWH
FRUUHODWLRQ VHTXHQFH HYROYHV DFFRUGLQJ WR WKH OLQHDU PRGHO ���� ZLWK )  )) IRU WKH FDVH RI D
OLQHDU V\VWHP �VHH H�J� >�� ��@�� RU ZLWK )  )) � 7 IRU WKH FDVH RI D ELOLQHDU V\VWHP �VHH H�J�
>�@ DQG� IRU WKH FRQWLQXRXV�WLPH FDVH� >�� ��@��

2XU PDLQ UHVXOW LV SUHVHQWHG LQ VHFWLRQ � E\ XVLQJ WKH DX[LOLDU\ UHVXOWV GHYHORSHG LQ VHFWLRQ
�� 7KH SUHVHQW DSSURDFK ZDV PRWLYDWHG E\ WKH HDUOLHU ZRUNV RQ pQLWH�GLPHQVLRQDO VWRFKDVWLF
ELOLQHDU V\VWHPV LQ >�@ DQG RQ LQpQLWH�GLPHQVLRQDO GHWHUPLQLVWLF OLQHDU V\VWHPV LQ >�@� H[WHQGLQJ
WKH IRUPHU WR DQ LQpQLWH�GLPHQVLRQDO VHWWLQJ DQG WKH ODWWHU WR WKH XQGHUO\LQJ FODVV RI RSHUDWRUV
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&RQVLGHU D ERXQGHG VHTXHQFH RI RSHUDWRUV I$N � %>+@� N y �J� DQG OHW IHN� N y �J EH
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$VVXPSWLRQ� 7Q � 7 � %>%>+@@ DV Q � � LQ %>%>+@@�
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DQG� JLYHQ ) � %>+@� OHW ) � %>%>+@@ EH GHpQHG DV IROORZV�
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5HPDUN� 1RWH WKDW WKH YHU\ GHpQLWLRQ RI I7Q � %>%>+@@� Q y �J LQ WHUPV RI D ERXQGHG
VHTXHQFH I$N � %>+@� N y �J DQG D QRQQHJDWLYH QXFOHDU RSHUDWRU & � % �

� >+@ LV QRW HQRXJK WR
HQVXUH LWV FRQYHUJHQFH DV DVVXPHG DERYH� )RU LQVWDQFH� WDNH F � + VXFK WKDW M
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WKH DVVXPHG XQLIRUP FRQYHUJHQFH RI I7Q � %>%>+@@� Q y �J FDQ DOZD\V EH DFKLHYHG E\ FKRRVLQJ
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H[LVWHQFH LV HQVXUHG E\ WKH VSHFWUDO WKHRUHP IRU FRPSDFW QRUPDO RSHUDWRUV�� /HW yN y � EH WKH
HLQJHYDOXH RI 6 DVVRFLDWHG ZLWK WKH HLJHQYHFWRU HN IRU HDFK N y �� DQG VHW / Q � %>%>+@@ IRU
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IRU DOO [� \ � + DQG HYHU\ Q y �� VR WKDW

N)Q�4�N  VXS
N[N N\N �

MK)Q�4�[� \LM x N4N N)Q�,�N

IRU DOO 4 � %>+@ DQG HYHU\ Q y �� +HQFH� N)QN  N)Q�,�N� EHFDXVH

N)Q�,�N x N)QN  VXS
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IRU HYHU\ Q y �� 7KHUHIRUH� VLQFH )Q � ) DV Q � � LQ %>%>+@@�

�3�
�� N)N  N)�,�N�
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/HPPD� )RU DQ\ : � *� >+@ DQG DQ\ o � ������

N: b�): N x o �� o: � b)�: �� � % � >+@�

N: b�): N � o �� o: � b)�: �� � *� >+@�

3URRI� 7DNH DQ DUELWUDU\ : � * � >+@ DQG VHW a)  : b�): � %>%>+@@� VR WKDW a)�,�  
:b�)�: ��:b� � %>%>+@@� 7KXV� IRU DQ\ o � ������

K�o: � b)�: ���[�[L  K�o, b a)�,��:[�:[L �[ � +�

+HQFH� o: �b)�: �� � % � >+@ �� *� >+@� LI DQG RQO\ LI o, b a)�,� � % � >+@ �� *� >+@�� ZKLFK
LQ WXUQ LV HTXLYDOHQW �FI� >�@� WR N a)�,�� �N x o� � �� o� ��� VLQFH a)�,� � % � >+@ E\ 3URSRVLWLRQ
�3��� +RZHYHU� E\ 3URSRVLWLRQ �3��� N a)N  N a)�,�N  N a)�,�� �N�� 7KXV� WKH DERYH LQHTXDOLW\
LV HTXLYDOHQW WR N a)N x o �� o�� ZKLFK FRPSOHWHV WKH SURRI� XW
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,Q WKLV pQDO VHFWLRQ ZH VKDOO FRQFOXGH WKH DQRXQFHG SURRI IRU WKH HTXLYDOHQFH EH�
WZHHQ DVVHUWLRQV ��� DQG ��� ZLWK )  )) UHSODFHG E\ )  )) � 7 � $V FRP�
PHQWHG RQ VHFWLRQ �� WKLV VXSSOLHV D QHFHVVDU\ DQG VXrFLHQW FRQGLWLRQ IRU WKH FRQYHUJHQFH
SUHVHUYLQJ SURSHUW\ EHWZHHQ LQSXW DQG VWDWH FRUUHODWLRQ VHTXHQFHV� DV UHTXLUHG LQ WKH
PHDQ�VTXDUH VWDELOLW\ SUREOHP� IRU LQpQLWH�GLPHQVLRQDO GLVFUHWH ELOLQHDU V\VWHPV�
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7KHRUHP� 7KH IROORZLQJ DVVHUWLRQV DUH HTXLYDOHQW�
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�E� ) LV VLPLODU WR D VWULFW FRQWUDFWLRQ�

�F� 7KHUH H[LVWV : � *� >+@ VXFK WKDW : b)�: � � *� >+@�

�G� )RU HYHU\ 9 � * � >+@ WKHUH H[LVWV : � *� >+@ VXFK WKDW
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