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1. NOTATION AND TERMINOLOGY

Let H be a Hilbert space. Set lo(H) = 322, @ H, the Hilbert space obtained by the
direct sum of countably infinite copies of H, which is made up of all one-sided square-
summable H-valued sequences. An element in ¢5(H) (i.e. a sequence {xy € H;k > 1}
such that 3X%° , ||zx]|? < co) will be denoted by ¥3°, & z. Let B[H] be the Banach
algebra of all bounded linear operators of H into itself. If {L, € B[H];k > 1} is a
bounded sequence of operators, then its direct sum (i.e. the operator L € B[ls(H)]
such that LYX° , @ xp = X2, & Lyxy for all 22, @z, € lo(H)) will be denoted by
L =%, ®Lg. Set BT[H| = {A € B[H]: A= A* and 0 < (Az;z) Vz € H},
the weakly closed cone of B[H] made up of all self-adjoint nonnegative operators. If
A € BT[H] we shall write, as usual, 0 < A. Let G[H]| be the group of all invertible
operators from B[H] (i.e. G[H] = {W € B[H] : 3W~! € B[H|}). Set GT[H] =
BY[H|NG[H] = {Q € BY[H] : a||z||* < (Qz;z) Vx € H, for some a > 0}, the
class of all strictly positive operators from B[H]|. By a contraction (a strict contraction)
we mean an operator C' € B[H] such that ||C|| <1 (||C]| < 1). Thus, an operator
T € B[H] is similar to a contraction (s.c.), or similar to a strict contraction (s.s.c.),
if there exists W € G[H] such that |[WTW 1| < 1, or [WTW | < 1, respectively.
Recall that [6] T € B[H] is similar to a contraction if and only if there exists Q € G1[H]
such that

0<Q-T*QT.

2. INTRODUCTION

Consider a discrete time-invariant infinite-dimensional free bounded linear system
modelled by the following autonomous homogeneous difference equation.

(M) Tpt1 =1 Ty, To =,

for every integer n > 0, where the initial condition z lies in a Hilbert space H and
T € B[H]. The model (M) (or equivalently, the operator T') is strongly asymptotically
stable if the state sequence {z, = T"x € H;n > 0} converges to zero for all initial
conditions x € H. Moreover, if the state sequence converges to zero uniformly for all
initial conditions x € H, or equivalently if supj,<; [|[T"z| — 0 as n — oo (i.e. if
|T™]| — 0 as n — o0), then the model (M) (or the operator T) is said to be uniformly
asymptotically stable. On the other hand, if the state sequence converges weakly to zero
for all initial conditions z € H (i.e. if (T™x;y) — 0 as n — oo,Vz,y € H), then the
model (M) (or the operator T') is said to be weakly asymptotically stable. Therefore,
asymptotic stability for a discrete linear system modelled as in (M) is equivalent to con-
vergence to zero of the model operator power sequence {T™ € B[H];n > 0}. According



to the topology for which the above sequence may converge to zero, it is naturally as-
sociated the concepts of weak, strong and uniform asymptotic stability. These will be
denoted by 7" =5 0, T" =5 0 and T" — 0, respectively; and are trivially related as
follows: T" -0 = 1T" -0 = T"-50.

Consider the Gelfand formula for the spectral radius of T' € B[H]| (i.e. ro(T) =
lim, oo | 77|1/™), and recall that [8] 7, (T") = infyegpm |[WTW L. Thus, T is similar
to a strict contraction if and only if r,(7") < 1, which in turn is equivalent to uniform
asymptotic stability (since ro (7)™ = ro(T™) < ||[T™|| Vn > 0). Therefore,

™ 50 <= T is s.s.c.

In order to characterize weak asymptotic stability, it is natural to enquire whether the
implication “T™ — 0 = T is s.s.c.” can survive the relaxation of uniform asymptotic
stability to weak asymptotic stability in one hand, and on the other hand, of similarity
to a strict contraction to similarity to a contraction. Thus, the following

Question 1. ™ %0 = T is s.c.?

has been raised in [7]. An affirmative answer to it would contribute not only to the char-
acterization of weak asymptotic stability, but also to the characterization of similarity
to a contraction, which is one of the problems posed in [5] that still remains unanswered.
On the other hand, it has been noticed in [7] that there were partial evidences towards
a negative answer to Question 1. Actually, had Question 1 an affirmative answer, then

Question 2. T 20 = T is s.c.?

would obviously have an affirmative answer as well. However, an affirmative answer to
it would lead us to a universal model for strong asymptotic stability (because, as it is
readly verified by using the de Branges and Rovnyak theorem (cf. [2, p.23]), “T" € B[H|
is strongly asymptotically stable and similar to a contraction if and only if it is similar
to part of a unilateral backward shift on ¢5(H)”); which characterizes a partial evidence
towards a negative answer even to Question 2. In fact, the answer to Question 2 is
negative, so that it is also negative the answer to Question 1.

3. MAIN RESULT

Given an operator F' € B[H], consider a unilateral backward shift of infinite mul-
tiplicity T € B[l3(H)] constantly weighted by F. That is,

TZ;OZl D xE = Zzozl @ Fxyiq szozl Dx € KQ(H)

We may identify T" with the following infinite matrix of operators



0 F
0

r
T= 0
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Proposition. Suppose H is a separable Hilbert space. T is similar to a contraction if
and only if F' is similar to a contraction.

Proof. If F is similar to a contraction, then there exists R € G1[H] such that
0 < R- F*RF.
Set D =%, & R € GT[l3(H)], so that
O<ROYZ,®(R—F*'RF)=D—-T1"DT.

Thus, T is similar to a contraction. On the other hand, if 7" is similar to a contraction,
then there exists Q € GT[¢3(H)] such that

0<Q-TrQT.

For each integer k > 1, let Qi be the “kth block at the diagonal of Q”. That is, set

Qr = ExQFE}

in G*[H], where the bounded linear transformation Fy : fo(H) — H is the co-isometry
defined by

EpE32, @ xj = VEX, @z € Lo(H).
Since Ek+1T* = F*Ek, we get

Ep1(Q —T7QT)Eyp .y = Qi1 — FT QL F,
so that

0 < Qpy1 — F QrF

for every k > 1. Hence, by setting
R, - 1300
m — m k
k=1
in GT[H], we have

(Ql - Qm+1) S Rm - F*RmFa

1
m
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for every m > 1. Note that the sequence {R,,, € GT[H|;m > 1} has a weakly convergent
subsequence, because H is separable and sup,,,~1 [|Rm| < suppsq [|Qkll < [|Q] (e.g. see
[1, p.99]). Since BT[H] is weakly closed in B[H], the weak limit of any weakly convergent
subsequence of {R,, € GT[H|;m > 1} is in BY[H]. Let Ry € BT[H] be the weak limit
of a weakly convergent subsequence of {R,, € GT[H];m > 1}. Thus, according to the
above inequality,

0< Ry — F*RyF,

because {Q,, € GT[H];m > 1} is bounded. Finally, note that {Q, € GT[H]; k > 1} is
also bounded from below, since

Q™M™ lzl* < (QEja; Exz) = (Quz; )

for all z € H and every k > 1. Hence, Q7| 7!z||? < (Ryx;x) for all z € H and
every m > 1, so that Ry € GT[H]. Thus, F is similar to a contraction. [ ]

4. CONCLUSION

Given F' € B[H], let T' € B[l3(H)] be defined as in the previous section. Since
|T™|| = ||F™|| for every n > 1, it is readily verified that

sup |[F"| < o0 <= T" -20.
n>1

Therefore, according to the above Proposition, in order to exhibit a strongly asymptot-
ically stable operator T' € B[l5(H)] that is not similar to a contraction, all we need is to
pick up a power bounded operator F' € B[H]| that is not similar to a contraction. An op-
erator with such a property was given by Foguel [3]. Halmos has described it as follows
[4]. Let K be a separable Hilbert space, and set H = K @ K. Let S € B[K] be a unilat-
eral shift (of multiplicity 1) with respect to an orthonormal basis {ex; k > 1} for K, and
let P € B[K] be the orthogonal projection with range(P) = span{e; : j = k3;k > 1}.

The operator
S* P
(0 5)

in B[H] is power bounded but not similar to a contraction (cf. [3] and [4]). It is worth
noticing that, by the very construction of F in [3], it is not weakly asymptotically stable

(ie. F™ 245 0).
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