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/HW + EH D +LOEHUW VSDFH� 6HW C��+�  h
�
N  �j+� WKH +LOEHUW VSDFH REWDLQHG E\ WKH

GLUHFW VXP RI FRXQWDEO\ LQpQLWH FRSLHV RI +� ZKLFK LV PDGH XS RI DOO RQH�VLGHG VTXDUH�
VXPPDEOH +�YDOXHG VHTXHQFHV� $Q HOHPHQW LQ C��+� �L�H� D VHTXHQFH I[N � +� N y �J
VXFK WKDW h�

N  �N[NN
� � �� ZLOO EH GHQRWHG E\ h�

N  � j [N� /HW %>+@ EH WKH %DQDFK
DOJHEUD RI DOO ERXQGHG OLQHDU RSHUDWRUV RI + LQWR LWVHOI� ,I I/N � %>+@� N y �J LV D
ERXQGHG VHTXHQFH RI RSHUDWRUV� WKHQ LWV GLUHFW VXP �L�H� WKH RSHUDWRU / � %>C��+�@
VXFK WKDW /h �

N  � j [N  h
�
N  � j /N[N IRU DOO h

�
N  � j [N � C��+�� ZLOO EH GHQRWHG E\

/  h �
N  � j /N� 6HW % � >+@  I$ � %>+@ � $  $e DQG � x K$[�[L �[ � +J�

WKH ZHDNO\ FORVHG FRQH RI %>+@ PDGH XS RI DOO VHOI�DGMRLQW QRQQHJDWLYH RSHUDWRUV� ,I
$ � % � >+@ ZH VKDOO ZULWH� DV XVXDO� � x $� /HW *>+@ EH WKH JURXS RI DOO LQYHUWLEOH
RSHUDWRUV IURP %>+@ �L�H� *>+@  I: � %>+@ � �:b� � %>+@J�� 6HW *� >+@  
% � >+@ ? *>+@  I4 � % � >+@ � oN[N� x K4[�[L �[ � +� IRU VRPH o ! �J� WKH
FODVV RI DOO VWULFWO\ SRVLWLYH RSHUDWRUV IURP %>+@� %\ D FRQWUDFWLRQ �D VWULFW FRQWUDFWLRQ�
ZH PHDQ DQ RSHUDWRU & � %>+@ VXFK WKDW N&N x � �N&N � ��� 7KXV� DQ RSHUDWRU
7 � %>+@ LV VLPLODU WR D FRQWUDFWLRQ �V�F��� RU VLPLODU WR D VWULFW FRQWUDFWLRQ �V�V�F���
LI WKHUH H[LVWV : � *>+@ VXFK WKDW N:7:b�N x �� RU N:7:b�N � �� UHVSHFWLYHO\�
5HFDOO WKDW >�@ 7 � %>+@ LV VLPLODU WR D FRQWUDFWLRQ LI DQG RQO\ LI WKHUH H[LVWV 4 � *� >+@
VXFK WKDW
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&RQVLGHU D GLVFUHWH WLPH�LQYDULDQW LQpQLWH�GLPHQVLRQDO IUHH ERXQGHG OLQHDU V\VWHP
PRGHOOHG E\ WKH IROORZLQJ DXWRQRPRXV KRPRJHQHRXV GLoHUHQFH HTXDWLRQ�

�0� [Q� �  7 [Q� [�  [�

IRU HYHU\ LQWHJHU Q y �� ZKHUH WKH LQLWLDO FRQGLWLRQ [ OLHV LQ D +LOEHUW VSDFH + DQG
7 � %>+@� 7KH PRGHO �0� �RU HTXLYDOHQWO\� WKH RSHUDWRU 7 � LV VWURQJO\ DV\PSWRWLFDOO\
VWDEOH LI WKH VWDWH VHTXHQFH I[Q  7Q[ � +�Q y �J FRQYHUJHV WR ]HUR IRU DOO LQLWLDO
FRQGLWLRQV [ � +� 0RUHRYHU� LI WKH VWDWH VHTXHQFH FRQYHUJHV WR ]HUR XQLIRUPO\ IRU DOO
LQLWLDO FRQGLWLRQV [ � +� RU HTXLYDOHQWO\ LI VXSN[Nx� N7

Q[N � � DV Q � � �L�H� LI
N7QN � � DV Q � ��� WKHQ WKH PRGHO �0� �RU WKH RSHUDWRU 7 � LV VDLG WR EH XQLIRUPO\
DV\PSWRWLFDOO\ VWDEOH� 2Q WKH RWKHU KDQG� LI WKH VWDWH VHTXHQFH FRQYHUJHV ZHDNO\ WR ]HUR
IRU DOO LQLWLDO FRQGLWLRQV [ � + �L�H� LI K7Q[� \L � � DV Q � ���[� \ � +�� WKHQ WKH
PRGHO �0� �RU WKH RSHUDWRU 7 � LV VDLG WR EH ZHDNO\ DV\PSWRWLFDOO\ VWDEOH� 7KHUHIRUH�
DV\PSWRWLF VWDELOLW\ IRU D GLVFUHWH OLQHDU V\VWHP PRGHOOHG DV LQ �0� LV HTXLYDOHQW WR FRQ�
YHUJHQFH WR ]HUR RI WKH PRGHO RSHUDWRU SRZHU VHTXHQFH I7Q � %>+@�Q y �J� $FFRUGLQJ
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WR WKH WRSRORJ\ IRU ZKLFK WKH DERYH VHTXHQFH PD\ FRQYHUJH WR ]HUR� LW LV QDWXUDOO\ DV�
VRFLDWHG WKH FRQFHSWV RI ZHDN� VWURQJ DQG XQLIRUP DV\PSWRWLF VWDELOLW\� 7KHVH ZLOO EH
GHQRWHG E\ 7Q Z

b� �� 7Q V
b� � DQG 7Q X

b� �� UHVSHFWLYHO\� DQG DUH WULYLDOO\ UHODWHG DV
IROORZV� 7Q X

b� �  � 7Q V
b� �  � 7Q Z

b� ��

&RQVLGHU WKH *HOIDQG IRUPXOD IRU WKH VSHFWUDO UDGLXV RI 7 � %>+@ �L�H� U��7 �  
OLPQ� � N7QN� Q�� DQG UHFDOO WKDW >�@ U��7 �  LQI: � *>+@ N:7:b�N� 7KXV� 7 LV VLPLODU
WR D VWULFW FRQWUDFWLRQ LI DQG RQO\ LI U��7 � � �� ZKLFK LQ WXUQ LV HTXLYDOHQW WR XQLIRUP
DV\PSWRWLF VWDELOLW\ �VLQFH U��7 �

Q  U��7
Q� x N7QN �Q y ��� 7KHUHIRUH�

7Q X
b� � �� 7 LV V�V�F�

,Q RUGHU WR FKDUDFWHUL]H ZHDN DV\PSWRWLF VWDELOLW\� LW LV QDWXUDO WR HQTXLUH ZKHWKHU WKH
LPSOLFDWLRQ ?7Q X

b� �  � 7 LV V�V�F�� FDQ VXUYLYH WKH UHOD[DWLRQ RI XQLIRUP DV\PSWRWLF
VWDELOLW\ WR ZHDN DV\PSWRWLF VWDELOLW\ LQ RQH KDQG� DQG RQ WKH RWKHU KDQG� RI VLPLODULW\
WR D VWULFW FRQWUDFWLRQ WR VLPLODULW\ WR D FRQWUDFWLRQ� 7KXV� WKH IROORZLQJ

4XHVWLRQ �� 7Q Z
b� �  � 7 LV V�F�"

KDV EHHQ UDLVHG LQ >�@� $Q DrUPDWLYH DQVZHU WR LW ZRXOG FRQWULEXWH QRW RQO\ WR WKH FKDU�
DFWHUL]DWLRQ RI ZHDN DV\PSWRWLF VWDELOLW\� EXW DOVR WR WKH FKDUDFWHUL]DWLRQ RI VLPLODULW\
WR D FRQWUDFWLRQ� ZKLFK LV RQH RI WKH SUREOHPV SRVHG LQ >�@ WKDW VWLOO UHPDLQV XQDQVZHUHG�
2Q WKH RWKHU KDQG� LW KDV EHHQ QRWLFHG LQ >�@ WKDW WKHUH ZHUH SDUWLDO HYLGHQFHV WRZDUGV
D QHJDWLYH DQVZHU WR 4XHVWLRQ �� $FWXDOO\� KDG 4XHVWLRQ � DQ DrUPDWLYH DQVZHU� WKHQ

4XHVWLRQ �� 7Q V
b� �  � 7 LV V�F�"

ZRXOG REYLRXVO\ KDYH DQ DrUPDWLYH DQVZHU DV ZHOO� +RZHYHU� DQ DrUPDWLYH DQVZHU WR
LW ZRXOG OHDG XV WR D XQLYHUVDO PRGHO IRU VWURQJ DV\PSWRWLF VWDELOLW\ �EHFDXVH� DV LW LV
UHDGO\ YHULpHG E\ XVLQJ WKH GH %UDQJHV DQG 5RYQ\DN WKHRUHP �FI� >�� S���@�� ?7 � %>+@
LV VWURQJO\ DV\PSWRWLFDOO\ VWDEOH DQG VLPLODU WR D FRQWUDFWLRQ LI DQG RQO\ LI LW LV VLPLODU
WR SDUW RI D XQLODWHUDO EDFNZDUG VKLIW RQ C��+���� ZKLFK FKDUDFWHUL]HV D SDUWLDO HYLGHQFH
WRZDUGV D QHJDWLYH DQVZHU HYHQ WR 4XHVWLRQ �� ,Q IDFW� WKH DQVZHU WR 4XHVWLRQ � LV
QHJDWLYH� VR WKDW LW LV DOVR QHJDWLYH WKH DQVZHU WR 4XHVWLRQ ��

�� 0$,1 5(68/7

*LYHQ DQ RSHUDWRU ) � %>+@� FRQVLGHU D XQLODWHUDO EDFNZDUG VKLIW RI LQpQLWH PXO�
WLSOLFLW\ 7 � %>C��+�@ FRQVWDQWO\ ZHLJKWHG E\ ) � 7KDW LV�

7h �
N  � j [N  h

�
N  � j )[N � � �h�

N  � j [N � C��+��

:H PD\ LGHQWLI\ 7 ZLWK WKH IROORZLQJ LQpQLWH PDWUL[ RI RSHUDWRUV
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3URSRVLWLRQ� 6XSSRVH + LV D VHSDUDEOH +LOEHUW VSDFH� 7 LV VLPLODU WR D FRQWUDFWLRQ LI

DQG RQO\ LI ) LV VLPLODU WR D FRQWUDFWLRQ�

3URRI� ,I ) LV VLPLODU WR D FRQWUDFWLRQ� WKHQ WKHUH H[LVWV 5 � * � >+@ VXFK WKDW

� x 5b ) e5)�

6HW '  h�
N  � j5 � *� >C��+�@� VR WKDW

� x 5jh �
N  � j �5b ) e5) �  ' b 7 e'7�

7KXV� 7 LV VLPLODU WR D FRQWUDFWLRQ� 2Q WKH RWKHU KDQG� LI 7 LV VLPLODU WR D FRQWUDFWLRQ�
WKHQ WKHUH H[LVWV 4 � *� >C��+�@ VXFK WKDW

� x 4b 7 e47�

)RU HDFK LQWHJHU N y �� OHW 4N EH WKH ?NWK EORFN DW WKH GLDJRQDO RI 4�� 7KDW LV� VHW

4N  (N4(e
N

LQ *� >+@� ZKHUH WKH ERXQGHG OLQHDU WUDQVIRUPDWLRQ (N � C��+�� + LV WKH FR�LVRPHWU\
GHpQHG E\

(Nh
�
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M  � j [M � C��+��
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VR WKDW
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IRU HYHU\ N y �� +HQFH� E\ VHWWLQJ
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IRU HYHU\P y �� 1RWH WKDW WKH VHTXHQFH I5P � *� >+@�P y �J KDV D ZHDNO\ FRQYHUJHQW
VXEVHTXHQFH� EHFDXVH + LV VHSDUDEOH DQG VXSPy� N5PN x VXSNy� N4NN x N4N �H�J� VHH
>�� S���@�� 6LQFH% � >+@ LV ZHDNO\ FORVHG LQ%>+@� WKH ZHDN OLPLW RI DQ\ ZHDNO\ FRQYHUJHQW
VXEVHTXHQFH RI I5P � *� >+@�P y �J LV LQ % � >+@� /HW 5� � % � >+@ EH WKH ZHDN OLPLW
RI D ZHDNO\ FRQYHUJHQW VXEVHTXHQFH RI I5P � *� >+@�P y �J� 7KXV� DFFRUGLQJ WR WKH
DERYH LQHTXDOLW\�

� x 5� b ) e5�)�

EHFDXVH I4P � *� >+@�P y �J LV ERXQGHG� )LQDOO\� QRWH WKDW I4N � *� >+@� N y �J LV
DOVR ERXQGHG IURP EHORZ� VLQFH

N4b�Nb�N[N� x K4(e
N[�(

e
N[L  K4N[�[L

IRU DOO [ � + DQG HYHU\ N y �� +HQFH� N4b�Nb�N[N� x K5P[�[L IRU DOO [ � + DQG
HYHU\ P y �� VR WKDW 5� � *� >+@� 7KXV� ) LV VLPLODU WR D FRQWUDFWLRQ�
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*LYHQ ) � %>+@� OHW 7 � %>C��+�@ EH GHpQHG DV LQ WKH SUHYLRXV VHFWLRQ� 6LQFH
N7QN  N)QN IRU HYHU\ Q y �� LW LV UHDGLO\ YHULpHG WKDW

VXS
Qy�

N)QN � � �� 7Q V
b� ��

7KHUHIRUH� DFFRUGLQJ WR WKH DERYH 3URSRVLWLRQ� LQ RUGHU WR H[KLELW D VWURQJO\ DV\PSWRW�
LFDOO\ VWDEOH RSHUDWRU 7 � %>C��+�@ WKDW LV QRW VLPLODU WR D FRQWUDFWLRQ� DOO ZH QHHG LV WR
SLFN XS D SRZHU ERXQGHG RSHUDWRU ) � %>+@ WKDW LV QRW VLPLODU WR D FRQWUDFWLRQ� $Q RS�
HUDWRU ZLWK VXFK D SURSHUW\ ZDV JLYHQ E\ )RJXHO >�@� +DOPRV KDV GHVFULEHG LW DV IROORZV
>�@� /HW . EH D VHSDUDEOH +LOEHUW VSDFH� DQG VHW +  .j.� /HW 6 � %>.@ EH D XQLODW�
HUDO VKLIW �RI PXOWLSOLFLW\ �� ZLWK UHVSHFW WR DQ RUWKRQRUPDO EDVLV IHN� N y �J IRU .� DQG
OHW 3 � %>.@ EH WKH RUWKRJRQDO SURMHFWLRQ ZLWK UDQJH�3 �  VSDQIHM � M  N�� N y �J�
7KH RSHUDWRU
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LQ %>+@ LV SRZHU ERXQGHG EXW QRW VLPLODU WR D FRQWUDFWLRQ �FI� >�@ DQG >�@�� ,W LV ZRUWK
QRWLFLQJ WKDW� E\ WKH YHU\ FRQVWUXFWLRQ RI ) LQ >�@� LW LV QRW ZHDNO\ DV\PSWRWLFDOO\ VWDEOH

�L�H� )Q Z
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>�@ 1�,� $NLH]HU DQG ,�0� *OD]PDQ� 7KHRU\ RI /LQHDU 2SHUDWRUV � 9RO� ,� 3LWPDQ�
%RVWRQ� �����

>�@ 3�(� )LOOPRUH� 1RWHV RQ 2SHUDWRU 7KHRU\� 9DQ 1RVWUDQG� 1HZ <RUN� �����

>�@ 6� )RJXHO� $ FRXQWHUH[DPSOH WR D SUREOHP RI 6]��1DJ\� 3URF� $PHU� 0DWK� 6RF�
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>�@ 3�5� +DOPRV� 2Q )RJXHO
V DQVZHU WR 1DJ\
V TXHVWLRQ� 3URF� $PHU� 0DWK� 6RF� ��
������ ��������

>�@ 3�5� +DOPRV� 7HQ SUREOHPV LQ +LOEHUW VSDFH� %XOO� $PHU� 0DWK� 6RF� �� ������
��������

>�@ &�6� .XEUXVO\� $ QRWH RQ WKH /\DSXQRY HTXDWLRQ IRU GLVFUHWH OLQHDU V\VWHPV LQ
+LOEHUW VSDFH� $SSO� 0DWK� /HWW� � ������ ����

>�@ &�6� .XEUXVO\ DQG 3�&�0� 9LHLUD� :HDN DV\PSWRWLF VWDELOLW\ IRU GLVFUHWH OLQHDU
GLVWULEXWHG V\VWHPV� 3UHSU� �WK ,)$& 6\PS� RQ &RQWURO RI '�3�6�� SS� ��������
3HUSLJQDQ� -XQH �����

>�@ *��&� 5RWD� 2Q PRGHOV IRU OLQHDU RSHUDWRUV� &RPP� 3XUH $SSO� 0DWK� �� ������
��������


